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BCTVYII

AkTyasibHiCTB.[H:KeHepHI 1pob/ieMu BI3HAUEHHS MII[HOCTI KOHCTPYKITiit
OTpeOYIOTh aJeKBATHUX Ta MPOCTUX MaTeMaTHUIHUX MOJieeil, 3a JOIOMOI0I0
AKX MOYKHA I1JIpaXOBYyBaTH BEJIMUYUHU HAIPYKEeHb Ta 1X PO3IOJILI yCepenHi

o0J1acT.

PeaJibHi KOHCTPYKIIII JJOCHTh 9aCTO CKJIAJIAIOTHCs JIEKLILKOX IIapiB 3apajin
3MIIHEHHST 200 130/ TI0BAHHS JIESTKITX PEYOBUH MizK c00010. TaKoK cJ1ij1 3ayBaskKnuTH,
ITI0 0COOMM KJIACOM 33J1ad € 3aJ1a4i 3 pisHUMH jeeKTaMi. 30KpeMa, BUOKPEMJIIOIOTh

nBa Bun JiebeKkTiB: TpiluHa ab0 BKIIOUEHHS.

Cutij 3ayBasKnUTH, 110 YACTO BUHUKAIOTH CUTYaIIil, KOJIU BIIPOJ/IOBXK TPUBAJIOTO
Jacy Ha KOHCTPYKINAX TAKOTO TUITY MOXKYThb 3’ SBUTUCH TPIUHA. Takoro pomy
JlepeKTN MOXKYTh BUHUKTH I1iJT BILTUBOM PI3HUX ITPUPOHUX YMOB: BITPY, BOJIN

91 MeXaHIYHOI Jil.

anHa poboTa CKIaJA€ThCs 3 YOTUPHOX PO3JILIIB, B AKUX OYJI0 PO3B’sI3aHO

TaKl MOJEeJbHI 3aJa4l:

1) B nepromy ta apyromy posiiii posrsiHyTa MpsSMOKYTHA 00JIaCcTh, IO
cKJIaJaeThcd 3 N-apiB Ta oKpeMuil BumaJiok, koan N = 3.

2) B TtperboMy Ta 9eTBEpTOMY DPO3JLIL PO3IVISHYTA MPSIMOKYTHA 00JIACTD,
o ckKJiajlaeTbed 3 N-mapiB Ta okpeMmMnii BUnajok, Koju N = 3, dka

nocaadeHa Ha MICIl CTUKY TPIIMHAM.

Bei ni 3ajiadi Oys10 po3B’d3aHO 3a JIOMOMOIOI0 METO/Y IHTErpaJbHUX
IepeTBOpeHb. BuKopucTanis peKypeHTHUX CIIBBIIHOIIEHDb /I BI3HATEHHS
CTAJINX OJTHOTO Iapy Yepe3 CTaJsll IHIIOro JI03BOJIsE OyIyBATH PO3B A30K JIJIs

HaraToIapoBol 001acTi 0y/1b-AKOI CKJIaIHOCTI.

Takok cjiji BiA3HAYUTH, IO Y BUINAJKY JdedeKTy Tpeba MMoOyyBaTu
CiHTyJIsiHE iHTerpo-audepeHiiaibHe PiBHSIHHSI.
Mera. [I151 6baraTorapoBoi 00J1acTi, Ha IPUKIa/Il TPHOIIAPOBOTL, TPAMOKYTHOI

00J1aCT] JIOC/IIZKEHO PO3IIOILJI HAIIPYKEHb Y 3aJI€2KHOCTI BiJI CIIIBBIIHOIICHHS

MOJLYJIIB TIPY>KHOCTI IapiB Ta FreOMETPUIHHUX ITapaMeTpiB 00JIacTi.

TaxkoxK po3TJIAHYTO pi3Hi BUJIN HaBaHTaXKeHb Ta XapaKTePUCTUK MaTepiay

y nedekri.



Ob6uncnTu KoedirieHT IHTeHCUBHOCTI HAIIPY2KEeHb B 3aJI€2KHOCTI BijI

JIOBXKUHHU TPIITUHA.

O06’exT mociigxkeHHs. N-111apoBa psSMOKYTHa 00/1aCTh, 1110 3HAXOINTHCS
y CTaHi aHTHUILIOCHKOI Jedopmail Ta N-mapoBa MpsiMOKYyTHa 00JACTb, IO
3HAXOAUTHCS Y CTaHl aHTHUILIOCHKOI JedopMail, 1Mo nocaadiena MixKda3zHuMn

TPIIIUHAMU.



INTRODUCTION

Relevance. The engineering problems of determining the strength of
structures require adequate and simple mathematical models which can be used

to calculate the values of loads and their distribution in the middle of an area.

Simple constructions are often made of several layers to cement or isolation
of certain substances among themselves. It should also be noted that a particular
class of problems has different defects. In particular, two types of defects are

identified: fracture or inclusion.

It should be noted that there are often situations where cracks can appear
on structures of this type over a long period. The defects can occur under

various environmental conditions: wind, water, and sneezing.

This work consists of four sections in which these model problems were

solved:

1) In the first and second sections, a rectangular area consists of N-layered
and a single case where N = 3 are considered.

2) In the third and fourth sections, a rectangular area consists of N-layered
in a single case where N = 3 is considered, which is relaxed at the sticking

point by frictions.

All these problems have been solved using the method of integral transfor-
mations. Using recurrent relations to determine the steels of one layer through
the steels of another allows one to construct solutions for any complexity of
different difficulties.

It should also be noted that a singular integral referential equation must

be created in the case of a defect.

Goal. For a three-layer, rectangular area, the distribution of loads de-
pending on the ratio of the layer twist’s modulus and the area’s geometrical

parameters is investigated.

Also, different kinds of stresses and characteristics of the material in the

defect are considered.

Calculate the coefficients of the loads’ intensity depending on the fracture’s

length.



Subject of study.N- a layered rectangular region in a state of antiplane
deformation and N-a layers, a rectangular area in a state of antiplane deforma-

tion loosened by infernal cracks.

Simple constructions are often made of several layers to cement or isolation
of certain substances among themselves. It should also be noted that a particular
class of problems has different defects. In particular, two types of defects are

identified: fracture or inclusion.

It should be noted that there are often situations where cracks can appear
on structures of this type over a long period. The defects can occur under

various environmental conditions: wind, water, and sneezing.

This work consists of four sections in which these model problems were

solved:

1) In the first and second sections, a rectangular area consists of N-layered
and a single case where NV = 3 are considered.

2) In the third and fourth sections, a rectangular area consists of N-layered
and a single case where N = 3 is considered, which is relaxed at the

sticking point by frictions.

All these problems have been solved using the method of integral transfor-
mations. Using recurrent relations to determine the steels of one layer through
the steels of another allows one to construct solutions for any complexity of
different difficulties.

It should also be noted that a singular integral referential equation must

be created in the case of a defect.

Goal. For a three-layer, rectangular area, the distribution of loads de-
pending on the ratio of the layer twist’s modulus and the area’s geometrical

parameters is investigated.

Also, different kinds of stresses and characteristics of the material in the

defect are considered.

Calculate the coefficients of the loads’ intensity depending on the fracture’s

length.

Subject of study.N-th layers, rectangular region in a state of antiplane
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deformation and N-a layers, a rectangular area in a state of antiplane deforma-

tion loosened by infernal cracks.



11

CHAPTER 1

THE ANTI-PLANE PROBLEM OF ELASTICITY
THEORY FOR MULTILAYERED RECTANGULAR
AREA

1.1. Statement of the problem

y p(z)
b, J 0SS
G, §
bn—l E
by ]
G,
by

//////////////a/;:

Figure 1.1. Geometry and coordinate system of a rectangular area

The area under consideration (Fig.1.1) (G} — shear modulus of the k-th
layer) occupies the area described in the Cartesian coordinate system by the
relations 0 < x < a,bp_1 < y < bg, which is in a state of anti-plane deformation.
This region is divided into N heterogeneous layers along the y axis. Let the
edges x = 0,x = a be immovably fixed.

Wi =0, W

=0

=0, by <y <by, 1N (1.1)

r=a
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where Wy, (x,y)— movement relative to the z axis in the k-th layer, by = 0,by = b.
The face y = 0 is in smooth contact conditions, the face y = b is subjected to a

load of intensity p ()

=p(r),0<z<a (1.2)

where 7, (2,y) ;7,0 (2,y)— the tangential stresses of the first and N-layers, re-
spectively.

The conjugation conditions are fulfilled between the layers:

Wi, = Wi ,
y="bp—0 y="bp+0
O<z<ak=TN—1 (1.3)
T
Y ::bk —0 Yy ::bk‘+'0

It is necessary to find the displacement and stress of each of the layers satisfying

the conditions (1.1)— (1.3) and the equilibrium equation

OPW;, N O*W,,
Ox? Oy?

Write down the boundary value problem

=0, 0<x<a, bp_1 <y <bg (1.4)

(

W,  PW,
8x2+8y2 =0, 0<zx<a, b1 <y < by
T Wi =0, Wil =0 by <y <bg (1.5)
=0 T=a
Tylz =0, ng\é :p(ﬂ?), 0<z<a, bk—1<y<bk
y=0 y=bn
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where:
oW oWy p(x
n| =0e =2 =0, i =p) e = :_c(:) (1.6)
y=0 Y ly=0 y=bn Y ly=by N
Conjugation conditions:
Wk - Wk-i—l )
y="br,—0 y=">br+0
0O<z<ak=1TN—1 (1.7)
- b1
y="by—0 y="0+0
Where:
ow oW
alean eal g M
y=b—0 y=by+0 Ay y=bx—0 Ay y=by+0

(), — shear modulus of the k-th layer, K = 1,N — 1

1.2. Reducing the initial problem to the

one-dimensional problem

We reduce the input problem to a one-dimensional one using the finite

integral sin Fourier transform of the variable x:

Wa, 1(y) = / Wi(z,y) sin oz da (1.8)
0
With the inversion formula:
2 o

Wi(z,y) = . Z Wa, x(y) sin o,z (1.9)
n=0



Write the boundary conditions in the transform domain:

/

“ oW
| :/ 1 sinapr dx
: “ow
Wa, N :/ SALELl sin v, dx
by Jo OY Ly,

Write the load in the transform domain:

Da “plz) .
n = sin o, dx
Gn /0 Gn

Write down the conjugation conditions in the transform domain:

a
Wa, i = / Wy sin a,r dx
y:bk—O 0 y:bk—O
a
Wa, k+1 :/ Wi sin o, x da
y=br+0 0 y=b+0
“ oW,
/ k .
GeWo, i :Gk/ v sin vy, dx
y=bj,—0 0 9Y ly=b—0
“ oW
' k+1 :
GraW, o = Gk+1/ 5 sin o, x dx
yzb;ﬁ-O 0 y y:bk+0

Write down the boundary value problem:

4

"
2
Wan,k (y) T anWamk (y) =0
! / pa,n
Wan,l - 0, Wan,N — G
) y=0 y=bn N
We, k = Wan,kﬂ‘
y=br—0 y=by+0
: Grt1 oy
Wan,k - G Wan,k‘—I—l
. y=b1—0 k y=by,+0

14

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

where o, — integral transform parameter, Gy — shear modulus of the k-th

layer
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The general solutions (1.17) will then be found in the form:

Wa, i (y) = Are®? + Bre Y

(1.18)
W(/)én,k (y) = Qy (Akeany _ Bke_any)
where A, B, — unknown constants.
Using conjugation conditions:
Akea"bk + Bke—a"b’f = Ak+1€a"bk + Bk+1€_a”bk
(1.19)
G(Age®™" — Bre %) = Griq (App1®"™ — Bipre ™)
Build a matrix:
eany e_any
Hi(y) = (1.20)

erany _er—any

From the conjugation conditions (1.19), we express Ay, By in terms of Ay, By

[2] by the recurrent formula:

where Py = H '(by_1) - Hy—1(bg_1) -+ Hy (b)) Hy(by)

The unknown constance of the first layer are found from the boundary conditions
of the problem (1.17).

As a result, analytical representations of movements W, jin transform domain
were obtained.

In this work, the case when N = 3 is considered.
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CHAPTER 2

THE ANTI-PLANE PROBLEM OF THE THEORY OF
ELASTICITY FOR A THREE-LAYER
RECTANGULAR REGION

2.1. Reducing the initial problem to the

one-dimensional problem

From the conjugation conditions (1.19), As, By, A3, Bgwere expressed in
terms of Ay, By [2]:

Al Al 316720[”1)1 Blei%énbl
— 4+ + _
2 2G21 2 2G21

Ay =

A162anb1€—2anb2 Al AlBQOanl e—2anb2 Al A1620[nb1€—2anb2

As = +—= - + - +
s 4 4 e 4Gl3s 4Goy
Al A1€2anb1 e—QOéan Al Ble—Qaan Ble—Qanbl Ble—QOénbg
+ + + + + -
N Ble_Qa"bl N Ble—Zanbg Ble—Qanbl Ble_2a”b2 Ble—Qanbl
4G9 4Gy 4Gy 4G9 G32 4G9 G32

A 6204nb1 A 6204nb1 B B
B, = 21 A I S
2 2G 9 2 2G9

AleZOénbl A1€201"b2 A162anb1 AleQOéan A1€2057Lbl A1€2anb2

Bs = — — _
3 7 T Vo T AL e
A162Oénb1 A16204nb2 B1 B16—204nb1 €2anb2 B1 B16—2Oénb1 €2anb2 B1
= = +21 - =
4G Gsy 4Gy Gsyr 4 4 4Gy 4Gy 4G
Ble—zanbleQOénbg B]_ Ble—QOénbl ezanbg

- + +
4Gy 4G9 G32 4G9 G2
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The unknown steels of the first layer are found from the boundary conditions of
the problem (1.17).
the following:

Ay =

4G21G32pan eanb€20znb1 62a"b2

Gaan (Ga1 (Gaa(ug — etonb2) 4+ uge2nb2 + uyg) + Gag(ug + enb2) + uye?anbz 4 )
4021 G32pan eanb€2anb1 eQanbg

b= Gay, (Ga1 (Gaguas + ugs) + Gaugs + usg)
Uy = e?anb _ 64a"b1 Uy = _€4anb1 62anb2 . e4anb2
U = _€2oznb 4 e40znb1 Uy = e4anb2 . €2anb2
Uy = 62a"b1 4 62anb2 11 Urg = 62anb2 -1
Us = _€2anb1 + eQanbg + 1 Uy = u16620‘”b1 o €4anb1 + 62anb2
Uy = _e4anb2 . 62anb2 Ulg = _€4anb1 62anb2 + €4anb2
Uz = _€2anb1 4 e?()énbg -1 Ulg = u1262anb1 . €4anbl _ eQaan
Ug = eQanbl + 62anb2 -1 Usy = u1262anb1 . €4anb1 . 6206nb2
U = e4anb2 . €2anb2 Usy = 64anb1€2anb2 T €4anb2

ug = u062anb2_|_ (u262o¢nb T U4) 620znb1 Usy = 64anb162anb2 . 640znb2

ulO — (u5€201nb _|_ U ) QOénbl _|_ €40tnb2 u24 — U462a"b1 _|_ u13€2anb _|_ u14

(U6€ Oénb + u7) 2&nb1 _ 64()(»”()2 u25 — u156201nb1 + u17€204nb + U18
= (e* +1) Ugg = 15> + ugoe® ™’ 4 gy
Ul — (U12€2anb1 +€4Oénb1 +€2anb2)

