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ВСТУП

Актуальнiсть.Iнженернi проблеми визначення мiцностi конструкцiй
потребують адекватних та простих математичних моделей, за допомогою
яких можна пiдраховувати величини напружень та їх розподiл усерединi
областi.

Реальнi конструкцiї досить часто складаються декiлькох шарiв заради
змiцнення або iзолювання деяких речовин мiж собою. Також слiд зауважити,
що особим класом задач є задачi з рiзними дефектами. Зокрема, виокремлюють
два види дефектiв: трiщина або включення.

Слiд зауважити, що часто виникають ситуацiї, коли впродовж тривалого
часу на конструкцiях такого типу можуть з’явитись трiщини. Такого роду
дефекти можуть виникти пiд впливом рiзних природних умов: вiтру, води
чи механiчної дiї.

Данна робота складається з чотирьох роздiлiв, в яких було розв’язано
такi модельнi задачi:

1) В першому та другому роздiлi розглянута прямокутна область, що
складається з 𝑁 -шарiв та окремий випадок, коли 𝑁 = 3.

2) В третьому та четвертому роздiлi розглянута прямокутна область,
що складається з 𝑁 -шарiв та окремий випадок, коли 𝑁 = 3, яка
послаблена на мiсцi стику трiщинами.

Всi цi задачї було розв’язано за допомогою методу iнтегральних
перетворень. Використання рекурентних спiввiдношень для визначення
сталих одного шару через сталi iншого дозволяє будувати розв’язок для
багатошарової областi будь-якої складностi.

Також слiд вiдзначити, що у випадку дефекту треба побудувати
сiнгуляне iнтегро-диференцiальне рiвняння.

Мета.Для багатошарової областi, на прикладi трьошарової, прямокутної
областi дослiджено розподiл напружень у залежностi вiд спiввiдношення
модулiв пружностi шарiв та геометричних параметрiв областi.

Також розглянуто рiзнi види навантажень та характеристик матерiалу
у дефектi.
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Обчислити коефiцiєнти iнтенсивностi напружень в залежностi вiд
довжини трiщини.

Об’єкт дослiдження.𝑁 -шарова прямокутна область, що знаходиться
у станi антиплоської деформаiї та 𝑁 -шарова прямокутна область, що
знаходиться у станi антиплоської деформаiї, що послаблена мiжфазними
трiщинами.
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INTRODUCTION

Relevance. The engineering problems of determining the strength of
structures require adequate and simple mathematical models which can be used
to calculate the values of loads and their distribution in the middle of an area.

Simple constructions are often made of several layers to cement or isolation
of certain substances among themselves. It should also be noted that a particular
class of problems has different defects. In particular, two types of defects are
identified: fracture or inclusion.

It should be noted that there are often situations where cracks can appear
on structures of this type over a long period. The defects can occur under
various environmental conditions: wind, water, and sneezing.

This work consists of four sections in which these model problems were
solved:

1) In the first and second sections, a rectangular area consists of 𝑁 -layered
and a single case where 𝑁 = 3 are considered.

2) In the third and fourth sections, a rectangular area consists of 𝑁 -layered
in a single case where 𝑁 = 3 is considered, which is relaxed at the sticking
point by frictions.

All these problems have been solved using the method of integral transfor-
mations. Using recurrent relations to determine the steels of one layer through
the steels of another allows one to construct solutions for any complexity of
different difficulties.

It should also be noted that a singular integral referential equation must
be created in the case of a defect.

Goal. For a three-layer, rectangular area, the distribution of loads de-
pending on the ratio of the layer twist’s modulus and the area’s geometrical
parameters is investigated.

Also, different kinds of stresses and characteristics of the material in the
defect are considered.

Calculate the coefficients of the loads’ intensity depending on the fracture’s
length.
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Subject of study.𝑁 - a layered rectangular region in a state of antiplane
deformation and 𝑁 -a layers, a rectangular area in a state of antiplane deforma-
tion loosened by infernal cracks.

Simple constructions are often made of several layers to cement or isolation
of certain substances among themselves. It should also be noted that a particular
class of problems has different defects. In particular, two types of defects are
identified: fracture or inclusion.

It should be noted that there are often situations where cracks can appear
on structures of this type over a long period. The defects can occur under
various environmental conditions: wind, water, and sneezing.

This work consists of four sections in which these model problems were
solved:

1) In the first and second sections, a rectangular area consists of 𝑁 -layered
and a single case where 𝑁 = 3 are considered.

2) In the third and fourth sections, a rectangular area consists of 𝑁 -layered
and a single case where 𝑁 = 3 is considered, which is relaxed at the
sticking point by frictions.

All these problems have been solved using the method of integral transfor-
mations. Using recurrent relations to determine the steels of one layer through
the steels of another allows one to construct solutions for any complexity of
different difficulties.

It should also be noted that a singular integral referential equation must
be created in the case of a defect.

Goal. For a three-layer, rectangular area, the distribution of loads de-
pending on the ratio of the layer twist’s modulus and the area’s geometrical
parameters is investigated.

Also, different kinds of stresses and characteristics of the material in the
defect are considered.

Calculate the coefficients of the loads’ intensity depending on the fracture’s
length.

Subject of study.𝑁 -th layers, rectangular region in a state of antiplane
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deformation and 𝑁 -a layers, a rectangular area in a state of antiplane deforma-
tion loosened by infernal cracks.
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CHAPTER 1

THE ANTI-PLANE PROBLEM OF ELASTICITY

THEORY FOR MULTILAYERED RECTANGULAR

AREA

1.1. Statement of the problem

Figure 1.1. Geometry and coordinate system of a rectangular area

The area under consideration (Fig.1.1) (𝐺𝑘 — shear modulus of the 𝑘-th
layer) occupies the area described in the Cartesian coordinate system by the
relations 0 < 𝑥 < 𝑎, 𝑏𝑘−1 < 𝑦 < 𝑏𝑘, which is in a state of anti-plane deformation.
This region is divided into 𝑁 heterogeneous layers along the 𝑦 axis. Let the
edges 𝑥 = 0,𝑥 = 𝑎 be immovably fixed.