Substitute Ay, By,As, By, Az, By in Wy, W,,(k = 1,3) from the system (1.17) and
using the boundary conditions of the system (1.17 ). A solution was obtained

in the transform domain:

4G9 G3apa, 11
Wi = = 2.1
! Gsay, ((—1 + e 2mb) (Rg — 1) + .5) (21)
2G39pa, ((Gor — 1) Ty + (G + 1) T7)
Wsy = = 2.2
2 Gsay, ((—1 + 6‘2%”) (Rg — 1) + S) ( )
W3 _ Pa,, (T1 (Fl + 1) + T2 (FQ - 1) + T3 (Fg - 1) + T4 (R5 + 1)) (23)

Gsay, ((—1 + e 2mb) (R3 — 1) + .5)

where:
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E, = €—2an(b—b2) — e 2anb; T, = e—an(b—l—y) 4+ e—an(b—y)

E2 — 672an(b7b1) . €f2anb1 T2 — efan(bJrlefy) + e*an(b*leer)

Ey = e—2an(b—|—b1—b2) Ty — e—an(b—2b2—|—y) + e—an(b+2b1—y)
(

T4 — e—an(b+2b1—2b2—|—y) _|_ e—an(b—261+2b2—y)

Fy = G21G3o + Ga1 + Gz Ry = —Go1G3y — Go1 + G
Fy = G91G3a + Ga1 — G R3 = —G91G3a — Ga1 — G3o
F3 = G21G3z — Ga1 + G3o Ry = —G21G3a + Go1 + G
Ry = —Go1G3y + Go1 — G R5 = G1G3s — Go1 — Gz

S=FEy(Ro+1)+E (Ri+1)+ (R, —1)Es+ (Rs + 1) E4

2.2. Inversion of integral transforms

The found solutions in the transform domain are inverted according to
the formula (1.9). It is derived:

2 - 4G21G32pa T1 sin anl
== " 2.4
Wl (l‘?y) a nz:% GgOén ((_1 + e*QOénb) (RS - 1) i S) ( )
Wy (2.y) = gz 2G39pa, ((Gor — 1) Ty + (G + 1) T7) sin ay,x (2.5)

a Gsay, ((—1 + e 2mb) (R3 — 1)+ 5)

n=0

2= Pa, T (Fi+ 1)+ Ty (F,— 1) + T3 (Fs — 1) + Ty (Rs + 1))
Ws (zy) = gnz_; Gaay ((—1 4 e200b) (Ry — 1) + S)

(2.6)

Given (1.12), formulas (2.4),(2.5) and (2.6) can be rewritten in the following

form:

2 - 4Go91G3ap(€)T18(x,§)
Witen =3 |3 oty e (e s € @0
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/ 2G32p ((G21 - 1) T2 + (G21 + 1) Tl) Q($7£)

Gsay (=1 +e2m0) (Rg — 1) + 5) dg (2.8)

W( vy):

/ Zpan Tl F1 1)+TQ(FQ—1)+T3(F3—1>+T4(R5+1))
Gty (—1 + e 200) (Ry — 1) + 5)

d§
(2.9)

where: Q(z,£) = sin o,z - sin a;,&

2.3. Checking of the boundary conditions

It should be noted that no difficulties arose during the verification of
homogeneous boundary conditions, so the case of non-homogeneous boundary

conditions for moving W5 was considered.

oWs|  _ plx)
y y=b G 7
e
ows| g/aip(g) sin (a,,x) sin () at
oy y=b = G
In order to check this inhomogeneous boundary condition, the order of integration
2«= [ [°
and summation should be changed: — Z [/ p(&) sin (&) d€| sin ()
a 0

n=0
Continue the load p(z) in the original problem in an odd way to check the

inhomogeneity of the boundary condition because there is no material for
—a < x < 0. Moreover, the development in the Fourier series for the expanded
p(x) was used. Loads were selected in such a way that p(0) = 0; otherwise,
there will be a gap of the first kind.
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2.4. Summarization of weakly convergent parts

of series

Consider the series Z a(n), which is weakly convergent. For separation

n=1
of its Weakly convergent part, the following technique [3] is used namely:
A

The series Z ) is split into two terms Z Z n)+ Z . In the

n=1 n=0
second obtamed series, the function is replaced by its asymptotlc representatmn
A

at n — oo, after which the term Z a(n) is added and subtracted, where a(n)
n=0
is the asymptotic representation of the function a(n). So:

00 %) A
> a(k)=> an)+ > (a(n) —a(n)), A— oo (2.10)

n=1 n=0 n=0
0
The series Z a(n) included in this representation can be summed by using the

n=0
following [4] formulas:

E e "sinnr = = el (2.11)
—~ 2cosht — cosz

After integration of the formula (2.11). It is derived:

>

n=1

1
" eosnx = ~5 In(cht — cosx) (2.12)

3I*—‘
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2.4.1. Summary of weakly convergent parts of Wi(x;y)

2 4G91G3ap(€)T1(x,8)
g/ZGg)Ofn 1—{—620‘")(R3—1)+S) df

where: Ty = e~ n(b+y) 4 o—n(b— y Qx,) = (COS np(§ — ) — cos a,(§ + x))

Applying the formula (2.12) it is obtamed

= 1
Z — cos ay, (€ — x)e 0ty — —2i In (chty — cos xp)
a,

m
= 1 — oy (b—y) a
Z—cosan (€ —x)e V¥ = ——In(cht; — cosx)
— 7r
-1 —an(bty) — @
Z——cosozn (&4 z)e = %ln (chty — cosxq)
n=1 "
— 1 —an(b—y) _ @
Z——coscun (& +x)e Y = —In(cht; — coszy)
—~ m
where
m m
to = —(b ; = —(&—
o= 200+ ) ro= "€ )
m T
ty = —(b—vy); = —
=20 ) r="(6+ 1)

Then the weakly convergent part for Wi (z;y) will have the form:

A 4
> an)=> TiCy

n=0

here and further:

C1 = —In(chty — cos ) C3 = In(chty — cosxy)

Cy = —1In(cht; — cosxy) Cy =1In(cht; — cosxy)
4

T, = — aG21Gso

477(33 — 1)
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Then Wi (z;y) will take the form:

Wiz y) = aiGB/Oap(&)

4

A
T Cu ZE 26)[Q1 — Qo[ dE (2.13)

w=1

here and further:

E(x,€) = cos apn(é — ) — cos (€ + )

0, = 4G9 Gy

Lo ((—14 e ) (Ry— 1) + 5)
0y = — 4G G

T (R —1)

2.4.2. Summary of weakly convergent parts of T;Z(x; Y)

4 A

8W1 2G1 @ ! 1 ! /
= — T C + - = — d 2.14
5y ) =g || 7O 10453 S0 - dil | de @11
where
’ T Sh t() / T Sh tO
o =_I o ="
! a (chty — coszp) > a(chty—cosz)
r 7 Shtl r s Shtl
Cp = a (cht; — cosxy) Ci = a(cht; — coszq)
o - 4G G T,
b (-l e?d) (Ry —1) +8)
Q/ _ 4G21G32T1
2 Oén(Rg — 1)



2.4.3. Summary of weakly convergent parts of Ws(x;y)

/ 2G32p ((Ggl — 1) T2 + (G21 + 1) ) (CE f)
G30ﬁn —1+6 2anb )(Rg—l) S)
where:
T, = e_an(b""y) + e_an(b_y)’
Ty = efan(b+2blfy) 4+ e*an(b*leer)’
1
Qx,§) = §(COS (€ — x) — cos app(§ + )
Applying the formula (2.12) it is obtained:
1 —ay (b+y) a
Z—cosozn (& —x)e ") = ——1In(chty — cosxy)
— 2T
- 1 —a,(b—y) a
Z—Cosozn (& —x)e ¥ = ——1In(cht; — cosxy)
ay, 2m
i L cos ay, (€ 4 z)e 0+ — L n (chty — cosxy)
—~ ay 21
1 —an(b-y) _
Z——cosozn (&4 z)e 7Y = —ln(chtl—cosxl)
— ay 2
— 1 — vy (b+2b1—y) a
Z—Cosozn (& —z)e Y = ——1n (chty — cosxp)
— ay 2
1 —n (b—2b1+) a
Z—cosan (& —x)e 0T = —2—111 (chts — cosxp)
m
— 1 —an(b2b1—y) O
Z——cosan (&4 z)e 7Y = —1In (chty — cosxy)
—~ ay 2
Z ——cos oy, (€ + x)e n(0=2hity) — S (chts — cosxy)
a,
Where.
m 77
o= ~(b+y); =—(b+2bi—y)  w= (6~ a);
a a a
7 7r m
t1r=—(0b—-y); =—(b—-2b+y); x1=—-({+ux);
a a a

Then the weakly convergent part for W (z;y) will have the form:

dg
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A 4
D a(n) =T [(Gon+ 1)Dy + (G — 1) Dy

n=0 k=1

here and further:

Dy = —In(chty— coszp) Ds = —In (chty — cos zy)
Dy = —In(cht; — coszy) Dg = —In (chtz — cos zy)
D3 =1In(chty — cosxy) D7 =1In(chty — cosxy)
Dy =In(cht; — cosxy) Ds = In (cht3 — cosxy)
Tz2= _477?}2253—2 1)

Then Wy(x;y) will take the form:

4

Ty Y [(Gor +1)Dy + (Gor — 1) Dyys] +

k=1

Wa(z;y) = a%g/oap(é)

A
+ =Y E(@8)[Qs — Q4| dE (2.15)

n=1

N | —

here and further
2G5 (G — 1) Ty + (G + 1) T1)
O e (14 e ) (R — 1)+ 5)
Q1= 2G3 (G -1+ (Gu+1)Th)
1 Odn(Rg — 1)
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2.4.4. Summary of weakly convergent parts of 7 (z;y)

4
T2 3 [(Gor + 1)D, + (G = 1D +

k=1

OWs . _ 2Go [“
a—y(ﬂf;y) = a_Gg,/O p(§)

A
1 =( /
+ 5;: 7.8)[Qs cm] d¢ (2.16)
Where
/ s shtg ;o sht,
D, =-" D, ="
! a (chty — cosxy) > a(chty — cos )
/ v Shtl / ™ sh t3
D=2 p.—_T
2" a(cht, — coszg) 0 a (chts — coszy)
/ s shtg / s sh
D,=-" p.=-"
s a (chty — cosxy) 7 a (chty — cosxy)
r /0 Shtl r /i Shtg
a (cht; — coszy) ® " a(chts —cosz)
Q/ _ 239 ((G21 — 1) T + (G21 + 1) Tl)
T o (14 e 2mb) (Ry — 1) + 5)
0, = 2G(Ga — 1)+ (Gau+1)T)
1 Oén(Rg - 1)
Tl/ — _an(_e_ann(b_y) + e_ann(b+y))

TQ/ _ _&n(_e—an(b—i-%l—y) + e—an(b—2b1+y))



2.4.5. Summary of weakly convergent parts of Ws(x;y)

W3 (l‘,y) =

g/aipan(Tl(F1+1)+T2(F2_1)+T3(F3_1)+T4(R5+1))

Gsay, ((—1 + 6_20‘”b) (Rg — 1) + S)

where: T1 = e_an(bﬂ/) + e—an(b—y)7
— o=y (b+2by— —aun (b—2by +

Ty = e~ n(b+2b1-y) 4 o—an( 1y)’
_ =y (b—2by+ —avy, (b42by—

Ty = e onb=2baty) 4 o—an(b+2b2—y)

T4 — efozn(b+26172b2+y) + efan(b*2bl+2b27y)

1
Qz,&) = §(COS (€ — ) — cos app (€ + )
Applying the formula (2.12) it is obtained:

Qay, 21
n=1

)

1
Z — cos oy, (€ — x)e ) — I (chty — cosxp)

_ _ —a (b—y) — __1 ht _
221 - cosay, (£ —x)e 5 o (chty — cosxy)

1
Z ——cosay (£ + x)e‘a”(b”) -4

Qay, 21
n=1

In (chty — cosxq)

= 1

Z ——cosay, (€ + z)e 7Y = D (cht; — cosxy)

— oy 21

— 1 —aty (b+2b1 ) a

Z—Cosozn (& —x)e 0T Y = ——1n(chty — cosxp)

— an 2T

i L cos ay (€ — x)e on(b=21ty) — A (chts — cosxp)

— an " 2

— 1 —an(b2b1—y) O

Z——cosozn (€ 4 z)e U=y :2—1n(cht2—cosa:1)
n ™

n=1

oo

n=1 n

— 1
=1 Qn

1
Z ——cos ay, (€ + z)e o b=2Ty) — 2

In (chts — cosxy)
2T

a
— In(chty, —
o n (chty — coszy)

26

d¢
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o0
1
E — cos ay, (& — x)en0=2ety) — S W (cht; — cosxp)
Qay, 2
n=1
o0
1 —an(b2by—y) O
E ——cosqy, (§+x)e T2 = —1In (chty — cosxq)
Qay, 2
n=1
= 1 a
g ——cosay (€ + z)e (") — — In (chts — cosa)
= oy 2T
— 1 —ctp (b+2b1 —2by+y) a
—cosay, (§ —x)e 0T T — —— n (chtg — cos zp)
& 1 a
E — cos ay, (€ — x)e 02 F2my — Iy (chit; — cos )
o™ m
n:1

1
Z —— cos ay, (€ 4 x)e W (0F2i=2ty) % In (chtg — cos )

= 1
Z —— oS oy, (€ + x)e On(0=2hiF20my) L (cht; — cosxy)
where:
m m
—(b+ —(b—2b
= T+ v) ST -
m m
—(b— —(b+ 2by — 2b
S—_ = (b + 20— 2y + )
7r 7
= —(b+2b — y); 7= —(b—2bi + 2 —y);
7r s
E(b 2b1 +y); xo—a(ﬁ—x),
m m
—(b+2b = —
a( + 20y — y); T a(£+x)’

Then the weakly convergent part for W5(z;y) will have the form:

A 4
> a(n) = T3> [(Fi+ 1)Hy+ (Fy — 1) Hpya + (Fs = 1)Hyys + (Rs + 1) Hy 410
n=0 =1

here and further:

Hy = —In(chty — coszy) Hg = —In(chtz — cos zy)
Hy = —1In(cht; — cosxp) H; =1In(chty — cosxy)
H3 =In(chty— cosz) Hs = In(cht3 — cos )
Hy=In(cht; — cosz) Hyg = —In(chty — coszy)

Hs = —1In(chty — cosxp) Hyg = —In(cht; — cosxp)
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Hy; =In(chty — cosxy) Hyy = —In(cht; — cosxp)
His = In(chty — cosxq) His = In(chtg — cosxq)
Hi3 = —In(chtg — cosxp) Hig = In(cht; — cosxy)
1
To3=——-——
7 4rn(Rs—1)

Then W3(z;y) will take the form:

a 4
Ws(z;y) = aiGg/O p(&) | s ; {(F1+ 1) Hp+ (Fy — 1)Hoys + (F3 — 1) Hpys+
A
+U%+U%Hﬁ+%Z¥M£W%—%]%(Zm

Here and further:
B Tl(F1+1)—|—T2(F2—1)+T3(F3—1)+T4(R5—|—1)
@ = Gacun (—1+ ¢ 29) (Ry— 1) + 9)
Ty(Fi+ 1)+ T (Fy—1)+T3(F3— 1)+ Ty (Rs + 1)
G30{n (Rg — 1)

Qs = -




oW 2G “
—>(z;) :a—cf;/O p(§)

E

T3

2.4.6. Summary of weakly convergent parts of 7'5’2(:6;

{(Fl +1)Hy + (Fy — 1) Hy, g + (F3 — 1)Hy o+

A
1 =(
# (Rs+ DHypo } + 5 > 2@0IQs — Q4| de (218)
n=1
here and further:
" s sh t ;o shty
L™ g (chty — cosxy) "7 (chty — cosxp)
/ ™ sh tl / /i Sht5
H == H —-_T
a (cht; — coszp) 10 a (chty — cosxy)
' s sht / 7 shiy
=" o, =-"
3 a (chty — cosxy) 1 a (chty — cosxy)
’ T Sh tl ’ T Sh t5
=" H,="
a(cht; — cosz) 27 4 (chts — cosx)
r ™ Shtz H, o ™ Shtﬁ
> a(chty — cos ) B 4 (chtg — cos )
’ T Sh t3 ’ T Sh t?
H =T H,==
0 a (chts — cosxy) Y7 4 (chty — cos o)
/ s sh t9 ) s sh tg
=" o, ="
7 a (chty — cosxy) by (chtg — cosxy)
’ T Sh t3 ’ 7 Sht7
= Hyg = ——
a (chty — cosz) a (cht; — cosxy)
0. — T (B + 1)+ Ty (Fy— 1)+ Ty (F3 —1) + Ty (Rs + 1)
’ Gaap (=14 e7200) (Ry — 1) + 5)
Q. = TyF+1)+T(Fa— 1)+ T5(F5—1)+T,(Rs + 1)
L=

Ofn( e an (b+2b1—y) +e
—ay(—
(e (0426, —2by+y)

Ggoén (Rg — 1)

e_an (b+2by—y) Te —a, (b— sz-H/))
—a, (b— 2b1+2b27y))



2.5. Analysis of numerical calculations

Calculations were made with the following parameters:

Area parameters:

o qg=12
e h=12
e b1 =3
e =9

e (G; =8.0-10" — carbon steel
o Gy =4.0-10" — manganese bronze
o (G3=2.7-10" — rolled duralumin

Load parameters:
O =i
2c X (€& — g)

a a?

o p2(f):
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2.5.1. Dynamics of displacement changes

Consider the dynamics of changes in displacements for a three-layer rect-
angular area at different values of y.