𝑊𝑘

⃒⃒⃒⃒
𝑥=0

= 0, 𝑊𝑘

⃒⃒⃒⃒
𝑥=𝑎

= 0, 𝑏𝑘−1 < 𝑦 < 𝑏𝑘, 1,𝑁 (1.1)
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where 𝑊𝑘 (𝑥,𝑦)— movement relative to the 𝑧 axis in the 𝑘-th layer, 𝑏0 = 0,𝑏𝑁 = 𝑏.
The face 𝑦 = 0 is in smooth contact conditions, the face 𝑦 = 𝑏 is subjected to a
load of intensity 𝑝 (𝑥)

𝜏 1𝑦𝑧

⃒⃒⃒⃒
𝑦=0

= 0, 𝜏𝑁𝑦𝑧

⃒⃒⃒⃒
𝑦=𝑏𝑁

= 𝑝 (𝑥) , 0 < 𝑥 < 𝑎 (1.2)

where 𝜏 1𝑦𝑧 (𝑥,𝑦) ,𝜏
𝑁
𝑦𝑧 (𝑥,𝑦)— the tangential stresses of the first and 𝑁 -layers, re-

spectively.
The conjugation conditions are fulfilled between the layers:

𝑊𝑘

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 − 0

= 𝑊𝑘+1

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 + 0

,

0 < 𝑥 < 𝑎,𝑘 = 1,𝑁 − 1

𝜏 𝑘𝑦𝑧

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 − 0

= 𝜏 𝑘+1
𝑦𝑧

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 + 0

(1.3)

It is necessary to find the displacement and stress of each of the layers satisfying
the conditions (1.1)— (1.3) and the equilibrium equation

𝜕2𝑊𝑘

𝜕𝑥2
+

𝜕2𝑊𝑘

𝜕𝑦2
= 0, 0 < 𝑥 < 𝑎, 𝑏𝑘−1 < 𝑦 < 𝑏𝑘 (1.4)

Write down the boundary value problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜕2𝑊𝑘

𝜕𝑥2
+

𝜕2𝑊𝑘

𝜕𝑦2
= 0, 0 < 𝑥 < 𝑎, 𝑏𝑘−1 < 𝑦 < 𝑏𝑘

𝑊𝑘

⃒⃒⃒⃒
𝑥=0

= 0, 𝑊𝑘

⃒⃒⃒⃒
𝑥=𝑎

= 0 𝑏𝑘−1 < 𝑦 < 𝑏𝑘

𝜏 1𝑦𝑧

⃒⃒⃒⃒
𝑦=0

= 0, 𝜏𝑁𝑦𝑧

⃒⃒⃒⃒
𝑦=𝑏𝑁

= 𝑝 (𝑥) , 0 < 𝑥 < 𝑎, 𝑏𝑘−1 < 𝑦 < 𝑏𝑘

(1.5)
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where:

𝜏 1𝑦𝑧

⃒⃒⃒⃒
𝑦=0

= 0 ⇔ 𝜕𝑊1

𝜕𝑦

⃒⃒⃒⃒
𝑦=0

= 0, 𝜏𝑁𝑦𝑧

⃒⃒⃒⃒
𝑦=𝑏𝑁

= 𝑝(𝑥) ⇔ 𝜕𝑊𝑁

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑁

=
𝑝(𝑥)

𝐺𝑁
(1.6)

Conjugation conditions:

𝑊𝑘

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 − 0

= 𝑊𝑘+1

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 + 0

,

0 < 𝑥 < 𝑎,𝑘 = 1,𝑁 − 1

𝜏 𝑘𝑦𝑧

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 − 0

= 𝜏 𝑘+1
𝑦𝑧

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 + 0

(1.7)

Where:

𝜏 𝑘𝑦𝑧

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

= 𝜏 𝑘+1
𝑦𝑧

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

⇔ 𝐺𝑘
𝜕𝑊𝑘

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

= 𝐺𝑘+1
𝜕𝑊𝑘+1

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

𝐺𝑘 — shear modulus of the 𝑘-th layer, 𝑘 = 1,𝑁 − 1

1.2. Reducing the initial problem to the
one-dimensional problem

We reduce the input problem to a one-dimensional one using the finite
integral sin Fourier transform of the variable 𝑥:

𝑊𝛼𝑛,𝑘(𝑦) =

∫︁ 𝑎

0

𝑊𝑘(𝑥,𝑦) sin𝛼𝑛𝑥 d𝑥 (1.8)

With the inversion formula:

𝑊𝑘(𝑥,𝑦) =
2

𝑎

∞∑︁
𝑛=0

𝑊𝛼𝑛,𝑘(𝑦) sin𝛼𝑛𝑥 (1.9)
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Write the boundary conditions in the transform domain:

𝑊
′

𝛼𝑛,1

⃒⃒⃒⃒
𝑦=0

=

∫︁ 𝑎

0

𝜕𝑊1

𝜕𝑦

⃒⃒⃒⃒
𝑦=0

sin𝛼𝑛𝑥 d𝑥 (1.10)

𝑊
′

𝛼𝑛,𝑁

⃒⃒⃒⃒
𝑦=𝑏𝑁

=

∫︁ 𝑎

0

𝜕𝑊𝑁

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑁

sin𝛼𝑛𝑥 d𝑥 (1.11)

Write the load in the transform domain:

𝑝𝛼𝑛

𝐺𝑁
=

∫︁ 𝑎

0

𝑝(𝑥)

𝐺𝑁
sin𝛼𝑛𝑥 d𝑥 (1.12)

Write down the conjugation conditions in the transform domain:

𝑊𝛼𝑛,𝑘

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

=

∫︁ 𝑎

0

𝑊𝑘

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

sin𝛼𝑛𝑥 d𝑥 (1.13)

𝑊𝛼𝑛,𝑘+1

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

=

∫︁ 𝑎

0

𝑊𝑘+1

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

sin𝛼𝑛𝑥 d𝑥 (1.14)

𝐺𝑘𝑊
′

𝛼𝑛,𝑘

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

= 𝐺𝑘

∫︁ 𝑎

0

𝜕𝑊𝑘

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

sin𝛼𝑛𝑥 d𝑥 (1.15)

𝐺𝑘+1𝑊
′

𝛼𝑛,2

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

= 𝐺𝑘+1

∫︁ 𝑎

0

𝜕𝑊𝑘+1

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

sin𝛼𝑛𝑥 d𝑥 (1.16)

Write down the boundary value problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑊
′′

𝛼𝑛,𝑘
(𝑦)− 𝛼2

𝑛𝑊𝛼𝑛,𝑘 (𝑦) = 0

𝑊
′

𝛼𝑛,1

⃒⃒⃒⃒
𝑦=0

= 0, 𝑊
′

𝛼𝑛,𝑁

⃒⃒⃒⃒
𝑦=𝑏𝑁

=
𝑝𝛼𝑛

𝐺𝑁

𝑊𝛼𝑛,𝑘

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

= 𝑊𝛼𝑛,𝑘+1

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

𝑊
′

𝛼𝑛,𝑘

⃒⃒⃒⃒
𝑦=𝑏1−0

=
𝐺𝑘+1

𝐺𝑘
𝑊

′

𝛼𝑛,𝑘+1

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

(1.17)

where 𝛼𝑛 — integral transform parameter, 𝐺𝑁 — shear modulus of the 𝑘-th
layer
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The general solutions (1.17) will then be found in the form:

𝑊𝛼𝑛,𝑘 (𝑦) = 𝐴𝑘𝑒
𝛼𝑛𝑦 +𝐵𝑘𝑒

−𝛼𝑛𝑦

𝑊
′

𝛼𝑛,𝑘
(𝑦) = 𝛼𝑛

(︀
𝐴𝑘𝑒

𝛼𝑛𝑦 −𝐵𝑘𝑒
−𝛼𝑛𝑦

)︀ (1.18)

where 𝐴𝑘,𝐵𝑘 — unknown constants.
Using conjugation conditions:⎧⎪⎨⎪⎩ 𝐴𝑘𝑒

𝛼𝑛𝑏𝑘 +𝐵𝑘𝑒
−𝛼𝑛𝑏𝑘 = 𝐴𝑘+1𝑒

𝛼𝑛𝑏𝑘 +𝐵𝑘+1𝑒
−𝛼𝑛𝑏𝑘

𝐺𝑘(𝐴𝑘𝑒
𝛼𝑛𝑏𝑘 −𝐵𝑘𝑒

−𝛼𝑛𝑏𝑘) = 𝐺𝑘+1

(︀
𝐴𝑘+1𝑒

𝛼𝑛𝑏𝑘 −𝐵𝑘+1𝑒
−𝛼𝑛𝑏𝑘

)︀ (1.19)

Build a matrix:

𝐻𝑘(𝑦) =

⎛⎜⎝ 𝑒𝛼𝑛𝑦 𝑒−𝛼𝑛𝑦

𝐺𝑘𝑒
𝛼𝑛𝑦 −𝐺𝑘𝑒

−𝛼𝑛𝑦

⎞⎟⎠ (1.20)

From the conjugation conditions (1.19), we express 𝐴𝑘, 𝐵𝑘 in terms of 𝐴1, 𝐵1

[2] by the recurrent formula: ⎛⎜⎝𝐴𝑘

𝐵𝑘

⎞⎟⎠ = 𝑃𝑘

⎛⎜⎝𝐴1

𝐵1

⎞⎟⎠
where 𝑃𝑘 = 𝐻−1

𝑘 (𝑏𝑘−1) ·𝐻𝑘−1(𝑏𝑘−1) · · · · ·𝐻−1
2 (𝑏1)𝐻1(𝑏1)

The unknown constance of the first layer are found from the boundary conditions
of the problem (1.17).
As a result, analytical representations of movements 𝑊𝛼𝑛,𝑘in transform domain
were obtained.
In this work, the case when 𝑁 = 3 is considered.
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CHAPTER 2

THE ANTI-PLANE PROBLEM OF THE THEORY OF

ELASTICITY FOR A THREE-LAYER

RECTANGULAR REGION

2.1. Reducing the initial problem to the
one-dimensional problem

From the conjugation conditions (1.19), 𝐴2, 𝐵2,𝐴3, 𝐵3were expressed in
terms of 𝐴1, 𝐵1 [2]:

𝐴2 =
𝐴1

2
+

𝐴1

2𝐺21
+

𝐵1𝑒
−2𝛼𝑛𝑏1

2
− 𝐵1𝑒

−2𝛼𝑛𝑏1

2𝐺21

𝐴3 =
𝐴1𝑒

2𝛼𝑛𝑏1𝑒−2𝛼𝑛𝑏2

4
+

𝐴1

4
− 𝐴1𝑒

2𝛼𝑛𝑏1𝑒−2𝛼𝑛𝑏2

4𝐺32
+

𝐴1

4𝐺32
− 𝐴1𝑒

2𝛼𝑛𝑏1𝑒−2𝛼𝑛𝑏2

4𝐺21
+

+
𝐴1

4𝐺21
+

𝐴1𝑒
2𝛼𝑛𝑏1𝑒−2𝛼𝑛𝑏2

4𝐺21𝐺32
+

𝐴1

4𝐺21𝐺32
+

𝐵1𝑒
−2𝛼𝑛𝑏2

4
+

𝐵1𝑒
−2𝛼𝑛𝑏1

4
− 𝐵1𝑒

−2𝛼𝑛𝑏2

4𝐺32
+

+
𝐵1𝑒

−2𝛼𝑛𝑏1

4𝐺32
+

𝐵1𝑒
−2𝛼𝑛𝑏2

4𝐺21
− 𝐵1𝑒

−2𝛼𝑛𝑏1

4𝐺21
− 𝐵1𝑒

−2𝛼𝑛𝑏2

4𝐺21𝐺32
− 𝐵1𝑒

−2𝛼𝑛𝑏1

4𝐺21𝐺32

𝐵2 =
𝐴1𝑒

2𝛼𝑛𝑏1

2
− 𝐴1𝑒

2𝛼𝑛𝑏1

2𝐺21
+

𝐵1

2
+

𝐵1

2𝐺21

𝐵3 =
𝐴1𝑒

2𝛼𝑛𝑏1

4
+

𝐴1𝑒
2𝛼𝑛𝑏2

4
+

𝐴1𝑒
2𝛼𝑛𝑏1

4𝐺32
− 𝐴1𝑒

2𝛼𝑛𝑏2

4𝐺32
− 𝐴1𝑒

2𝛼𝑛𝑏1

4𝐺21
+

𝐴1𝑒
2𝛼𝑛𝑏2

4𝐺21
−

−𝐴1𝑒
2𝛼𝑛𝑏1

4𝐺21𝐺32
−𝐴1𝑒

2𝛼𝑛𝑏2

4𝐺21𝐺32
+
𝐵1

4
+
𝐵1𝑒

−2𝛼𝑛𝑏1𝑒2𝛼𝑛𝑏2

4
+

𝐵1

4𝐺32
−𝐵1𝑒

−2𝛼𝑛𝑏1𝑒2𝛼𝑛𝑏2

4𝐺32
+

𝐵1

4𝐺21
−

− 𝐵1𝑒
−2𝛼𝑛𝑏1𝑒2𝛼𝑛𝑏2

4𝐺21
+

𝐵1

4𝐺21𝐺32
+

𝐵1𝑒
−2𝛼𝑛𝑏1𝑒2𝛼𝑛𝑏2

4𝐺21𝐺32



17

The unknown steels of the first layer are found from the boundary conditions of
the problem (1.17).
the following:

𝐴1 =

4𝐺21𝐺32𝑝𝛼𝑛
𝑒𝛼𝑛𝑏𝑒2𝛼𝑛𝑏1𝑒2𝛼𝑛𝑏2

𝐺3𝛼𝑛 (𝐺21 (𝐺32(𝑢8 − 𝑒4𝛼𝑛𝑏2) + 𝑢0𝑒2𝛼𝑛𝑏2 + 𝑢10) +𝐺32(𝑢9 + 𝑒4𝛼𝑛𝑏2) + 𝑢1𝑒2𝛼𝑛𝑏2 + 𝑢11)

𝐵1 =
4𝐺21𝐺32𝑝𝛼𝑛

𝑒𝛼𝑛𝑏𝑒2𝛼𝑛𝑏1𝑒2𝛼𝑛𝑏2

𝐺3𝛼𝑛 (𝐺21 (𝐺32𝑢24 + 𝑢25) +𝐺32𝑢23 + 𝑢26)