For the first layer:

1e—=12 Wlix.p}.p1ﬂ&'}=5in§£
Wa(x, b1)
a_
- Wﬂx.%l]
LY .""_"\
. o N - Wi
2 N
4 r A\
£ \
' \
2 4 .
F g \\
F
o{ 7 \
0 2 3 6 8 10 12

X
Figure 2.1. Displacement Wi (x,y) at different values of y, 0<x<a
As can be seen from the figures (Fig.2.1), as the value of y approaches by, the

displacement increases.

For the second layer::

le=11 Wulx, p]! pl{a}: Singf

Figure 2.2. Displacement Ws (x,y) at different values of y, 0<x<a

As can be seen from the figures (Fig.2.2), as the value of y approaches bo, the

displacement increases.
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For the third layer::

1e=10 W3(X.r P]- Pl':f:|= Sing{

12 Walx, ba)

Lo W, (x, b +°_‘4£J
— Wilx. b, +2552)

08
— AT +3““4;b?]]

0.6 1
— Wi, b)

0.4

02

0.0 4

0 2 4 8 10 12

X

Figure 2.3. Displacement W3 (x,y) at different values of y, 0<x<a

As can be seen from the figures (Fig.2.3), as the value of y approaches b, the
displacement increases.
A displacement surface was also build with the same parameters.

For the first layer:

Wilxy) le-12

Figure 2.4. Surface Wy (z,y) ,p1 (§) = sin ¢
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For the second layer:

Wslx,y)

le-11

Figure 2.5. Surface W5 (z,y) ,p1 (§) = sin ¢

For the third layer:

wslx.y) tn18

10

06

04

02

Figure 2.6. Surface W3 (z,y) ,p1 (§) = sin ¢



For all rectangular area:

1e-10 le-11 le-12

12

Wi (x.y)

10

Figure 2.7. Surfaces Wy (z,y) ,p1 (§) =sin2&,k = 1,2,3

34



35

2.5.2. Dynamics of stress changes

Consider the dynamics of stress changes for different layers of a rectangular
area at different values of y.

For the first layer:

T, Ax, p), p1(£) =sinZE

012 1 T2.(% by)
0.10 Tplx, %iﬂ
0.08 - — - Thix P
0.06 | Tt
-
-~ = o
0.04 PR -
7 .
s b
002 1 f .
7 ~
ooo{ # A
0 2 4 6 8 10 2
i

Figure 2.8. Stress Tylz (x,y) at different values of 4,0 < x < a

It should be noted that the tendency of y to approach b; is the same as for
displacement.

For the second layer:

T,(x. p). p1(£) =sinlE

05 - To.(x by,

T2,x by + 270
0.4 4

- T b 4+ béiﬂ}

03 o

2% by + 3tb'ﬂ b,
02 — 7, b3)
0l
00 1

Figure 2.9. Stress 7., (z,y) at different values of 4,0 <z < a

It should be noted that the tendency of y to approach by is the same as for
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displacement.
For the third layer:

T, (x. p). p1(§) =sinlg

T30 bs)
08
b-b
T b:+_4_"}
06 1 — T, by + 2522
b - ba)
— Tl by + =)
04 .
— TH[J{, bl
024
0.0 1

X

Figure 2.10. Stress ng (x,y) at different values of 4,0 < x < a

It should be noted that the tendency of y to approach b is the same as for

displacement.
A stressed surface was also constructed with the same parameters.

For the first layer:

Th%y)

012

0.10

0.08

oos

0.06

0.04

0.02

Figure 2.11. Surface 7'ylz (z,y) ,p1 (§) = sin T
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For the second layer:

T xy)

05

Figure 2.12. Surface 77, (x,y) ,p1 (§) = sin Z¢

For the third layer:

T5.0xy)

08
06
04

0.2

Figure 2.13. Surface 7;), (x,y) ,p1 (§) = sin Z¢



For the entire region:

T (xy)
-0.8

Figure 2.14. Surfaces 7%, (z,y) ,p1 (§) = sin 2,k =1,2,3

F0.s

0.4

03

02

01

012

010

0.08

0.06

0.04

0.02

38
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2.5.3. Dependence of stress on the type of loads

Consider the dynamics of stress changes for different layers of a rectangular

area under different loads p(£) and at different values of y. Display the graphs

together for a clearer analysis:

For the first layer:

012 1

010

0.08 1

0.06 -

004

002

0.00 1

012 4

0.:10 1

0.08 1

006 1

004 4

002 4

0.00 1

T.(x, p), p1(E) =sinlE

26 _45:5—.}1

thix. p). p2(£) =5~ —

10

10

Thlx by)
2, x, 21y

o6 2

- tlix %"—:I

Table 2.1. The stress 7,, (z,y) at different values of 3,0 < # < a and types of

loads p(§)

Note that the tendency of y to approach b; on both graphs coincides.
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For the second layer:

T, (x, p). p1(E) =sinZE

05 T;.(x b,),
0a T2.(x by +b1—5£1

- T,(x by + "ig_l”].
0.3 4 ) Ti,[x. by + 3“}'24— b
02 — Tl bg)
01 A
0.0 A
05 - 2% by),

2% by +—4—b“ ~ b1,

04

- T(x b, +"-’_=Eﬂ;
03 1 e TolX By +—3""’24' B,
02 — T by)
01
0.0 -

Table 2.2. The stress 7',32 (z,y) at different values of y,0 < = < a and types of
loads p(§)

Note that the tendency of y to approach by on both graphs coincides.
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For the third layer:

T,.(x. p). p1(§) =sinZf

T2,(x bs)
08 1
3,0 b + 25
06 1 — T, by + 252
— Tix, b-_,+—;“’ bz)
0.4 4
— r?,[x b
024
0.0 1
0 2 Bl 6 B 10 12
X
2 4{{5- )
2ix. p), pzif}——g——azi
T5.(% bs)
08 4
lx b2+b b.r
06 1 Tol% b;.+b b"}
— rjz[x.b?+ua
04 .
— T D)
024
0.0 4
0 ' 3 3 B 10 1

Table 2.3. The stress Ty (x,y) at different values of y,0 < x < a and types of
loads p(&)

Note that the tendency of y to approach b on both graphs coincides.
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Also, construct the stress surface of all layers with the same parameters.

ros

TAxy)
08

Fo4

03

02

01

Fos

Tylxy)
08

F04

03

02

01

012

010

0.08

0.06

004

0.02

012

0.10

0.08

0.06

0.04

0.02

Table 2.4. The stress T;Z (z,y) at different values of y,0 < x < a and types of

loads p(§),k=1,2 ,3

Analyzed all the graphs in this section, the conclusion is that the stress at the

top of the area does not change depending on the type of load if we fulfil the

condition p(0) = 0.
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2.5.4. Dependence of stress on the geometry of a
rectangular region
Consider the dependence of stress on the geometry of a two-layer rectan-

gular region.

For the first layer:

T, y). pr(€) =sin IE

0.30
b =8 p=2

0.25 1 bi<bb-a

0.20 1 - b =L =23

T

0.15 1

0.10 1

0.05 1

DO Emmmem=—— T —-——

Figure 2.15. Investigation of the geometry of the region GGy

A more advanced dependency:

T,.0% y), p1(€) =sin IE

o
ke
I
&
1
o
T

05 4

o

ke
1

5
1

04 4

L=
]
ru||5.| |u|b.| ru|b,|

0.3' '_,.-'—l-..

=3
1]
[~ 3
]
JaT]

A
!
!
'l
1

Fd
o

or

H
(=3
LY

o oy o oy o
(=3
[]

02 1 ” " 1

01 /! .\

00 A = T —r = T

X —_ b1=él.b2=3:1—b.b=23

Figure 2.16. Investigation of the geometry of the region G,

As can be seen from the graphs (Fig.2.15)"— (Fig.2.16) that the stress increases
when by is less than bo,b9 is less than b and b is less than a.

[t is also interesting to consider the dependence of stress on layer thicknesses:



T, y). p1ig) =sinZE

0.35 4 b1=%bz=%b=g—
0.30 - b1=:;+lb_6,bz=34_b,b=g_
0.25 4 =b_b p _3bp_a
P T == b=z gl b=3
0.20 ” - _b., b —3b 4 -
,, \\ b=2+ L. b;=3Pb=a
——
0.15 P -~ N — by =24+ B p =30 p=j
2 - \ 716 4
0.10 - A — N
ATt <IN —_ b1=%—f—6.b2=3:4—b.b=a
R -
0.05 - ‘e ~ iy b,b 3b
~ —_— by =Ly B 3D
- B 3 bi=gtigb=gnb=2a
0.00
: , , : : : : —_— b1=%+f—6.b2=3:q—b.b=za
0 4 B B 10 12
% ho=B_ B p 35 p-2z5
i N TR I

Figure 2.17. Investigation of the geometry of the region G,

For the second layer:

Tffz{x-}’}-Pﬂﬂ:Singg

0.7 A bz:%;;.:g_
0.6 1 bz=3%b=e
05 4 — b2=%|b=zﬂ‘
0.4 -
03 A
1_..---'—-'f'---_..’
0.2 '_,..—"' ~
- ~
01 A i ~
P -~

po{ i

T T T T T T T

0 2 4 B B 10 12

Figure 2.18. Investigation of the geometry of the region Gs

A more advanced dependency:
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rf,z{x.y}.pliﬂ=5ing-£

by 230 p_a
0.8 by =0 b =3 =12
b1=§.bz=%+%b=g—
R S
by=2,b,=30 p=2a
3 4
0.4 1
— b1=§.b2=%+%b=e
0.2 - - bi=2 =3B b=a
— b1=§.b}_=%b=za
0.0
: : : : : : : — bi=bp, =3+l b=2a
0 2 4 6 8 10 12
x —_ b1=§.bz=%—%b=ze

Figure 2.19. Investigation of the geometry of the region Gs

As can be seen from the graphs (Fig.2.18)"— (Fig.2.19) that the stress
increases when b; is less than by,by is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:

T2(x,y), p1() =sin g

bl=%—%.bz=3:4—b.b=a
— b=2-Lp, =3Pl b=z
- by=2-L.p,=3P-L b=a
— b=f- L b= b=2a
I e T R I i e R
x —= b=B-L b, =30 L p-2a

Figure 2.20. Investigation of the geometry of the region Gs
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For the third layer:

T, A% ¥), p1(E) =sinZE
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Figure 2.21. Investigation of the geometry of the region G

A more advanced dependency:

T,.0% y), p1(€) =sin I£

b _3b p_a
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Figure 2.22. Investigation of the geometry of the region G3

As can be seen from the graphs (Fig.2.21)"— (Fig.2.22) that the stress increases

when by is less than by,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thick-

nesses:
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Figure 2.23. Investigation of the geometry of the region Gy

T, A ). p1§) =sinZE

: b=+ b b=3bp=2
oc | b1=ﬂ_+11’_6.b2=3}4_b+11’_6.b=g_
b1=f11+1£6.b2=%b=a
bl:ﬁ_+%'bz=3:1_b+f_6‘ =a
— b1=ﬂ_+11"—6.b2=3f4—1’—11’—5.b=a
_b1=f1l+%.bz=%b=za
S S S e e e A e MR
x —_ bl=ﬁ_+11’_6.bz=3}1_b—11’_6.b=za

Figure 2.24. Investigation of the geometry of the region Gy

2.5.5. Dependence of the stress value on the arrangement

of materials G35

It is also necessary to consider the issue of the dependence of stress values
on the material on which a load of intensity p (x) acts Calculations were made
with the following parameters:

Area parameters:
e qg=12
e b=12
L] bl = 3



T, A% y). p1(€) =sinZE

05

by=8-L p,=3Pb=a
S b1=ﬁ——1‘is.b2=34—b—lb—5.b=a
— by=0-L b, =3P b=2a
— b=8-L b, =3P+l b=2a
—_ b1=%—f—6.bz=i—b—f—6.b=la

Figure 2.25. Investigation of the geometry of the region G

bo =9
G1 =8.0-10'" "— carbon steel
Gy = 2.7 - 10 "— duralumin

G3 = 4.0-10'° " rolled manganese bronze

Load parameters:

pi(€) =sin~¢
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Consider the dependence of stress on the geometry of a two-layer rectan-
gular region.

For the first layer:

Ty(x, y), pa(§) = sin g€

blz%bzg
_bopo
b=%b=a

0.25 4
_bopo

— b]—I,b—Za

0.20 1

0.15 1

0.10 1

0.05 1

000 Emmmm T T T T T e e e

Figure 2.26. Investigation of the geometry of the region G

A more advanced dependency:

Tylx, y), pr(§) = sin g

0.35 ]
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Figure 2.27. Investigation of the geometry of the region G,

As can be seen from the graphs (Fig.2.26)"— (Fig.2.27) that the stress increases
when by is less than by,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.28. Investigation of the geometry of the region GGy

5

(%, y), pu§) =sin

0.40 1
0.351
0.30 1
0.251
0.20 1

0.15 1
0.10

0.05 1

0.00 1

Figure 2.29. Investigation of the geometry of the region G,
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For the second layer:

T2 y). p1(§) =sin}€
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Figure 2.30. Investigation of the geometry of the region Go

A more advanced dependency:

5,06, y), p1(§) =sin L
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Figure 2.31. Investigation of the geometry of the region Gs

As can be seen from the graphs (Fig.2.30)"— (Fig.2.31) that the stress increases
when b7 is less than bo,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.32. Investigation of the geometry of the region Gs

T 06 ¥). p1(§) =sin5E
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Figure 2.33. Investigation of the geometry of the region Go

For the third layer:

T ¥). p1(§) =sin5E
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Figure 2.34. Investigation of the geometry
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of the region Gj
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A more advanced dependency:

T y). pul§) =sinFE
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Figure 2.35. Investigation of the geometry of the region Gj3

As can be seen from the graphs (Fig.2.34)"—

(Fig.2.35) that the stress increases

when by is less than bo,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:

T, y), pul§) =sinfE
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Figure 2.36. Investigation of the geometry of the region G3
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Figure 2.37. Investigation of the geometry of the region Gj

2.5.6. Dependence of the stress value on the arrangement

of materials Goy3

It is also necessary to consider the issue of the dependence of stress values

on the material on which a load of intensity p (z) acts Calculations were made

with the following parameters:

Area parameters:

e =12
o b=12
o b =3
o b =9
o G =4.0-10" " rolled manganese bronze

Load parameters:

o p1(§) =sin=¢

Gy = 8.0- 10 "— carbon steel
Gy = 2.7-10% " duralumin
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Consider the dependence of stress on the geometry of a two-layer rectan-
gular region.