𝑢0 = 𝑒2𝛼𝑛𝑏 − 𝑒4𝛼𝑛𝑏1

𝑢1 = −𝑒2𝛼𝑛𝑏 + 𝑒4𝛼𝑛𝑏1

𝑢2 = 𝑒2𝛼𝑛𝑏1 + 𝑒2𝛼𝑛𝑏2 + 1

𝑢3 = −𝑒2𝛼𝑛𝑏1 + 𝑒2𝛼𝑛𝑏2 + 1

𝑢4 = −𝑒4𝛼𝑛𝑏2 − 𝑒2𝛼𝑛𝑏2

𝑢5 = −𝑒2𝛼𝑛𝑏1 + 𝑒2𝛼𝑛𝑏2 − 1

𝑢6 = 𝑒2𝛼𝑛𝑏1 + 𝑒2𝛼𝑛𝑏2 − 1

𝑢7 = 𝑒4𝛼𝑛𝑏2 − 𝑒2𝛼𝑛𝑏2

𝑢8 = 𝑢0𝑒
2𝛼𝑛𝑏2+

(︀
𝑢2𝑒

2𝛼𝑛𝑏 + 𝑢4
)︀
𝑒2𝛼𝑛𝑏1

𝑢9 = 𝑢1𝑒
2𝛼𝑛𝑏2+

(︀
𝑢3𝑒

2𝛼𝑛𝑏 + 𝑢4
)︀
𝑒2𝛼𝑛𝑏1

𝑢10 =
(︀
𝑢5𝑒

2𝛼𝑛𝑏 + 𝑢7
)︀
𝑒2𝛼𝑛𝑏1 + 𝑒4𝛼𝑛𝑏2

𝑢11 =
(︀
𝑢6𝑒

2𝛼𝑛𝑏 + 𝑢7
)︀
𝑒2𝛼𝑛𝑏1 − 𝑒4𝛼𝑛𝑏2

𝑢12 =
(︀
𝑒2𝛼𝑛𝑏2 + 1

)︀
𝑢13 =

(︀
𝑢12𝑒

2𝛼𝑛𝑏1 + 𝑒4𝛼𝑛𝑏1 + 𝑒2𝛼𝑛𝑏2
)︀

𝑢14 = −𝑒4𝛼𝑛𝑏1𝑒2𝛼𝑛𝑏2 − 𝑒4𝛼𝑛𝑏2

𝑢15 = 𝑒4𝛼𝑛𝑏2 − 𝑒2𝛼𝑛𝑏2

𝑢16 = 𝑒2𝛼𝑛𝑏2 − 1

𝑢17 = 𝑢16𝑒
2𝛼𝑛𝑏1 − 𝑒4𝛼𝑛𝑏1 + 𝑒2𝛼𝑛𝑏2

𝑢18 = −𝑒4𝛼𝑛𝑏1𝑒2𝛼𝑛𝑏2 + 𝑒4𝛼𝑛𝑏2

𝑢19 = 𝑢12𝑒
2𝛼𝑛𝑏1 − 𝑒4𝛼𝑛𝑏1 − 𝑒2𝛼𝑛𝑏2

𝑢20 = 𝑢12𝑒
2𝛼𝑛𝑏1 − 𝑒4𝛼𝑛𝑏1 − 𝑒2𝛼𝑛𝑏2

𝑢21 = 𝑒4𝛼𝑛𝑏1𝑒2𝛼𝑛𝑏2 + 𝑒4𝛼𝑛𝑏2

𝑢22 = 𝑒4𝛼𝑛𝑏1𝑒2𝛼𝑛𝑏2 − 𝑒4𝛼𝑛𝑏2

𝑢23 = 𝑢4𝑒
2𝛼𝑛𝑏1 + 𝑢19𝑒

2𝛼𝑛𝑏 + 𝑢21

𝑢24 = 𝑢4𝑒
2𝛼𝑛𝑏1 + 𝑢13𝑒

2𝛼𝑛𝑏 + 𝑢14

𝑢25 = 𝑢15𝑒
2𝛼𝑛𝑏1 + 𝑢17𝑒

2𝛼𝑛𝑏 + 𝑢18

𝑢26 = 𝑢15𝑒
2𝛼𝑛𝑏1 + 𝑢20𝑒

2𝛼𝑛𝑏 + 𝑢22

Substitute 𝐴1,𝐵1,𝐴2,𝐵2,𝐴3,𝐵3 in 𝑊𝑘,𝑊
′

𝑘,(𝑘 = 1,3) from the system (1.17) and
using the boundary conditions of the system (1.17 ). A solution was obtained
in the transform domain:

𝑊1 =
4𝐺21𝐺32𝑝𝛼𝑛

𝑇1

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)
(2.1)

𝑊2 =
2𝐺32𝑝𝛼𝑛

((𝐺21 − 1)𝑇2 + (𝐺21 + 1)𝑇1)

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)
(2.2)

𝑊3 =
𝑝𝛼𝑛

(𝑇1 (𝐹1 + 1) + 𝑇2 (𝐹2 − 1) + 𝑇3 (𝐹3 − 1) + 𝑇4 (𝑅5 + 1))

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)
(2.3)

where:
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𝐸1 = 𝑒−2𝛼𝑛(𝑏−𝑏2) − 𝑒−2𝛼𝑛𝑏2

𝐸2 = 𝑒−2𝛼𝑛(𝑏−𝑏1) − 𝑒−2𝛼𝑛𝑏1

𝐸3 = 𝑒−2𝛼𝑛(𝑏+𝑏1−𝑏2)

𝐸4 = 𝑒−2𝛼𝑛(−𝑏1+𝑏2)

𝑇1 = 𝑒−𝛼𝑛(𝑏+𝑦) + 𝑒−𝛼𝑛(𝑏−𝑦)

𝑇2 = 𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦)

𝑇3 − 𝑒−𝛼𝑛(𝑏−2𝑏2+𝑦) + 𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦)

𝑇4 = 𝑒−𝛼𝑛(𝑏+2𝑏1−2𝑏2+𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+2𝑏2−𝑦)

𝐹1 = 𝐺21𝐺32 +𝐺21 +𝐺32

𝐹2 = 𝐺21𝐺32 +𝐺21 −𝐺32

𝐹3 = 𝐺21𝐺32 −𝐺21 +𝐺32

𝑅1 = −𝐺21𝐺32 +𝐺21 −𝐺32

𝑅2 = −𝐺21𝐺32 −𝐺21 +𝐺32

𝑅3 = −𝐺21𝐺32 −𝐺21 −𝐺32

𝑅4 = −𝐺21𝐺32 +𝐺21 +𝐺32

𝑅5 = 𝐺21𝐺32 −𝐺21 −𝐺32

𝑆 = 𝐸2 (𝑅2 + 1) + 𝐸1 (𝑅1 + 1) + (𝑅4 − 1)𝐸3 + (𝑅5 + 1)𝐸4

2.2. Inversion of integral transforms

The found solutions in the transform domain are inverted according to
the formula (1.9). It is derived:

𝑊1 (𝑥,𝑦) =
2

𝑎

∞∑︁
𝑛=0

4𝐺21𝐺32𝑝𝛼𝑛
𝑇1 sin𝛼𝑛𝑥

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)
(2.4)

𝑊2 (𝑥,𝑦) =
2

𝑎

∞∑︁
𝑛=0

2𝐺32𝑝𝛼𝑛
((𝐺21 − 1)𝑇2 + (𝐺21 + 1)𝑇1) sin𝛼𝑛𝑥

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)
(2.5)

𝑊3 (𝑥,𝑦) =
2

𝑎

∞∑︁
𝑛=0

𝑝𝛼𝑛
(𝑇1 (𝐹1 + 1) + 𝑇2 (𝐹2 − 1) + 𝑇3 (𝐹3 − 1) + 𝑇4 (𝑅5 + 1))

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)

(2.6)

Given (1.12), formulas (2.4),(2.5) and (2.6) can be rewritten in the following
form:

𝑊1 (𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

4𝐺21𝐺32𝑝(𝜉)𝑇1Ω(𝑥,𝜉)

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)
d𝜉 (2.7)
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𝑊2 (𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

2𝐺32𝑝(𝜉) ((𝐺21 − 1)𝑇2 + (𝐺21 + 1)𝑇1) Ω(𝑥,𝜉)

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)
d𝜉 (2.8)