For the first layer:

Tpo(x, ¥), pul§) =sinfE

=
1

o o o
oo
[YNTY

o
.
~
&
I
BT BT BT
I
m
o

1
&
I

————— —_——
L= —

Figure 2.38. Investigation of the geometry of the region G

A more advanced dependency:

(%, y), pul§) =sinfE
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Figure 2.39. Investigation of the geometry of the region G,

As can be seen from the graphs (Fig.2.38)"— (Fig.2.39) that the stress increases
when by is less than b9,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.41. Investigation of the geometry of the region G,
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For the second layer:

T2 y). p1(§) =sin}€
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Figure 2.42. Investigation of the geometry of the region Go

A more advanced dependency:

5,06, y), p1(§) =sin L
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Figure 2.43. Investigation of the geometry of the region G

As can be seen from the graphs (Fig.2.42)"— (Fig.2.43) that the stress increases
when b7 is less than bo,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.44. Investigation of the geometry of the region

T 06 ¥). p1(§) =sin5E
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Figure 2.45. Investigation of the geometry of the region Go

For the third layer:

T ¥). p1(§) =sin5E
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Figure 2.46. Investigation of the geometry
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of the region Gj
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A more advanced dependency:

T y). pul§) =sinFE
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Figure 2.47. Investigation of the geometry of the region Gj

As can be seen from the graphs (Fig.2.46)"— (Fig.2.47) that the stress increases
when by is less than bo,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.48. Investigation of the geometry of the region G3
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Figure 2.49. Investigation of the geometry of the region Gj

2.5.7. Dependence of the stress value on the arrangement

of materials Go3;

It is also necessary to consider the issue of the dependence of stress values
on the material on which a load of intensity p (z) acts Calculations were made
with the following parameters:

Area parameters:

o a=12

o b=12

e b1 =3

o =9

o G =4.0-10" " rolled manganese bronze
o G5 =2.7-10" "— duralumin

G5 = 8.0-10'" "— carbon steel

Load parameters:

o p1(§) =sin=¢
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Consider the dependence of stress on the geometry of a two-layer rectan-
gular region.

For the first layer:

Tpo(x, ¥), pul§) =sinfE
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Figure 2.50. Investigation of the geometry of the region G

A more advanced dependency:

(%, y), pul§) =sinfE
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Figure 2.51. Investigation of the geometry of the region G,

As can be seen from the graphs (Fig.2.50)"— (Fig.2.51) that the stress increases
when by is less than b9,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.52. Investigation of the geometry of the region GGy

7.0 y). pul§) =sinFE

0.200

0.175 4

0.150

0.125 1

0.100

0.075 1

0.050

0.025

0.000

Figure 2.53. Investigation of the geometry of the region G,
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For the second layer:

T2 y). p1(§) =sin}€
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Figure 2.54. Investigation of the geometry of the region Go

A more advanced dependency:

5,06, y), p1(§) =sin L
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Figure 2.55. Investigation of the geometry of the region G

As can be seen from the graphs (Fig.2.54)"— (Fig.2.55) that the stress increases
when b7 is less than bo,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:
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T 06 ¥). p1(§) =sin5E

Py
net b
n=b-b.
ey
negby

- =B b

— et

— bt

ey

by=3b.p=2
P e fyont
nep-fyo-
bZ:%Tb,b:a
by=32+ b b=a
by=32-b -2
bz=34—b,b=2.a
bZ:%‘i»f%,b:za
by=3b b p=2q

G

Figure 2.57. Investigation of the geometry of the region Gs

For the third layer:
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Figure 2.58. Investigation of the geometry

— —a
by=b.b=2
bs=b.b=a

== b3=b b=2a

of the region Gj

64



65

A more advanced dependency:

T y). pul§) =sinFE
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Figure 2.59. Investigation of the geometry of the region Gj

As can be seen from the graphs (Fig.2.58)"— (Fig.2.59) that the stress increases

when by is less than bo,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:

T ¥). p1(§) =sin5E
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Figure 2.60. Investigation of the geometry of the region G3
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7,0, y). p1(§) =sin%€
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Figure 2.61. Investigation of the geometry of the region Gj3

2.5.8. Dependence of the stress value on the arrangement

of materials G3o;

It is also necessary to consider the issue of the dependence of stress values
on the material on which a load of intensity p (z) acts Calculations were made
with the following parameters:

Area parameters:

o a=12

o b=12

e b1 =3

o =9

o G =4.0-10" " rolled manganese bronze
o G5 =2.7-10" "— duralumin

G5 = 8.0-10'" "— carbon steel

Load parameters:

o p1(§) =sin=¢
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Consider the dependence of stress on the geometry of a two-layer rectan-
gular region.

For the first layer:

Tpo(x, ¥), pul§) =sinfE

=
1

o o o
oo
[YNTY

&
I
BT BT BT
I
m
o

o
5
&
1
&
[l

Figure 2.62. Investigation of the geometry of the region G

A more advanced dependency:

(%, y), pul§) =sinfE
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Figure 2.63. Investigation of the geometry of the region G,

As can be seen from the graphs (Fig.2.62)"— (Fig.2.63) that the stress increases
when by is less than b9,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:



68

o o wom o & & &
I I i I I I i I
o & & @2 & & a9 4 Q9
I ok ok ok ok ak alo akb ok
Qa4+ o+ o+ o+ o+ o+ o+
P Al B Ale Al Bl Bl Bl Al
' ) n L) I ) I L) I
E T
jpo 2 e 49 @9 @ 49 9 a
& ko alo ofo ok ako Qo ok Qo
Q4 I + o+ I + o+ 1
afr ol ok ok ok okt alr ke ok
I I I n I I I n I
g &8 8 8§ 8 8 8§ 8§ &
i [
Ley
Pk
\.\
Ry
\\ o
! Lo
ey 2
S !
/o]
r h__.__
/ ] 1! “ L
o . 1 I _
o I [
c /
@ . I 1 _ |
1 | 1 i
[ 1 [ U
= . — re
2 | ! (R
= . | 1 | |
% \ o e
= B \ 1 _ |
\ (L]
. \ __.
A v
. \ 1,
N 1
« W\
\ e
ol
AR
+ %
AL
A
o
n < W o n 2 5 S
2 2 ] 8 2 2 & 8
= 3 = 2 S 3 S ]
S o o S s s s s

x

Figure 2.64. Investigation of the geometry of the region GGy
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For the second layer:

T2 y). p1(§) =sin}€
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Figure 2.66. Investigation of the geometry of the region Go

A more advanced dependency:

5,06, y), p1(§) =sin L
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Figure 2.67. Investigation of the geometry of the region G

As can be seen from the graphs (Fig.2.66)"— (Fig.2.67) that the stress increases
when b7 is less than bo,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.68. Investigation of the geometry of the region Gs

T 06 ¥). p1(§) =sin5E
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Figure 2.69. Investigation of the geometry of the region Go

For the third layer:

T ¥). p1(§) =sin5E
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A more advanced dependency:

T y). pul§) =sinFE
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Figure 2.71. Investigation of the geometry of the region Gj

As can be seen from the graphs (Fig.2.70)"—

(Fig.2.71) that the stress increases

when by is less than bo,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.72. Investigation of the geometry of the region G3
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Figure 2.73. Investigation of the geometry of the region G

2.5.9. Dependence of the stress value on the arrangement

of materials Gsp

It is also necessary to consider the issue of the dependence of stress values

on the material on which a load of intensity p (z) acts Calculations were made

with the following parameters:

Area parameters:

o a=12

o b=12

e b1 =3

o =9

o G =4.0-10" " rolled manganese bronze
o G5 =2.7-10" "— duralumin

Load parameters:

o p1(§) =sin=¢

G5 = 8.0-10'" "— carbon steel
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Consider the dependence of stress on the geometry of a two-layer rectan-
gular region.

For the first layer:

Tpo(x, ¥), pul§) =sinfE
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Figure 2.74. Investigation of the geometry of the region G

A more advanced dependency:

(%, y), pul§) =sinfE
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Figure 2.75. Investigation of the geometry of the region G,

As can be seen from the graphs (Fig.2.74)"— (Fig.??) that the stress increases
when by is less than b9,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.76. Investigation of the geometry of the region GGy

T, y), pul§) =sinfE
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Figure 2.77. Investigation of the geometry of the region GGy

For the second layer:

T, y), pul§) =sinfE

o ————

Figure 2.78. Investigation of the geometry of the region Gs
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A more advanced dependency:

T2 y). pul§) =sinFE
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Figure 2.79. Investigation of the geometry of the region Gs

As can be seen from the graphs (Fig.2.78)"— (Fig.2.79) that the stress increases
when by is less than bo,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:

T, y), pul§) =sinfE
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Figure 2.80. Investigation of the geometry of the region Gs
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Figure 2.81. Investigation of the geometry of the region Gs

For the third layer:

(%, y), p(§) =sin5E
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Figure 2.82. Investigation of the geometry of the region Gy

A more advanced dependency:

T, y), pul§) =sinfE
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Figure 2.83. Investigation of the geometry of the region G3

As can be seen from the graphs (Fig.2.82)"— (Fig.2.83) that the stress

76

increases
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when by is less than bo,b9 is less than b and b is less than a.

It is also interesting to consider the dependence of stress on layer thicknesses:

T, y), pul§) =sinfE
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Figure 2.84. Investigation of the geometry of the region G3
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Figure 2.85. Investigation of the geometry of the region G
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2.6. Conclusions to the second section

The investigated antiplane problem for An N-layered rectangular area
under the influence of various types of loads given along the y axis and a

particular case when the area consists of three layers

1) The solution of the anti-plane problem of the theory of elasticity for the
N-layered rectangular region is constructed using the apparatus of integral
transformations.

2) The behaviour of stresses inside a rectangular zone for different aspect
ratios has been studied. It is established that the greatest stresses are
achieved when the length of the rectangle is greater than its width.

3) The change of stresses when changing materials and load was studied.

4) This approach can be used to construct a solution with interfacial cracks.
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CHAPTER 3

THE ANTI-PLANE PROBLEM OF THE THEORY OF
ELASTICITY FOR THE MULTILAYERED
RECTANGULAR REGION WITH INTERFACIAL
CRACKS

3.1. Statement of the problem

- p()
1 S0 S S
" ]
G,3
3
bn—l A i
3
X
b
3
b1 . 2
yel
b o

dy d ch, €1 a x

Figure 3.1. Geometry and coordinate system of a rectangular region

The area under consideration (Fig.3.1) (Gy — shear modulus of the k-th
layer) occupies the area described in the Cartesian coordinate system by the
relations 0 < x < a,bp_1 < y < bg, which is in a state of anti-plane deformation.

This region is divided into N heterogeneous layers along the y axis. Let the
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edges ¢ = 0,x = a be immovably fixed.

W, =0, Wi =0, b1 < y < bk, k = 1,N (3.1)

=0

r=a

where Wy, (z,y)— movement relative to the z axis in the k-th layer, by = 0,bxy = b.
The face y = 0 is in smooth contact conditions, the face y = b is subjected to a

load of intensity p ()

=p(r),0<z<a (3.2)

where Tylz (z,y) ,ng\zf (x,y)— tangential stresses of the first and Nth layers, respec-
tively .

Conjugation conditions and crack conditions are fulfilled between the layers:

Wi, = Wit + xnr(),
y="b,—0 y="0;+0
O<z<a (3.3)
e e
y=bp—0 y=Dby+0

where:
0, z€l|cx—15¢ N
hla) = # (e ) KT
0, x € [0;¢,-1) U (cy;al
It is necessary to find the displacement and stress of each of the layers satisfying

the conditions (3.1)— (3.3) and the equilibrium equation:

O*W,, N O*W,,
Ox? Oy?

Write down the boundary value problem

=0, 0<z<a, b]<;_1<y<b].C (3.4)
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(
PW,  OPW,
52 e =0, 0<zx<a, b1 <y < by
X W =0, Wi =0 b1 <y<b
z=0 r=a
Tylz =0, Té\z’; =p(x), O0<z<a, byi1<y<b
y=0 y=bn
\
(3.5)
where:
oW ow.
T =06 0, Y =ple)e S = pé—x) (3.6)
y=0 Y ly=0 y=bn Y ly=by N
Conjugation conditions:
Wi, = W + xk(2),
Yy = bk —0 Yy = bk +0
O<zxr<a (3.7)
= 7 ~ Gt
where:
oW, oW,
A TR e
y=by—0 y=by+0 Ay y=bx—0 Ay y=by+0

G — shear modulus of the k-th layer, k = 1,N



3.2. Reducing the initial problem to the

one-dimensional problem
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The input problem was reduced to a one-dimensional one using the finite

integral sin Fourier transform of the variable x:

W, 1k(y) = / Wi(z,y) sin o,z d
0
With the inversion formula:

2 — ,
Wk (xny) = 5 Z Wan,k(y) S Qe &
n=0

Write down the boundary conditions in the transform domain:

- / oW

- / Wy
y=bn o 9y

Write the load in the transform domain:

Pa ¢ p(:U) .
n= sin o, dx
Gn /o Gn

/

o, 1 sin v,z dx

y=0

/!

W,

o, sin v, dx

y=bn

Write down the conjugation conditions in the transform domain:

a
= / Wi
y=by—0 0

Wa, i

sin a,x 5 dx

yzbk—O

a
Wa, k+1 = / Wi sin a,x dx
y=br+0 0 y=b+0
“ oW,
/ k .
GkWan,k = Gk/ s sin o, dx
y=br—0 0 9Y ly=b-0
“ oW,
' k+1 :
Gk+1Wan,k+1 = Gk+1/ 5 sin o, dx
y=b,+0 0 Yy y=b;+0

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Xan i = / Xk(2) sin ayx dx (3.17)
0

Con b = /Oa Ce(z) sin ax dx (3.18)

Write down the boundary value problem:

e

1"
2

Wan,k (y) - anWamk (y) =0

/ ! pan
Wanvl - 07 WanaN - GN

y=0 y=b
! (3.19)
an,k - W()én,k—Fl + X(Jén,k
y=bj,—0 y=bi+0
’ ’
\ y=by—0 y=by+0

where a,, — integral transform parameter,, Gy — shear modulus of the N-th
layer
The general solutions (3.19) will then be found in the form:

Wa, 1 (y) = Are®? + Bre™ “"Y 4+ xa, k

(3.20)
W,k (y) = o (Are™? — Bre ™)
where A, B;, — unknown constants.
Using conjugation conditions:
Akea”bk + Bke_a”bk = A]H_lea"bk + B]H_le—a"bk + Xay, k
(3.21)
Gi(Age™? — Bre ") = Giyq (App1™ — Brare ™) = (o
Build a matrix:
eany e_any
Hy(y) = (3.22)

erany _erfany

From the conjugation conditions (3.21), we express Ay, By, in terms of Ay, By[2]
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by the recurrent formula:

N
Ay, k1

Z Pk,m X
m=2

By, 0

where Py, = H, ' (bp—1) - H, ' (bp—1) - -+ - H-1(by)Hp (by—1)

The unknown constance of the first layer are found from the boundary conditions
of the problem (3.19).

As a result, analytical representations for movements W, j in transform were

obtained. In this work, the case when N = 3 is considered.
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CHAPTER 4

THE ANTI-PLANE PROBLEM OF THE THEORY OF
ELASTICITY FOR THE THREE-LAYER
RECTANGULAR REGION WITH INTERFACIAL
DEFECTS

4.1. Reducing the initial problem to the

one-dimensional problem

From the conjugation conditions (3.21), As, By, A3, B3 were expressed in
terms of Ay, By [2]:

(A1Gare® + Are? + BiGyre " — Bie ' — Gy xy) e

Ay =
Ag =
<A1G21G3262a"b16_0‘"b2 + A1Go1Gzpe™P2 — A Gore®@lre=nb2 4 A Gyenb
4G91Gs
A G 2apb1 ,— b A G apby A 2001 ,—rp b A apby B G G —au by
_ A1Ggge e + A1Ggae€ + A€ e + Aje + 51Go1Gage n
4G91G3
n BlG21G326_2a”b16a”b2 — BlG21€_a”b2 -+ Bngle_Qa"b1€a”b2 —+ Bngge_O‘”bQ B
4G91G3
B BlG32€_2anbleanb2 _ Ble_aan _ Ble_zanbleaan _ G21G32X1€anb1€_anb2 B
4G91G3
Go1Gaaxre e — 2Gy Gaaxa + Garxie™ e b2 — Gy x e nbrent by
JE— e n
4G91G3
A G a7zb1 _ A Oénbl _|_ B G _anbl B _anbl _ G anbl
B 1Gore€ 1€ 1Gore + Die 21X1) €
2 pr—

2Gy
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Bs =
<A1G21G3262a"b16a"b2 + A1G21G326a"62 + A1G21€2a"bleia"b2 — Anglea"b2
4G G3g
A1G3262a"b1€_a”b2 + A1G326a"b2 — A162a"b16_a"b2 — Alea"b2 + Bngngge_a"b2
4G21G32
BlG21G326_2a”b1 eOnb2 + Bngle_O‘”bQ — BlG21€_2a"b1€a”b2 + Bngge_a"bQ
4G G
Bngze—Zanbleanbg T Ble—anbg + B1€—2anbleanb2 - G21G32X16a”b16_a”b2
4021G32
Go1Gaax1e b1enb — 2Go1G3axa — G x1e¥ e b2 + G21X1€a”b1€a"b2> (b2
4G G

The unknown constance of the first layer are found from the boundary conditions
of the problem (3.19).
It is derived:

_ Ga1 (GG, x1U5 4+ 2G3G5000, X2 (us — ug) — Gzanx1Us + 4G39pa,,)

A G3 (GnGaonUy — Gara,,Us — Gaai,Us + i, Uy)
B, — G (G3Gs20,X1Us 4 2G3G3a0, X2 (us — ug) — Gy x1Us + 4G32pa,)
G3 (G GaonUy — G, Uy — Gy Us + ay,Uy)
uy = uge™ " ug Uy = Uglioly ug = 22
Uy = uge ug = et U1q = UUY
Uz = upp e’ ug = e~ 2nb U5 = Ugl1g
Uy = ugre” Pugg Uy = e~ 2nh Ul = U11U12
us = uge” b2 Uy = e b U7 = U1U3
ug = upp e’ Upp = e*nh U1g = U11U10UL3

Up = uz + ug + u14 + U5 — U1 — U7 — Ul — U1g
Uy = uz + ug — U4 + uys — U1 + U1y — U1y + Usg
Us = u7 + ug + 14 — U15 + U6 — U17 — U1 + Usg
Uy = uz + ug — U4 — Uiy + Ut + U7 — Uty — U1g
U5ZU1+UQ—U3—U4

U6:ul+U2—U3+’LL4

Substitute Aj,By,As,By,A3,Bs in Wy, W,(k = 1,2,3) from the system (3.19)
and using the boundary conditions of the system (3.19). The solution in the
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transform domain was obtained:

Gaix1 (1 — Gao) (=11 + T2) + (Gsa + 1) (15 — Ty))

Wan1 = ((1— 2 (Ry + 1) + 9)
2G32Gorx2 (Ts — 1)
(1 —e2mb) (Ry + 1) + 5)
G214G32pa, T7
i Gsay, ((1 — e 2wb) (Ry + 1) + 5) (4.1)
WX (1 —G3) (T + Tp) + (G2 + 1) (10 + T11))
2 ((1 — e 200) (Ry + 1) + 5)
N Gaox2 (1 — Gar) (T2 + Thz) + (G + 1) (T — T@'))Jr
(1 —e2mb) (Ry+ 1) + 5)
2G50, ((1 — Go1) (=Thia) + (G2 + 1) T7)
T G (e () +9) Y
_ 2x1 (Tho + Tha)
Wos = T2l (R + ) £ 9)
L X2 (1 = Ga1) (Tis + Thg) + (G + 1) (Thr + Thg))
(1 —e2b) (Ry+ 1) + 5)
1 pan <T7 (RQ + 1) + T19 (R4 — 1) + T20 (Rg — 1) + T21 (R1 + 1)) (43)

Gsay, ((1 — e 2wb) (Ry + 1) 4+ 5)

where:
T, = e On b1 +2b2+y) 4 e On (=b1+2b2—y)
T2 — ¢~ On 2b+b1—2bo+y) T e—an(2b—|—b1 2by—y)
Ty = e—n(b1+y) 4 c=an(bi=y)
T, = e~ 2b—b1+y) _|_€—an(2b b1—y)

T6 _ =y (20—ba+y) +e A (2b—ba—y)

(—

(

(

(

Ty = an(bz+y) + e—an(b2—y)

(

Tr = an(b y) 4 e—an(b=y)

Ty = e—an(bi2h—y) _ g=an(~bi+2b—y)
ot (

T9 2b—|—b1—2b2—|—y) e—an(2b—bl—2b2—|—y)
TIO — e_an(b1+y) — e_an(_bl+y)

Tll — 6_an(2b+b1_y) — e_an(Qb_bl_y)
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Ty = e~ n(2b1+b2=y) | o—an(=2b1+baty)
T13 —e — vy, (2b4-2b1 —bo—y) _l_efan(% 2b1—ba+y)
Tu=c¢e —a, (b+2b1—y) +e —a, (b—2b1+y)
Tis=e —an(201=by+y) _ o—an(—2b1+ba+y)

Tyg = an(2b+2b1 ba—y) _ e—an(Qb—2b1+b2—y)
117___6 an(baty) _ p—an(—baty)

Tis = e~ (2b+ba—y) _ o—an(20—by—y)

Ty = e~ n(b+2b1-y) 4 e iy (b—2b1+y)

Toy = an(b—|—2b2 Y) _|_€—ozn(b 2b2+y)

Ty, = an(b+2b1—2b2+y) e @ o, (b—2b14+2b2—y)

Ey = e 20m(ba=b1) _ o=20n(b+bi=bo) Ry = G91Gso — G — G
Ey = e 2mb2 _ g=20n(0b2) Ry = GGz + Ga1 + G3o
By = e 2amb1 _ o= 2an(b=b1) R3 = G21G33 — Ga1 + G

Ry = GanG3a + Go1 — G3o

S:El(R1+1)+E2<R3_1)+E3(R4_1)

4.2. Inversion of integral transforms

The found solutions in the transform domain are inverted according to
the formula (3.9). It is derived:

2 [Gaxa(©) (1= Gap) (Th + To) + (Go + 1) (Ty = Tw))
Wilew) =22 [ (I—e20) (Ry+ 1) + 5) *
2G3Ga1x2(§) (15 — T6)
(1 —e2mb) (Ry+ 1) + 5)
N Gn4Gsop(§)Tr
Gsay, ((1 — e 2mb) (Ry + 1) + 5)

n=0

sina,z (4.4)
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_ 2 = [x1(8) (1 = G32) (Ts + Ty) + (G2 + 1) (Tho + T1))
W2(337y) - a z; [ ((1 o 6—2anb) (R2 + 1) + S)
N Gaax2(§) (1 — Gar) (=Th2 + Thg) + (Ga1 + 1) (T5 — 1))
(1 —e2mb) (Ry+ 1) + 5)
2G3p(€) (1 — Ga1) (=T14) + (G + 1) T7) sinayz (45)
Gsay, ((1 — e 2mb) (Ry + 1) + .5) " .

2 - 2x1(&) (Tho + Th1)
L%@y”‘agghu—eﬂ%wua+1yha
N x2(§) (1 — Go) (Tis + Tie) + (G + 1) (Th7 + T18))+
(1 —e2mb) (Ry+ 1) + 5)
(PO T E 4 ) 4 Tio (R = ) 4 Do (By — D+ T (B D)
Gsay, ((1 — e 2wb) (Ry + 1) + .5) "

(4.6)

Considering (3.12), (3.17), and (3.18) formulas (4.4),(4.5 ) and (4.5) can be

rewritten in the following form:

2 [ [Gaxa(§) (1= Gs) (=T1 + Th) + (G2 4 1) (T — Ty))
Wit =[5 | (- e (R, 7 1) + 5) ¥
2G3Ga1x2(§) (15 — T6)
(1= e 20) (R, + 1) + 5)
Gn4G3p(§)T7
T o (= e 2] (B + ) 7 5y | @) & (47)

2 S [xa(€) (1= Gs2) (Ts + Ty) + (Ga2 + 1) (Tho + Ta))
WQ(%Q) - 5/0 nz; |: ((1 _ e—Qanb) (RZ + 1) + S)
N G3ax2(§) (1 = Go1) (=T + Th3) + (Gor + 1) (T5 — T5))
(1 —e2mb) (Ry+ 1) + 5)
2Gi39 1 —Go) (=T Gop +1) T
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_2 /a { 2x1(€) (Tho + 1)
0 —e 2 (Ry+ 1)+ 5)
XQ(f ( Gan) (Tis + Thg) + (Gor + 1) (Th7 + T18))+
(( — e 2mb) (Ry +1) + 5)
+p(§) (T7 (B2 +1) +Thg (Ry — 1) +Too (B3 — 1) + Ty (1 + 1))
Gsay, (1 — e 2b) (Ry+ 1)+ 5)

Q(x,8) d§
(4.9)

4.3. Checking of the boundary conditions

It should be noted that no difficulties arose during the verification of homo-
geneous boundary conditions, so we will consider the case of non-homogeneous

boundary conditions for moving Wi,

ows|  _ p(z)
dy y=b Gy’
where
oWs 2/“ = p(&) sin (o) sin (&)
s =z d
dy y=b Z G3 .

In order to check this inhomogeneous boundary condition, some transformations
should be made:

Changing the order of integration and summation

2 Z [ / ) sin (anf) dﬁ} sin (v, )

Contmue the load p(z) in the original problem in an odd way in order to check
the inhomogeneity of the boundary condition because there is no material for
—a < x < 0. Moreover, the expansion in the Fourier series for the expanded
p(z) was used. Loads were select in such a way that p(0) = 0; otherwise, there

will be a discontinuity of the first kind.
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4.4. Summarization of weakly convergent parts

of series.

Consider the series Z a(n), which is weakly convergent. For separation

n=1
of its Weakly convergent part, the following technique [3] is used namely:
A

The series Z ) is split into two terms Z Z n)+ Z . In the

n=1 n=0
second obtamed series, the function is replaced by its asymptotlc representa’mon
A

at n — oo, after which the term Z a(n) is added and subtracted, where a(n)
n=0
is the asymptotic representation of the function a(n). So:

s s A
> a(k)=> an)+ > (a(n) —a(n)), A— oo (4.10)

o0
The series Z a(n) included in this representation can be summed using the
n

following [4] “formulas:

Z e "sinnr = = el (4.11)

2cosht — cosz
n=0

= . sht 1
= — = 4.12
HZO © e 2(cht —cosx) 2 (4.12)

After integration of the formula (4.11), it is derived:

=1 1
Z —e " cosnx = -5 In (cht — cosx) (4.13)
n

n=1
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4.4.1. Summation of weakly convergent parts of Wi(x;y)

Wi (2.y) = 2/“ f: [G21X1 (1 =G3) (-T1+T5) + (G3o + 1) (T35 — T4))Jr
ajo = (1 —e2mb) (Ry+ 1)+ 95)
2G32G1x2(€) (T5 — T)

(1 —e2mb) (Ry+ 1) + 5)
G214G3op(€)T7
Q d
+G30[n ((1 _ 6—2anb) (R2 + 1) + S) (xug) g
where:

Tl — *an b1+2b2+y) + eian(7b1+2b2*y)

T2 — —ozn 2b+b1— 2b2+y) _|_ e—an(2b+b1—2b2 y)

Ty = e onb1ty) 4 o—an(bri=y)

T5 — —Qp b2+y) + e_an(bZ y)

(-

(

(

T, = an(2b bity) 4 o—an(2b—b1—y)

(

Ty = an(2b baty) | o—an(2b—bs—y)
(

T7 — o—n(bty) +e —ay, (b—y)
1
Qx ,5) (cosan(ﬁ—x) —cosa, (€ + 7))
Applying the formula (4.12) to the first term, it is obtained:

ht sht
Co= ~ (ch tos— (?os xg) Cr= (chis — (fos x1)
ht ht
Cr=- (ch tls— clos xg) Cs = (ch t4S— C408 o)
ht sht
Cr = (ch tQS— (3208 xg) Co= (chts; — SOS xg)
ht ht
Cs = (ch tgs— cgos o) Cro =~ (ch tGS— (fos xg)
ht sht
Cu= (ch tOS— ((:)os 1) Cu=- (cht; — (3708 xg)
ht ht
Cs = (ch tls— clos T1) Cro = = (ch t4s— (élos x1)
06 _ sh tg 013 _ sh t5

(chty — cosxy) (chty — cosxy)



sh t6
(chtg — cosxy)

Cuu =
Where:

b1 + 2by + v);

b1 + 2by — y);

2b + by — 2by — y);

@Iﬁ@lﬂ@lﬁ@lﬁ@lﬁ

(=
(=
(2b + by — 2by + y);
(
(

b1+y)

sht

C1s = (cht; — gos:zzl)
7r

ts = é(bl —y);
g(% bi +y);
ér(%_bl Y);

Ty = g(ﬁ — );

Ty = E(f + 7);

Applying the formula (4.12) to the second term, it is derived:

sh tg
C pr—
7 (chits — cos zg)
sh tg
Cho —
7 (chity — cos zp)
sh tl()
Ohg — —
18 (chtyg — cos )
sh t11
Clg = —
H (chtyy — cosxg)
Where
T
—(b
a( 2 +Y);
T
ty = —(b2 — v);
a

th = E(Qb — b2 + y),

ht
Coo =~ (ch tgs— 0808 x1)
ht
O =~ (ch tgs— (?os x1)
ht
O = (ch tlj —1(?08 x1)
ht
Cos = (ch tlf —1(3108 x1)
t11 = g(Qb — bg — y),
To = %(5 — );
v = (E+2);

Applying the formula (4.13) to the third term, it is obtained:

Cyy = —In(chtyy — cosxy)

Cy; = —In (cht13 — cos zy)

Where:

Cos = In (cht1o — cosxy)

Cy7 = In (cht13 — cos 1)

93
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(€ —2);
(€ + );

tis = —(b+y); Ty =

21323
|92 |3

—~
S
|
<
~—

Ir1 =

<~
—_
w

|

a

Then the weakly convergent part for Wi (z;y) will have the form:

Wi(z,y) = Z/Oa Gaxa(§) [% > {1 = Gs)Cy+ (1 + G32)Cus} +

w=0

A
+ 5 E(@8)[Q1 — Q] | dé+

1
2

a

1
. A
+ 2/0 2G32Ga1x2(8) [% > Cut % > E@8)lQs = Q4

2 a
+—/ 4G9 Gap(€)
0

a

here and further:

E(x,8) = cosap (€ — ) — cosa, (€ + )
(1—G3) (=T +T3) + (G + 1) (T3 — T})

@1 = (1 —e2mb) (Ry+1)+ 5)
0y = (1 —Gso) (11 +To) + (Gso + 1) (T3 — Ty)
2 (RQ + 1)
Qs = Ts — Tp
P (U= el (Ry + 1)+ )
_ T5-Ts
Qs = Ry + 1)
@5 = G (=) (B = 1) 1 )
17
Qs =

Ggozn (R2 + 1)
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4.4.2. Summation of weakly convergent parts of Tylz

oW 2 [o ! , ,
a—yl(ﬂ?; y) = Gy [a i Garx1(§) [% wzz;) {(1 — G3)C, + (1 + G32)Cw+8} +
1< .
+ 525(1’7 @1 — Qo] | dé+
2 a n:; 23 1 A
+ 5/0 2G'32G21x2(€) [§ ;6 Cyp+ 5 nz::l 2(7,6)[Q3 — Q4] | dé+
9 [ ar SN 1 .
2 [ GG 20 2 Cut 5 2SO0 - @) de| (119

, 1 — chtycoszg 1 —-chtycosx

Cy=— Oy = —
0 (chty — cosxg)? 12

(chty — cosxy)?
; 1 — chty cosxg ) 1 —chtscosx
01 - 013 - D)

(chty — cosxg)?