𝑊3 (𝑥,𝑦) =

2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

𝑝𝛼𝑛
(𝑇1 (𝐹1 + 1) + 𝑇2 (𝐹2 − 1) + 𝑇3 (𝐹3 − 1) + 𝑇4 (𝑅5 + 1))

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)
d𝜉

(2.9)

where: Ω(𝑥,𝜉) = sin𝛼𝑛𝑥 · sin𝛼𝑛𝜉

2.3. Checking of the boundary conditions

It should be noted that no difficulties arose during the verification of
homogeneous boundary conditions, so the case of non-homogeneous boundary
conditions for moving 𝑊2 was considered.
𝜕𝑊3

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏

=
𝑝(𝑥)

𝐺3
,

де
𝜕𝑊3

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏

=
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

𝑝(𝜉) sin (𝛼𝑛𝑥) sin (𝛼𝑛𝜉)

𝐺3
𝑑𝜉

In order to check this inhomogeneous boundary condition, the order of integration

and summation should be changed:
2

𝑎

∞∑︁
𝑛=0

[︂∫︁ 𝑎

0

𝑝(𝜉) sin (𝛼𝑛𝜉) 𝑑𝜉

]︂
sin (𝛼𝑛𝑥)

Continue the load 𝑝(𝑥) in the original problem in an odd way to check the
inhomogeneity of the boundary condition because there is no material for
−𝑎 < 𝑥 < 0. Moreover, the development in the Fourier series for the expanded
𝑝(𝑥) was used. Loads were selected in such a way that 𝑝(0) = 0; otherwise,
there will be a gap of the first kind.
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2.4. Summarization of weakly convergent parts
of series

Consider the series
∞∑︁
𝑛=1

𝑎(𝑛), which is weakly convergent. For separation

of its weakly convergent part, the following technique [3] is used, namely:

The series
∞∑︁
𝑛=1

𝑎(𝑛) is split into two terms
∞∑︁
𝑛=1

𝑎(𝑛) =
𝐴∑︁

𝑛=0

𝑎(𝑛)+
∞∑︁

𝑛=𝐴

𝑎(𝑛). In the

second obtained series, the function is replaced by its asymptotic representation

at 𝑛 → ∞, after which the term
𝐴∑︁

𝑛=0

𝑎̃(𝑛) is added and subtracted, where 𝑎̃(𝑛)

is the asymptotic representation of the function 𝑎(𝑛). So:

∞∑︁
𝑛=1

𝑎(𝑘) =
∞∑︁
𝑛=0

𝑎̃(𝑛) +
𝐴∑︁

𝑛=0

(𝑎(𝑛)− 𝑎̃(𝑛)) , 𝐴 → ∞ (2.10)

The series
∞∑︁
𝑛=0

𝑎̃(𝑛) included in this representation can be summed by using the

following [4] formulas:

∞∑︁
𝑛=0

𝑒−𝑛𝑡 sin𝑛𝑥 =
1

2

sin𝑥

cosh 𝑡− cos𝑥
(2.11)

After integration of the formula (2.11). It is derived:

∞∑︁
𝑛=1

1

𝑛
𝑒−𝑛𝑡 cos𝑛𝑥 = −1

2
ln (ch 𝑡− cos𝑥) (2.12)
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2.4.1. Summary of weakly convergent parts of 𝑊1(𝑥; 𝑦)

𝑊1 (𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

4𝐺21𝐺32𝑝(𝜉)𝑇1Ω(𝑥,𝜉)

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)
d𝜉

where: 𝑇1 = 𝑒−𝛼𝑛(𝑏+𝑦) + 𝑒−𝛼𝑛(𝑏−𝑦), Ω(𝑥,𝜉) =
1

2
(cos𝛼𝑛𝑛(𝜉 − 𝑥)− cos𝛼𝑛(𝜉 + 𝑥))

Applying the formula (2.12) it is obtained:

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏+𝑦) = − 𝑎

2𝜋
ln (ch 𝑡0 − cos𝑥0)

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏−𝑦) = − 𝑎

2𝜋
ln (ch 𝑡1 − cos𝑥0)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏+𝑦) =

𝑎

2𝜋
ln (ch 𝑡0 − cos𝑥1)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏−𝑦) =

𝑎

2𝜋
ln (ch 𝑡1 − cos𝑥1)

where:

𝑡0 =
𝜋

𝑎
(𝑏+ 𝑦);

𝑡1 =
𝜋

𝑎
(𝑏− 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Then the weakly convergent part for 𝑊1(𝑥; 𝑦) will have the form:

𝐴∑︁
𝑛=0

𝑎̃(𝑛) =
4∑︁

𝑤=1

ϒ1𝐶𝑤

here and further:

𝐶1 = − ln (ch 𝑡0 − cos𝑥0)

𝐶2 = − ln (ch 𝑡1 − cos𝑥0)

𝐶3 = ln (ch 𝑡0 − cos𝑥1)

𝐶4 = ln (ch 𝑡1 − cos𝑥1)

ϒ1 = − 4𝑎𝐺21𝐺32

4𝜋(𝑅3 − 1)
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Then 𝑊1(𝑥; 𝑦) will take the form:

𝑊1(𝑥; 𝑦) =
2

𝑎𝐺3

∫︁ 𝑎

0

𝑝(𝜉)

[︃
ϒ1

4∑︁
𝑤=1

𝐶𝑤 +
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄1 −𝑄2]

]︃
𝑑𝜉 (2.13)

here and further:

Ξ(𝑥,𝜉) = cos𝛼𝑛𝑛(𝜉 − 𝑥)− cos𝛼𝑛𝑛(𝜉 + 𝑥)

𝑄1 =
4𝐺21𝐺32𝑇1

𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)

𝑄2 = − 4𝐺21𝐺32𝑇1

𝛼𝑛(𝑅3 − 1)