(cht; — cosxy)

, 1 — chtscos g 1 — chtgcosxy

C - Cl =
27 (chty — cosxp)? 1

(chtg — cosxy)?
1 —cht;cosx
2

; 1 — chtscosxg ;
Cs = — Cls = —

(chts — cosxg)?

(cht; — cosxy)

/ 1 —chtycosxy 1 — chtgcosxg

C - Cl =
7 (chty — cosx;)? 16

(chtg — cosxg)?

, 1 —chtqcosz 1 — chtgcosxg

Cr=— Ch = —
’ (cht; — cosxy)? 17 (chtg — cos xp)?
/ 1 — chtycosa / 1 — chtyycosxg
06:_(ht— 2 Cis = = hty — 2
chty — cosxy) (chtyp — cosxg)
, 1 — chtscosx ) 1 — chtyy cos xg
C, = (chi 5 Cly = Wi — 2
chts — cosxy) (chtyy — coszg)
/ 1 —chtycosxg / 1 —chtgcosxy
5 = lents = 2 C0 = " Tehity = 2
chty — cosx) (chtg — cosxy)
; 1 — chtscosxg ) 1 —chtgcosx
C _- — —
) (chts — cosxg)? 2L (chty — cosxp)?
/ 1 — chtgcosxg / 1 —chtygcosxy
Cm:_(ht 2 Cyy = h — B
chtg — cosxg) (chtyg — cosxy)
; 1 — cht;cosxg ) 1 — chty1cosa;
11— 23 — T

(cht7; — cos xg)? (chtyy — cosxq)?



/ sh t12 ’ sh tlg

Oy = — C.. =
24 (chtiy — cosxg) 26 (chtyy — cosmy)
/ sh t13 / Shtlg
Cor = Co = —
25 (chty3 — cosxg) 27 (chti3 — cosxy)
Cj:u—ag(ﬂ+g) + (G + 1) (Ty — Ty)
: (1 —e 20 (Ry + 1) + 5)
0, — (1= Gs) (-T1 + 1) + (G2 + 1) (T, — Ty)
2 (RQ + 1)
0. — T, — T,
P (1 —e2mb) (Ry + 1) + 9)
;o Ty — Ty
Q4 (RQ + 1)
o T,
P Gy (1 — e~2mb) (Ry 4+ 1) 4+ )
T;
Q Ggan (RQ + 1)
Tl/ — _@n (e ( b1+2b2+y) i e_an(_b1+2b2_y))
= —a, (6 a (2b4+b1 —2ba+y) _ e—an(2b—|—b1—2bg—y))
-y, (6 b1+y n(bl_y))
—a, (e n(26—b1+) 6—an(2b—b1—y))
an (e Qp b2+y n(b2_y))
—a, (e n(2b—by+y) e—an(Qb—bg—y))
—ay, (e n(bty) _ p—an(b— y))
T T
tg = E(—b1+2b2+y) tg = E(b2+y),
T T
t1 = —(—by + 2by — vy); to = —(by — y);
1 a( 1+ 20y — y); 9 a(z Y);
T T
t2 = 5(21)+b1—2b2+y), tl(): E(Zb—bQ—I—y)
ty = g(Qberl—Zbg—y); t = S(Qb—bQ )
T T
ty = —(b : t1o = —(b :
4 a(1+y), 12 a( +y);
T T
ts = — (b1 — y); tig3=—(b—1vy);
5 a( 1 y), 13 a( y),
T T
te = — (20— b = —(& —x);
6 a( 1+ Y); Zo a(é T);
T T
tr = —(2b— by — = — :
7 CL( 1 y)a I CL(£ + ZC),
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4.4.3. Summation of weakly convergent parts of Wj(x;y)

2 S [xa(€) (1= Gs2) (Ty + Ty) + (Ga2 + 1) (Tho + Ta))
__/ z_: { (1 —e2b) (Ry+ 1) + 5) +
N Gaaxa(§) (1 = G) (=Tha + T13) + (Gar + 1) (T5 — Tﬁ))+
(1 — e 2b) (Ry + 1) + )
2G3p(€) (1 — Ga1) (=T14) + (G + 1) T7)
Gsay, ((1 — e 2wb) (Ry + 1) + 5)

O(z,6) dé (4.16)

where:

T5 — *an(bfry) + e an(ba—y)

T6 — —Ozn(Qb ba+y) —|—€_a"(2b ba—y)

T8 _ an(b1+2b2 y) _ e—an(—bﬁ-?bg—y)
Tg —an(2b+b1 2by+y) _ e—an(2b—b1—2b2+y)
Tyy = e nlbity) _ g=an(=bity)

Ty = e~ n(2Fbi=y) _ g—an(2b—b1—y)

(
o (
T =c¢€ Ozn(2b1+b2—y) + e_a"(—251+bz+y)
T13 —e¢ — vy (2b4-2b1 —bo—y) + e—an(2b—2b1—b2+y)
o (

T14 b+2b1—y) + e—an(b—%l—l-y)

Q(x, f) 1(cosozn(§—x) —cosa, (€ + 7))

Applying the formula (4.12) to the first term, it is obtained:

Do= (ch ﬁ()Sh—ﬁ(?os o) Ds =~ (ch ﬁlsh—ﬁclos x1)
Dy = (ch ﬁlsh—ﬁclos xg) D=~ (ch 1928}1—190208 x1)
De = (ch 19:}1—19(320S o) Dr=- (ch 19:}1—19503 x1)
Ds = (ch 19: h—ﬁ(?os ) Ds = (ch 1948 h—ﬁ(fos xg)
Dy — — sh Dy = sh ¥5

(chy — cos z1) (ch 5 — cos zy)



sh 796
D p—
10 (ch g — cos zy)
sh 197
D p—
H (ch7 — cos zy)
sh 194
Doy — —
12 (ch¥y — cos )
Where:
0
E(bl + 2by — )
T
—(=b1 +2by — y);
CL( + 2 y>7
T
5(2[) + b1 — 2bs + 1);
= T(2h+ by — 2by — y);
a
T
E(bl +y);

h
D=~ (ch 1988— CSOS )
h
Dir == (ch 1998— (?os xg)
h v
Dis = (ch ﬁlso —1COOS xg)
hv
Dro (ch 19181 —10103 xg)
hv
Dao = (ch 19:— (:808 1)
hv
D = (ch 1998— cgos 1)
h
Dy == (ch 19180 —1(?08 1)
Dy = — sh 11

(chvy; — cosxy)
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Sh195
Din — —
t (chvs — cos )
Shﬁﬁ
Dy — —
H (chvg — cosay)
Sh197
Dir — —
0 (chv7 — cos )
T
U5 = E(bl —Y);
95 = g(2b—b1 +);
T
197 = —(2b — bl — y),
a
T
Lo = 5(5 - x)u
T
T = E(£+x)u

h v
Dau = (ch 1952 —10208 xg)
hv
Das (ch 19183 —fos xg)
h
Das = = (ch 19184 —1(43108 xg)
hv
Dor == (ch 19185 —1C508 xg)
h
D = = (ch 19182 —1(3208 1)
h
Do = ~ (ch 19183 —16308 1)
hv
Do = (ch 191S4 —10408 x1)
Dy, sh %15

(chv)y5 — cosxy)



T T
= —(2by + by — ¥); thz = —(by — y);
a a
T T
E( 2b1 + by + y); 191425(2b—62+y);
T T
1910=5(2b+251—52—y); 1915:5(26—b2—y);
T T
191125(25—251—52+y); 5170—5(5—50)7
T T
V1o = —(b2 +¥); 11 = —(§ +2);
a a

Applying the formula (4.13) to the third term, it is obtained:

D35 = In (ch 14 — cos xy) D3¢ = —1In (ch g — cos xp)
D33 = In (ch 17 — cos ) D37 = —In (ch 19 — cosxp)
D3y = —1In (ch 4 — cosxq) D3s = In (ch g — cosxq)
D35 = —1In (ch 7 — cosxy) D39 = In (ch 19 — cosxq)
Where:

T T
1916—5(b+261_y)§ 1919—5(57 Y);

T T
Uiz = —(b—2b1 + y); xo = —(§ — x);

a a

T T
Vs = —(b+y); r1 = —(§ +);

a a

Then the weakly convergent part for W (z;y) will have the form:
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Wa(z,y) = Z/Oa Gxa(§) [% Y A= Gs) Dy + (1+ G32) Dyys} +

k=0
A

+ %2‘1 =(2.6)[Qr — Qx| de+

2 a 23

12 / GsGaxa(€) |5 D A(1 = Ga) Do+ (14 Gon) Dyis} +
a Jo .
1 ’ 16

+ 3 ;E(xé)[Qg — Qo] | dé+

2

+ a /Oa 4G21G32p(€) {(1 — Ggl) D, + (1 + GQl)DIﬁ:+4} +

A

N | —

+ =(x,8)[Qn — Qlﬂ] d§ (4.17)

n=1
here and further:

E(x,8) = cosay(§ — ) — cosa, (€ + )
(1 — Gs2) (Ts +Ty) + (Gs2 + 1) (Ty0 + 111)

@r = (1 —e2mb) (Ry+ 1)+ 95)

Os = (1= G32) (Tx + Ty) + (G2 + 1) (Tho +T11)
5 (RQ + 1)

Qo = (1 = Ga1) (T2 + T13) + (Gor + 1) (15 — Ts)
’ (1 — e 2aub) (Ry + 1) + )

O = (1= Gar) (=T12 + T13) + (G2 + 1) (T5 — Ts)
0= (RQ + 1)

Q1 = (1 — Ggl) (—T14) + (G21 + 1) 1~
BT Gaan (1= e 20mb) (Ry + 1) + 9)

0, — (1= Gan) (=Tia) + (G + ) Ty

GgOzn <R2 + 1)
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4.4.4. Summation of weakly convergent parts of 72

OW- 2 [ o o
a—;(a:;y):Gz [5/0 x1(§ [EZ{ 1 - Gy) D, + (14 Gy) n+8}‘|‘

1 A
+§sz,§ 7 — Qsl| dé+

k=16
A
+ 5 ) E@8)[Qy — Qo] | dé+
n=1
2 [ am &
+ 5/0 4G21G3p(€) [% Z {(1 —Go) D, + (1 +Ga) K+4} -
w=32
;A
+ 52 E@8Qu - Q12]] dﬁ] (4.18)
n=1
, 1 — ch ¥ cos x 1 — ch ¥ cos xg
Do - = ) DIO
(ch ¥y — cos zy) (ch g — cos z)?
/ 1 — ch ¥y coszg / 1 — ch¥; coszg
Dy =— 9 Dy = — 2
(chv; — cos zp) (ch 7 — cos zy)
' 1 — ch ¥y cosxg ' 1 —chd4cosa
D, = D) Dy =— D)
(ch ¥y — cos zy) (chy — cos 1)
, 1 — ch¥scoszg , 1 — ch¥5cosz
Dy = — D) Dy = B
(ch 3 — cos zy) (chvs — cos z1)
' 1 —chdycosay ' 1 — chdgcosay
D4 - B D14 - = B
(ch ¥y — cos z1) (ch g — cos 1)
, 1 — ch ) cos , 1 — ch¥;cosz
D5 = B D5 = 5
(chvy — cos zq) (ch?7 — cos z1)
, 1 — ch vy cosxy , 1 — ch v cos x
D6 - = ) D16 - D)
(chvy — cos z1) (ch g — cos zy)
/ 1 — ch¥scosz / 1 — chd¥gcoszg
D; = D) Dy; = — B
(chv3 — cos z1) (ch g — cos zy)
, 1 — ch 94 cos xg , 1 — ch v cos xg
Ds - B D18 -
(ch vy — cos zy) (ch 19 — cos xp)
Dé:— 1 — ch¥5coszg D/19: 1 — ch %1 cos zg

(ch 5 — cos z¢)? (ch 11 — cos xg)?
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D,20 _ 1 — chdgcosa D;go _ 1 — ch ¥4 cos xy
(ch g — cos z1)? (chyy — cosxq)?