2.4.2. Summary of weakly convergent parts of 𝜏 1𝑦𝑧(𝑥; 𝑦)

𝜕𝑊1

𝜕𝑦
(𝑥; 𝑦) =

2𝐺1

𝑎𝐺3

∫︁ 𝑎

0

𝑝(𝜉)

[︃
ϒ1

4∑︁
𝑤=1

𝐶
′

𝑤 +
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

1 −𝑄
′

2]

]︃
𝑑𝜉 (2.14)

where:

𝐶
′

1 = −𝜋

𝑎

sh 𝑡0
(ch 𝑡0 − cos𝑥0)

𝐶
′

2 =
𝜋

𝑎

sh 𝑡1
(ch 𝑡1 − cos𝑥0)

𝐶
′

3 =
𝜋

𝑎

sh 𝑡0
(ch 𝑡0 − cos𝑥1)

𝐶
′

4 = −𝜋

𝑎

sh 𝑡1
(ch 𝑡1 − cos𝑥1)

𝑄
′

1 =
4𝐺21𝐺32𝑇

′

1

𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)

𝑄
′

2 = − 4𝐺21𝐺32𝑇
′

1

𝛼𝑛(𝑅3 − 1)

𝑇
′

1 = −𝛼𝑛(−𝑒−𝛼𝑛𝑛(𝑏−𝑦) + 𝑒−𝛼𝑛𝑛(𝑏+𝑦))
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2.4.3. Summary of weakly convergent parts of 𝑊2(𝑥; 𝑦)

𝑊2 (𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

2𝐺32𝑝(𝜉) ((𝐺21 − 1)𝑇2 + (𝐺21 + 1)𝑇1) Ω(𝑥,𝜉)

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)
d𝜉

where:
𝑇1 = 𝑒−𝛼𝑛(𝑏+𝑦) + 𝑒−𝛼𝑛(𝑏−𝑦),
𝑇2 = 𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦),

Ω(𝑥,𝜉) =
1

2
(cos𝛼𝑛𝑛(𝜉 − 𝑥)− cos𝛼𝑛𝑛(𝜉 + 𝑥))

Applying the formula (2.12) it is obtained:

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏+𝑦) = − 𝑎

2𝜋
ln (ch 𝑡0 − cos𝑥0)

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏−𝑦) = − 𝑎

2𝜋
ln (ch 𝑡1 − cos𝑥0)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏+𝑦) =

𝑎

2𝜋
ln (ch 𝑡0 − cos𝑥1)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏−𝑦) =

𝑎

2𝜋
ln (ch 𝑡1 − cos𝑥1)

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) = − 𝑎

2𝜋
ln (ch 𝑡2 − cos𝑥0)

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦) = − 𝑎

2𝜋
ln (ch 𝑡3 − cos𝑥0)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) =

𝑎

2𝜋
ln (ch 𝑡2 − cos𝑥1)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦) =

𝑎

2𝜋
ln (ch 𝑡3 − cos𝑥1)

where:

𝑡0 =
𝜋

𝑎
(𝑏+ 𝑦);

𝑡1 =
𝜋

𝑎
(𝑏− 𝑦);

𝑡2 =
𝜋

𝑎
(𝑏+ 2𝑏1 − 𝑦);

𝑡3 =
𝜋

𝑎
(𝑏− 2𝑏1 + 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Then the weakly convergent part for 𝑊2(𝑥; 𝑦) will have the form:
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𝐴∑︁
𝑛=0

𝑎̃(𝑛) = ϒ
4∑︁

𝜅=1

[(𝐺21 + 1)𝐷𝜅 + (𝐺21 − 1)𝐷𝜅+4]

here and further:

𝐷1 = − ln (ch 𝑡0 − cos𝑥0)

𝐷2 = − ln (ch 𝑡1 − cos𝑥0)

𝐷3 = ln (ch 𝑡0 − cos𝑥1)

𝐷4 = ln (ch 𝑡1 − cos𝑥1)

𝐷5 = − ln (ch 𝑡2 − cos𝑥0)

𝐷6 = − ln (ch 𝑡3 − cos𝑥0)

𝐷7 = ln (ch 𝑡2 − cos𝑥1)

𝐷8 = ln (ch 𝑡3 − cos𝑥1)

ϒ2 = − 𝑎2𝐺32

4𝜋(𝑅3 − 1)

Then 𝑊2(𝑥; 𝑦) will take the form:

𝑊2(𝑥; 𝑦) =
2

𝑎𝐺3

∫︁ 𝑎

0

𝑝(𝜉)

[︃
ϒ2

4∑︁
𝜅=1

[(𝐺21 + 1)𝐷𝜅 + (𝐺21 − 1)𝐷𝜅+4] +

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄3 −𝑄4]

]︃
𝑑𝜉 (2.15)

here and further

𝑄3 =
2𝐺32 ((𝐺21 − 1)𝑇2 + (𝐺21 + 1)𝑇1)

𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)

𝑄4 = −2𝐺32 ((𝐺21 − 1)𝑇2 + (𝐺21 + 1)𝑇1)

𝛼𝑛(𝑅3 − 1)
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2.4.4. Summary of weakly convergent parts of 𝜏 2𝑦𝑧(𝑥; 𝑦)

𝜕𝑊2

𝜕𝑦
(𝑥; 𝑦) =

2𝐺2

𝑎𝐺3

∫︁ 𝑎

0

𝑝(𝜉)

[︃
ϒ2

4∑︁
𝜅=1

[︁
(𝐺21 + 1)𝐷

′

𝜅 + (𝐺21 − 1)𝐷
′

𝜅+4

]︁
+

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

3 −𝑄
′

4]

]︃
𝑑𝜉 (2.16)

Where:

𝐷
′

1 = −𝜋

𝑎

sh 𝑡0
(ch 𝑡0 − cos𝑥0)