Do 1 —chdgcosz; Do— 1 — ch 5 cos zq

2L (chd)y — cos x1)2 31 (ch 5 — cosxy)?
Do 1 — ch ¥y cos 24 Do sh 4

227 (ch1)yy — cos )2 52 (ch 1 — cos xp)
Dh— 1 — ch 41 cos D - sh %7

23 (chvy; — cosxy)? 3 (chy7 — cos )
Do 1 — ch 5 cos xg Do sh ¥4

27 (ch )y — cos )2 7 (chyg — cos )
Do— 1 — ch 3 cos zg Do— sh %7

2 (ch 3 — cos xp)? 3 (chvy7 — cosxq)
Do 1 — ch 4 cos zg Do sh 5

26 (ch 14 — cos xp)? 50 (ch g — cos xp)
D - 1 — ch 5 cos xg D - sh %9

2T (ch 15 — cos 202 37 (ch g — cos z)
Dlzs 1 —chvhpcosay Dgas B sh 5

B (ch 19 — cos x1)? (chvhg — cosxy)

Do 1 — ch 3 cos 24 Do sh 9
2 (ch1)y3 — cos )2 ¥ (chdyg — cos )

o (1= Gs) (Ty + Ty) + (Ga2 + 1) (T + T14)

7 (1 — %) (R, + 1) + )
, (1= Ga) (Ty +Ty) + (Ga2 + 1) (T + T1y)
QS - (RQ + 1)

. (1= Ga) (=T + Tig) + (Gar + 1) (T3 — Tg)

&= (L) (B 11 5)

Q. = (1—Gx) (_T1/2 + T1/3) + (Go1 + 1) (Tg — Té)
10 (Ry+ 1)

Q. = (1= Ga) (=T14) + (G + 1) T}
11 = G?,Oén ((1 _ 6—2anb> (R2 + 1) i S)

Q’ _ (1 - G21) (_T1/4) + (G21 + 1) T7/
. G3an (RQ + 1)

T = —ay, (e7n2ty) — e=anlb2=v)

Ty = —a, (e~on(@-bty) _ efan(Zb—bg—y))

(
(

T7/ — _@n (e_an(b+y) — e_an(b_y))
(_e_an(b1+2b2—y) + e_an(—bl+2b2—y))
(

e—an(2b+b172b2+y) _ 7Otn,(2b7b172b2+y))

€



e—n(bity) _ e—an(—b1+y))
— e~ n(204b1—y) + e_an(2b_bl_y)>

(
(
Tl = —a (_ e~ m(2b1+ba—y) | efan(belerngy))
(
(

Ty = —a, (—em@+2i—by) 4 o=an(2-20—bty)

T, = —ay, (—e o b+200) 4 gman(b-2br4y))
ﬁo—g(lerng—y); 911 _g(2b—2bl—b2+y)
U —g( b1 + 2by — y); 1912—%(62+y)

Uy = 22+ by — 2y + ) g = = (b — y);
0gzg(zb+b1—2bz—y), 1914_2(% +y);
194—g(bl+y), 1915—2(25—62 Y);
195—%(51—% 1916—%(5+251 Y);
19622(25—51+y); 1917—2(5 201 + y);
197—%(25—51—9)7 1918—2([?4'3/)

Uy = = (21 + by — ) the = = (b~ y)

Vg = g( 201 + by + y); o = —(§ — x);

5;: —~
_|_
8

=
|
SSERNE

o = 5(2[)—{— 2b1 — by — y);

103
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4.4.5. Summation of weakly convergent parts of Ws(x;y)

2x1(§) (Tho + Th1)

(1—e20) (Ry+ 1) + S)
Gan) (T1s + Tig) +

((1 -

e 20) (Ry+1) + 5)

+p(€) (T7 (RQ —+ 1) + T19 (R4 — 1) + T20 (Rg — 1) + T21 (Rl + 1))

Gsay, ((1 — e 2wb) (Ry + 1) + 5)

where:

T = e~ (b+y) 4 e—on(b—y)

Ty = e nlbity) _ g=an(=bity)

Ty = e~ n(20+b1—y) _ o—an(20—b1—y)

Tys = e 0n(@n—baty) _ g=an(=201+b2+y)

Ty = e~ n(20+2b1—bo—y) _ g—an(2b-2b1+br—y)

Ty = e onlb2ty) _ g=an(=baty)

Tig = e~ n(2tba—y) _ o—an(2b=bo—y)

Tyg = e n(bt2b1=y) 4 o—an(b=2b1+y)

Ty = e nl(b+202-y) 4 o= (b=2b2+y)

Ty = Qi (b42b1—2b2+y) +e—an(b 2b1+2by—y)
Q(x, f) (cosozn(é—x) —cosay,(§ +x))

Applying the formula (4.12) to the first term, it is obtained:

sh vy
Ho —
"7 (chug — cos zy)
sh U1
H, —
! (chvy — cos )
sh vy
H, —
>~ (ch s — cos zy)
H3 _ sh U3

(chvs — cos )

(Go1 + 1) (T + T18))+

sh vy
H, — —
! (chvy — cosxy)
sh U1
H- — —
g (chvy — cosxy)
sh v
He — —
6 (chvy — cosxy)
H7 _ sh U3

(chvg — cosxy)

Q(z,8) dE



(b1 +y);
(=b1 +v);
(264 b1 —y);

U1 =

@Iﬁ@lﬁ@lﬂ
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vy = =(2b = by — y);
v = (€~ a);
v = (6 + )

Applying the formula (4.12) to the second term, it is obtained:

sh vy
He —
* 7 (chuy — cos zy)
H sh Us
! (ch vy — cos )
sh vg
Hqn =
7 (chvg — cos o)
sh (¥l
H, =
H (chwr; — cosxp)
sh vy
Hyp = —
2 (chvy — cosxy)
sh Us
Hyy = —
t (chwvs — cosxy)
sh vg
Hof— —
H (chvg — cosxy)
sh Ut
Hyy = —
o (chwv; — cosxy)
Where

201 — by + 1);

c
Ny
|

<
o
|

2b1 + by + y);

2b — 2b; + by —

<
~J
I

vy = —(by + y);

S

(=2

I
@Iﬂ@lﬁ@lﬁ@lﬁ@lﬂ

(
(=
(2b + 2by — by — y);
(
(

v);

sh vg
Hiw —
7 (chvg — cos o)
sh Vg
H.- —
H (chvg — cosxp)
sh V10
Hio —
18 (chvyg — cosxg)
sh V11
Hia —
1 (ch vy — coszg)
sh vg
Hoy = —
20 (chvg — cosxy)
sh Vg
Hyy = —
2! (chwvg — cosxy)
sh V10
Hoy — —
2 (chvyg — cos z1)
sh V11
Hyy — —
23 (chwvyy — cos )
T
vg = —(=bz +y);
T
Vg = 5(26 + by — y);
T
V11 — —(2b — bQ — y);
a
T
Ty = 5('5 - .fC),
T
X = 5(5 + 37),

Applying the formula (4.13) to the third term, it is obtained:



Hyy = —In (chvyy — cosxy)
Hy; = —In(ch vz — cosxg)
Hys = In(chwvyy — cosxy)
Hy7 = In (ch vz — cos zq)
Hys = —In(chwvyy — cosxg)
Hyy = —In(chvys — cosxg)

Hsy = In(chvyy — coszq)
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Hsy = —In (chvyg — cos xy)
Hs3 = —In(ch vy — cosxg)
Hsy = In(chwvyg — cosxy)
Hs; = In (chvy7 — coszq)
Hss = —In(chwvig — cosxg)
Hs; = —In(chvyg — cosxg)

Hss = In (ch vy — cos zq)

Hs31 = In(chwvys — cosxy) Hszg = In(chwvyg — cosxy)

Where:
T T
vig = —(b+y); vi7 = —(b—2by + y);
a a
T T
Ulgzg(b ) Ulgzg(b+2b1—2b2+y);
’U14:g(b—|—2b1 ); ’Ulgzg(b—le—Fng—y);
T T
v1s = —(b—2b1 + y); zg = —(§ — @);
a a
T T
U16:—(b—|—2b2 ) I ——(£+$),
a a

Then the weakly convergent part for W3(z;y) will have the form:

A
+ 5 2w OQu — Qul| det
9 a 27 . "
+ EA p(ﬁ) [wz;l% Hw(RQ + 1) + Hw+4(R4 - 1) + Hw+8(R3 - 1) +
A
+ Hyon(Ra+ 1)} 5 3 5(.6)[Qur — Qulde (4.19)
n=1

here and further:
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E(x,€) = cosay(§ — ) — cos a, (€ + x)

O3 — T+ Tn
BT (T —e2b) (Ry + 1) + 5)
Ou = T+ Tn
(R2 + 1)
O — (1 = Ga1) (T15 + Tig) + (Gar + 1) (Tr7 + T1g)
b (1 —e~2b) (Ry + 1) + )
O — (1 —Ga1) (T1s + Thg) + (Gor + 1) (Th7 + Ths)
10 (RQ + 1)
O = Tr(Ry+ 1)+ Tig(Ry — 1) + Too (R3 — 1) + Ty (Ry + 1)
e Gsan (1 — e28) (Ry + 1) + S)
O = 17 (RQ + 1) + Tig (R4 — 1) + Tog (R3 — 1) + Ty (Rl + 1)

G3Oén (RQ + 1)

4.4.6. Summation of weakly convergent parts of 7'52

O ) = G |2 [ 206) |23 #5320 00— 04 +
By 1Y) = Gs3 . X1 szo w 2n:1= ’ 13 14
2 [ o 15
+ a/o x2(8) | = {wz;(l —Gun)H, + (1+ G21)Hw+s} +
;A
+ 52 E@)Qis — Qul | de+
n=1
2 [ 2 T
+ 5/ p(f) [ ;CL {Hw(R2 + 1) + Hw+4(R4 - 1) + Hw+8(R3 - 1) +
0 w=24
;A
+ (B + 1)} 53 S@o)lQh — Q| de (420)
n=1
; 1 — chwvgcos g ; 1 — ch vy cosxy
H, = H = —
0 (chvy — cosxg)? 4 (chvg — cosxy)?
"o 1 — ch vy cos xg H,__l—chvlcos::r;l
' (chvy — coszg)? " (chwv; — cosxp)?
; 1 — chwvy cos xg ; 1 — chwvy cos xy
H, = — H, =
2 (chvy — cosxg)? 6 (chvy — cosxy)?
Hé:_l—chvgcosxo "o 1 — chvscosxy

(chvsg — cosxg)? 7 (chvs — cosxy)?



!

H8:

/

H9:

H15 -

H17 -

H23 -

!
Q14 -

!
Q15 -

1 — chwvycos g

(chvy — cosxg)?
1 — ch v cos xg

(chvs — cosxp)?
1 — chwvg cos xg

T (chvg — cosxg)?

1 — ch vy cos xg

(chv; — cosxg)?
1 — chwvycosx

(chvy — cosxy)?
1 — ch vy cosxy

(chvs — cosxq)?
1 — chvg cos x1
2

(chvg — cosxy)
1 — chv;cosxy

(chv; — cosxq)?
1 — chwvg cos xg

(chwvg — cosxg)?
1 — ch vg cos x

(chvg — cos xg)?
1 — chwvygcosxg

(chvyg — coszp)?
1 — ch vy1 cos xg

(chvy — cosxp)?
1 — chwvgcosxy

(chvg — cosxy)?
1 — chvg cos x1

(chvg — cosxq)?
1 — chwvgcosx

- (chwvyg — cosxy)?

1 — chwvyycoszy

(chwvyy — cosxq)?
T+ 17,

T (1= e2mb) (Ry+ 1)+ 5)

Ty + T,
(B2 + 1)

H/ . sh V12
24 = —
(ch v — cos zp)
/ sh V13
Hy; =
(chvy3 — cosxg)
/ sh V12
Hys =
(chwvyy — cosmy)
H/ o sh V13
27
(chvy3 — cos zq)
/ sh V14
Hy =
(chvyg — cosxg)
H/ o sh V15
29
(ch vy — cos zp)
H/ . sh V14
30 —
(chv1y — coszy)
' sh V15
Hgy =
(chvys — cosxy)
/ sh V16
Hgy =
(chvyg — cosxg)
H/ o sh V17
33
(chvy7 — cos zp)
H/ . sh V16
34 = —
(chvig — cos z1)
/ sh V17
Hgs =
(chvy7 — cosxy)
H/ . sh V18
36—
(chvig — cos zp)
/ sh V19
EEVES
(chvyg — cosxg)
H/ sh V18
38 —
(chvig — cosmy)
H/ o sh V19
39 =

(chvyg — cos z1)

(1—Ga) (T1I5 + T1/6) + (Ga1 + 1) (T1/7 + T1/8)

(1 —e2mb) (Ry+ 1) 4+ 5)
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16 —

(B2 +1)
o T+ D)+ Ty (R = 1)+ Ty (Bs = 1) + Ty (R + 1)
g G (1 — e 200) (Ry + 1) + 5)
0. — Ti (Re+1) +Tyg (Ry— 1) + Tog (Rs — 1) + Ty (Ry + 1)
18 G30én (RQ + 1)
Ty = —ay (e ) — emonlo-))
Tl = —a (eo0ltnt0) — e=enl-brt0)
T11 - —q, ( e—n(2b+bi—y) 4 o= (2b=b1— y))
T15 an (6 2bl b2+y e—an( 2b1+b2+y))
T16 —ay, ( e~ n(20+201=bo—y) | o~ (2672b1+b27y))
T17 —ay, (e n(baty) _ p—om(= b2+y))
T19 —ay, ( e~ n (b+2b1—y) +e —a, (b— 2b1+y))
TZO —ay, ( e—an b-‘r?bz y _|_ e Oln(b 2b2+y))
T21 = —q, (e n(b+2b1—2baty) _ p—om(b— 2b1+2b2—y))
m 7
”U():E(bl—l—y), V11 —5(25—62 )7
T 7
Ul—a(_leF?J), U12—5(b+ Y);
U2—2(2b+b1—y>; ’Ulg—g(b )
U3—§(2b—b1—y); U14—g(b+2b1 );
T s
v4—5(2b1—b2+y); U15_E(b 2b1 + v);
U5_g(_261+b2+y)§ vm:g(b+262 Y);
Uﬁ—g(2b—|—2b1—b2—y>; U17=§(b 262+y);
v7—§(2b—2b1+b2—y); U18—g(b+2b1_2b2+y)
Vg — g(bg + y), V19 — g(b 2b1 + 2b2
m 7
= —(=p . N .
Vg a( 2+ Y); o a(§ z);
T T
U1025(26+52—y); 1131—5(5+513),

(1—Ga) (T1/5 + T1/6) + (Go1 + 1) (T1/7 + T1/8)
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4.5. Singular integrodifferential equations
(SIDE)

4.5.1. Singular integrodifferential equation-1 (SIDE-1)

In the formula (4.15) during the calculation, a singularity was revealed

when y = by and x = £. Apply the first remarkable limat:

l—cosx:1;hmch:15—1:1

z—0 2 z—0 x?
2 2

to the formula (4.15):

, 1 —chtscosxy  2(t2a2 — t2 + 22 2
lim 5 & (53 5220)%[751—)0]%——2
ts,20—0 (chts — cosxg) (ts + x§) T

That is, the following result was obtained:

Cy ~—— 4.21
9 :E% ( )
That formula (4.15) takes the form:
/ 1 — cht5cosxg / 1 — chtscosx 2
Cy=— +Cy = — +(—— 4.22
) (chts — cosxg)? ? (chts — cosxg)? 3 (422)

The search for xi(z) will be carried out on the assumption that the edges of

the crack are free of load, i.e. 7} = 0 and it is derived:

Yyz

Yy = bl —0
d2 c1 1 ) c1 . . . . )
Tl@ In |€>k - x*|X1(x )dg—i_ Xl(g )f(g s L )d§ - 7“(5 ,r ),C() <r <
0 0 (4.23)
where:

T, = G, (Gsa + 1)

a
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L e 2G [a : ,
fea =2 152 (1= Gu)Cl + (14 G)Clsf +
A
+ 5 E@9)[Q - Qg]]
n=1
2 [ T < 1 &
r(ghat) == /0 4G Gsap (€) [ o w; Cut g =(@)[Qs — QG]] d
The substitution of variables & = 20— (a+a) , T = 20" — (o + Cl), is done

€1 — Cp €1 — Co
in order to get integration intervals [-1;1]. As a result, SIDE-1 (4.23) takes the

following form:
d2

T / e - S+ / (Of(Ea)de" = F(gr), — 1<z <1
(4.24)

(s e

F(é,x) = (1 —460) ((01 — 60)5; (c1 4 ¢o) | (cq — co)x;— (1 + Co)) |
f(f.x) _ (c1 —400) f ((61 — 00)52-1- (c1 + 00)7(01 — co)gc2-|- (c1+ cp)

SIDE-1 (4.24) is solved by the method of orthogonal polynomials [6], which
allows taking into account the true orders of the solution’s singularities at the

ends of integration interval.

According to this method [5], the function x () is expanded into a series
by Chebyshev polynomials of the second kind:

1) =) FV1-U§),€ € [-1;1] (4.25)
k=0

where:
U} are Chebyshev polynomials of the second kind.

F}. are unknown constants.
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Given (4.25), (4.24) will have the form:

+

T [ Fi\v1 20,(6)1 L
1__£)Z;l B A

v [ BV e = rea) (120

L—o

After the change of the integration and summation orders, the following form of

the equation, it is derived
o0

@[ 1
N3 figa [, VImEU©OR e

+§:E/)V1—8w F(e,)de = F(ga) (4.27)

_l_

Using the spectral correspondence [6][c.108 Table 1. Ne 24]:

dQ
ol _§| V1= EUdE = —m(l+ DUx(x) (4.28)

As a result, the following form of the formula (4.27):

Y1) F(=m(1+1)U(¢ +ZFl/ V1= U (&) f(€,x)dE = 7(E,x) (4.29)
=0

Both parts were multiplied (4.29) by U,,(z)v'1 — 22 and integrated over the
variable x on the interval |-1;1]

The following result is derived:

Y1) F(—m(l+ 1)@+ Y FiDyy = i, m € [0;00) (4.30)
1=0 1=0



—_

V1-— x2Um(x)d:c/1 Uy(z)\/1 — €2f(€,2)d¢

1 —

l)LnL:: ][

1UH[* =

Do =

. V()2 m =1
Taking into account that: ®;,, =

0, m # 1
Got the following form of the formula(4.30):

Y1 F (= (14 D)|Un(2)|* + ) FDym = ¥, m € [0;00)
=0

where: [|U,(2)||? = g
Plot the graph of the jump function:

le—-14

257

207

_15_

110 A

05

00

300 525 550 575 600 625% 650 &73F 700
X

Figure 4.1. The jump function y1(£) in the crack
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(4.31)
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4.5.2. Singular integro-differential equation-2 (SIDE-2)

In the formula (4.18) during the calculation, a singularity was revealed

when y = by and x = &. Apply the first remarkable limits:

1 —coszx chx —1
lim ———— = 1;lim ——— =
z—0 % 250 ‘%

to the formula (4.18):

lim 1 —chiycosxy 2(tag — 17 + x7) ~ [t — 0] ~ _%

tiwo—0 (cht; —coszg)? (13 + 22)? 3

That is, the following result was obtained:

/ 2
Do~ —— 4.32
5 x% ( )
That formula (4.18) takes the form:
/ 1 — ch¥y3coszg 1 — ch 3 cos g 2
D,. = + D +|—= 4.33
27 (chih3 — cos zg)? 257 " (chyz — cosag)?2 3 (4:33)

The search for xy(z) will be carried out on the assumption that the edges of

2

the crack are free of load, i.e. 7, = 0 and it is derived:

Y= by —

d2 dq 1 dq
Tzﬁ In ﬁXQ(SU*)dfﬂL/ x2(€%)g(§7,27)dE" = o(§7,27),do < 2" < dy

= Jd, & — x¥| do

(4.34)
where
T2 _ 2an(G21 + )
a

2G 2 , ,
g( *755*) = 32 [g Z {(1 — GQl) l),i + (1 + Ggl)Dm_g} +

2
A li
Z E 75 Q9 QlO]]

N | —

k=16
+
n=1
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a 35
(€)= = [ 4GnGaple) [C;”a” > {(1= G Dt (14 Ga Dl +
1 & ,
+ 525 2.6)[Q) — Q12]] 3

28 — (dy+ d 2¢* — (dy+ d
The substitution of variables & = S y ( Od+ 1), x = ‘ g ( Od+ 1), is done
1= Qo 1 — do

in order to get integration intervals [-1;1]. As a result, SIDE-2 (4.23) takes the

following form:

d? dy 1 dy
Yo [, g e [ Ra©3(E I = o), 1 <<
(4.35)
where: 5 d gt d
)22(5) = Yo ( 1 0)5;_( 1+ 0) :
~ B (dy — d0)2 (dy — dp)€ + (di + do) (di — dp)x + (dy + dp)
0(§x) = ~———0 ( 5 : 5 ) :
dy — dp)? di —d dy +dy) (dy —d dy +d

§<€’x):(140)9 (dy o)f;(l-i- 0),(1 0)33;‘(1"‘ 0)

SIDE-2 (4.35) is solved by the method of orthogonal polynomials [6], which
allows taking into account the true orders of the solution’s singularities at the
ends of integration interval. According to this method|5], the function y(§) is
expanded into a series by by Chebyshev polynomials of the second kind:

) =) 0n/1-U8),€ € [-1;1] (4.36)
k=0

where:

U} are Chebyshev polynomials of the second kind.
O; are unknown constants.

Given (4.36), (4.35) will have the form:

£ ["S

Togs | Z V1= &EUi(¢

|£— N

/ S OWT=BU(©(€)de  alér) (437

L—o
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After the change of the integration and summation orders, the following form of

the equation, it is derived

TQZO[ / \/1—§2Ul |§i$|+

" Z 0 / V= EU()3(E,m)dE = 3(Ew) (4.38)
Using the spectral correspondence [6][c.108 Table 1. Ne 24]:

d2
] Irc ¢ V1= U (&)de = —n(l + 1)Uy(x) (4.39)

As a result, the following form of the formula (4.38):

o

Ty ZO( (I+1)U(& —I—ZOZ/ V1=8U(&)g(&,x)dE = 0(€,x) (4.40)

=0

Both parts (4.40) were multiplied by U,,(z)v/1 — 2? and integrated over the
variable z on the interval [-1;1]

The following result is derived

TQ Z Ol(—ﬂ(l + 1))@1,7,1,2 + Z OlDl,m,2 = ém, m € [0; OO) (4.41)
1=0 1=0
where
Do = / (2)V1 — 22dz
-1
0= / r)\/1 — x2dx
1
Dina = / V=2, (@)de | Uile)V/T= g6
1 -1
T
Jietik 5

. U (@)%, m =1
Taking into account that: ®;,,2 =

0, m # |
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the following form of the formula (4.41):

Y oG (—7 (L 4+ D) | U ()| + ) OrDynz = 8y m € [0; 00) (4.42)
=0

wmmmn%@m2:g
Plot the graph of the jump function:

le—-11

210 1

15 4

05 1

00 1

T T T T T T T
300 525 550 575 600 625 650 675 700
S

Figure 4.2. The jump function y»(&) in a crack
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4.6. Stress intensity factors (SIF)

4.6.1. Stress intensity factors-1 (SIF-1)

SIF-1 is calculated according to the formula:

Ky = lim +/7(c; —co)(£x — 1)1, (4.43)

z—£120
The expression for tangential stress is substituted in the formula (4.43)
1d [ 1 5
——> [ In V1=8U(§)ds =
mdx 1

_ lalUn(®)",

2 —1

22 —1U, (x) — 0.5(1 + 1)Uy, (2)
and the following spectral correspondence is used.

So, the limit (4.43) takes the form:

d? 5
xlli?io\/ﬂ c1—co)(txr —1) (d:z:Q/ |x_€|\/1—§Ul ):
= /7(cr — o) (£ + 1)L

V2

As a result, the formulas for the calculation of SIF-1 are derived:

[ i o m(cr — co) (1)1 + 1),K+ _ iFk m(er —c)(l+1)



119

4.6.2. SIF-1 when changing longitudinal cracks

Calculate SIF-1 according to the following parameters:

o a=12
e b=12
e b =3
e =9
e G; =8.0-10'" — carbon steel

Gy = 4.0 - 10" — manganese bronze
Gy = 2.7-10'"% — rolled duralumin

. T
p(§) =sin ¢

le-13 SIF
K- -
1':' IREEEE K_ ..+_.l--
--":.
0.9 -
e
0.8
0.7
_.I

06
051

2 3 4 5 B 7 8 g 10

lenght of crack

Figure 4.3. Stress intensity factors in the region

Note that the crack is located symmetrically along the x-axis, and its center is
a
located at the point: 3= 6

Analyzing this graph, it can be concluded that the SIF-1 increases when

the length of the crack increases.
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4.6.3. SIF-1 when the load changes

Calculate the SIF-1 according to the following parameters:

o =12
e h =12
e by =3
e =9

G1 = 8.0- 10 — carbon steel
Gy = 4.0 - 10 — manganese bronze
Gy = 2.7-10'"% — rolled duralumin

a
4E(6 — =
.« p(£) = 2 #E—9)
a a?
1le-13 SIF
K. . e ]
104 == K-
o
0.9 1 L
s
0.8
0.7 .
0.6
051 o
2 3 4 5 & 7 B 3 10

lenght of crack

Figure 4.4. Stress intensity factors in the region

Note that the crack is located symmetrically along the x-axis, and its center is
a
located at the point: 5= 6

Analyzing this graph, we can conclude that SIF-1 increases when the

length of the crack increases.



K_ plg)l=sinZf
- K. plf)=sinif

10 1

09 1

0.8 1

07 1

0.6 1

le—-13

SIF

le—13

SIF

0544

10 1

09 1

0.8 1

07 1

0.6 1

05 1
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4
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8
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4E-9
Kople=2-—— T

4E-9
K.ple=2-—— T

Figure 4.5. Stress intensity factors in the area, depending on the type of load
function

Note that the crack is located symmetrically along the x-axis, and its

a
center is located at the point: 3= 6

Loads were selected in such a way that p(0) = 0.

In the comparative analysis of the types of loads, taking into account the

above condition, it was concluded that with this selection of the load function,

SIF-1 increases when the length of the crack increases, while the SIF-1 values

themselves do not change fundamentally.
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4.6.4. Stress intensity factors-2 (SIF-2)

SIF-2 is calculated according to the formula:

As = lim /7(dy — do)(Fz — 1)7,. (4.44)

r—£140

The expression for tangential stress is substituted in the formula (4.44)
1 a2 ! 1
- 1 V1 =0 (€dE =
dez/_l n\x—§| S
= ——= + V22— 1U,,(z) — 0.5(l + 1)U,,(z) and the following spectral
o (z) ( VUn () g sp

correspondence is used.

So, the limit (4.44) takes the form:

lim +/7(dy — do)(£x — 1) (dd—; /11 In — \/1—752(]1(5)615) =

r—+1+0 \g; — g\

1
— /m(dy — do)(£1)(1 + 1)E

As a result, the formulas for the calculation of SIF-2 are derived:

e, VEld —d) (D) +]) T(d —do)(I + 1)
A__;Ok 7 ,A+—;Ok 7%
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4.6.5. SIF-2 when changing longitudinal cracks

Calculate SIF-2 according to the following parameters:

o a=12
e b=12
e b =3
e =9
e G; =8.0-10'" — carbon steel

Gy = 4.0 - 10" — manganese bronze
Gy = 2.7-10'"% — rolled duralumin

. T
p(§) =sin ¢

le-11 SIF

E'S- R _.-‘.‘.‘
6.0 - o )
5.5 - ,
5.0 -
45 A
40 -

315 A

3 4 5 B 7 B O 10
lenght of crack

Figure 4.6. Stress intensity factors in the region

Note that the crack is located symmetrically along the x-axis, and its center is
a
located at the point: 3= 6

Analyzing this graph, it can be concluded that the SIF-2 increases when

the length of the crack increases.



4.6.6. SIF-2 when the load changes

Calculate the SIF-2 according to the following parameters:

o =12
e h =12
e by =3
e =9

4¢(6 - 2)
epe) =20 2

G1 = 8.0- 10 — carbon steel
Gy = 4.0 - 10 — manganese bronze
Gy = 2.7-10'"% — rolled duralumin

SIF

ES- LI
6.0 1
5.5 1

5.0 1

40

35 A

30 %

5 G 7 B 2 10

lenght of crack

Figure 4.7. Stress intensity factors in the region
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Note that the crack is located symmetrically along the x-axis, and its center is

a
located at the point: 5= 6

Analyzing this graph, it can be concluded that the SIF-2 increases when

the length of the crack increases.
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45(E- g—n

2

45(E- g—n

2

Figure 4.8. Stress intensity factors in the area, depending on the type of load
function

Note that the crack is located symmetrically along the x-axis, and its

a
center is located at the point: 3= 6

Loads were selected in such a way that p(0) = 0.

In the comparative analysis of the types of loads, taking into account the

above condition, it was concluded that with this selection of the load function,

SIF-2 increases when the length of the crack increases, while the SIF-2 values

themselves do not change fundamentally.

The values of the stress intensity factors and the jump function for this

case are greater than for the case when the crack is between the first and second

layers, since here the crack is located closer to the loaded edge.
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4.7. Conclusions to the fourth section

The investigated anti-plane problem for three-layer rectangular area with
an interfacial defect under the influence of various types of loads, which is

specified along the y axis.

1) The solution of the anti-plane problem of the theory of elasticity for a
rectangular domain is constructed using the apparatus of integral trans-
forms.

2) The change of stress intensity factors during the change of load changes
are studied for two cracks.

3) The change of stress intensity factors during the change of crack’s length

is studied for two cracks
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BUCHOBKU

B maricrepckiit poboTi JIOCTIIKEHO aHTUILIOCHKI 3a/1a4i JIJId apyBaTol
HPSIMOKYTHOT 00J1aCTi 1M1 BIIMBOM HaBaHTaXKeHHs PI3HOI MPUPOIH, 110 3a/IaHO
3a Biccio Oz. PosrisinyTo 3ajiady st BUNAJKY, KOJIH MPIMOKYTHY 00J1acTh

noc/1abieHo MizkdaszHoo Tpimuno. OTpruMaHo Taki OCHOBHI pe3y/IbTaTu:

1) IlobymoBan po3B’si30K aHTHILIOCKOT 3ajadi Teopil mpyzkHOCTI jjist N-
IIapOBOI MPSIMOKYTHOI 00J1aCTi 3 BUKOPUCTAHHSIM alapaTy iHTerpaJbHuX
epeTBOPEHHb. Ta OKpeMuit BUIIAI0K, KO 00JIACTb CKIAAETHCI 3 TPHOX
mapis

2) TlobymoBan pPO3B’SI30K AHTHUILIOCKO! 3ajadi Teopil mpyzkHOCTi jijist N-
MIaPOBOI MPAMOKYTHOI 00J1acTi, 10 MocabyieHa MizK@a3Ho1o TPIITHOO
3 BUKOPHUCTAHHSIM allapaTy IHTerpajJbHUX IepeTBOPeHHb. Ta oxkpemmii
BUTIAI0K, KOJIN 00JIACTD CKJIIAETHCA 3 TPHOX ITapiB

3) IlpoanasizoBani koediieHTH IHTEHCHBHOCT] HAIIPYKEHb CTOCOBHO JIOBZKIHI

TPIIUHMA.
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CONCLUSIONS

In the master’s thesis, anti-plane problems for a layered rectangular area
under the influence of a load of different nature along the Oz axis. The problem
is considered when the rectangular region is weakened by an interfacial crack.

The following main results were obtained:

1) The solution of the anti-plane problem of the theory of elasticity for the
N-the layered rectangular region is constructed using the apparatus of
integral transformations. The calculations were done for the case when
the region consists of three layers

2) The solution of the anti-plane problem of the theory of elasticity for a N-
layered rectangular region weakened by an interfacial crack was constructed
using the apparatus of integral transformations. The calculations were
done for the case when the region consists of three layers

3) The change of stress intensity factors during the change of crack’s length

is studied for two cracks
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