𝐷
′

2 =
𝜋

𝑎

sh 𝑡1
(ch 𝑡1 − cos𝑥0)

𝐷
′

3 = −𝜋

𝑎

sh 𝑡0
(ch 𝑡0 − cos𝑥1)

𝐷
′

4 =
𝜋

𝑎

sh 𝑡1
(ch 𝑡1 − cos𝑥1)

𝐷
′

5 =
𝜋

𝑎

sh 𝑡2
(ch 𝑡2 − cos𝑥0)

𝐷
′

6 = −𝜋

𝑎

sh 𝑡3
(ch 𝑡3 − cos𝑥0)

𝐷
′

7 = −𝜋

𝑎

sh 𝑡2
(ch 𝑡2 − cos𝑥1)

𝐷
′

8 =
𝜋

𝑎

sh 𝑡3
(ch 𝑡3 − cos𝑥1)

𝑄
′

3 =
2𝐺32 ((𝐺21 − 1)𝑇2 + (𝐺21 + 1)𝑇1)

𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)

𝑄
′

4 = −2𝐺32 ((𝐺21 − 1)𝑇2 + (𝐺21 + 1)𝑇1)

𝛼𝑛(𝑅3 − 1)

𝑇
′

1 = −𝛼𝑛(−𝑒−𝛼𝑛𝑛(𝑏−𝑦) + 𝑒−𝛼𝑛𝑛(𝑏+𝑦))

𝑇
′

2 = −𝛼𝑛(−𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦))
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2.4.5. Summary of weakly convergent parts of 𝑊3(𝑥; 𝑦)

𝑊3 (𝑥,𝑦) =

2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

𝑝𝛼𝑛
(𝑇1 (𝐹1 + 1) + 𝑇2 (𝐹2 − 1) + 𝑇3 (𝐹3 − 1) + 𝑇4 (𝑅5 + 1))

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)
d𝜉

where: 𝑇1 = 𝑒−𝛼𝑛(𝑏+𝑦) + 𝑒−𝛼𝑛(𝑏−𝑦),
𝑇2 = 𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦),
𝑇3 = 𝑒−𝛼𝑛(𝑏−2𝑏2+𝑦) + 𝑒−𝛼𝑛(𝑏+2𝑏2−𝑦),
𝑇4 = 𝑒−𝛼𝑛(𝑏+2𝑏1−2𝑏2+𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+2𝑏2−𝑦),

Ω(𝑥,𝜉) =
1

2
(cos𝛼𝑛𝑛(𝜉 − 𝑥)− cos𝛼𝑛𝑛(𝜉 + 𝑥))

Applying the formula (2.12) it is obtained:

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏+𝑦) = − 𝑎

2𝜋
ln (ch 𝑡0 − cos𝑥0)

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏−𝑦) = − 𝑎

2𝜋
ln (ch 𝑡1 − cos𝑥0)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏+𝑦) =

𝑎

2𝜋
ln (ch 𝑡0 − cos𝑥1)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏−𝑦) =

𝑎

2𝜋
ln (ch 𝑡1 − cos𝑥1)

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) = − 𝑎

2𝜋
ln (ch 𝑡2 − cos𝑥0)

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦) = − 𝑎

2𝜋
ln (ch 𝑡3 − cos𝑥0)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) =

𝑎

2𝜋
ln (ch 𝑡2 − cos𝑥1)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦) =

𝑎

2𝜋
ln (ch 𝑡3 − cos𝑥1)

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏+2𝑏2−𝑦) = − 𝑎

2𝜋
ln (ch 𝑡4 − cos𝑥0)
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∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏−2𝑏2+𝑦) = − 𝑎

2𝜋
ln (ch 𝑡5 − cos𝑥0)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏+2𝑏2−𝑦) =

𝑎

2𝜋
ln (ch 𝑡4 − cos𝑥1)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏−2𝑏2+𝑦) =

𝑎

2𝜋
ln (ch 𝑡5 − cos𝑥1)

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏+2𝑏1−2𝑏2+𝑦) = − 𝑎

2𝜋
ln (ch 𝑡6 − cos𝑥0)

∞∑︁
𝑛=1

1

𝛼𝑛
cos𝛼𝑛 (𝜉 − 𝑥)𝑒−𝛼𝑛(𝑏−2𝑏1+2𝑏2−𝑦 = − 𝑎

2𝜋
ln (ch 𝑡7 − cos𝑥0)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏+2𝑏1−2𝑏2+𝑦) =

𝑎

2𝜋
ln (ch 𝑡6 − cos𝑥1)

∞∑︁
𝑛=1

− 1

𝛼𝑛
cos𝛼𝑛 (𝜉 + 𝑥)𝑒−𝛼𝑛(𝑏−2𝑏1+2𝑏2−𝑦) =

𝑎

2𝜋
ln (ch 𝑡7 − cos𝑥1)

where:

𝑡0 =
𝜋

𝑎
(𝑏+ 𝑦);

𝑡1 =
𝜋

𝑎
(𝑏− 𝑦);

𝑡2 =
𝜋

𝑎
(𝑏+ 2𝑏1 − 𝑦);

𝑡3 =
𝜋

𝑎
(𝑏− 2𝑏1 + 𝑦);

𝑡4 =
𝜋

𝑎
(𝑏+ 2𝑏2 − 𝑦);

𝑡5 =
𝜋

𝑎
(𝑏− 2𝑏2 + 𝑦);

𝑡6 =
𝜋

𝑎
(𝑏+ 2𝑏1 − 2𝑏2 + 𝑦);

𝑡7 =
𝜋

𝑎
(𝑏− 2𝑏1 + 2𝑏2 − 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Then the weakly convergent part for 𝑊3(𝑥; 𝑦) will have the form:

𝐴∑︁
𝑛=0

𝑎̃(𝑛) = ϒ3

4∑︁
𝜃=1

[(𝐹1 + 1)𝐻𝜃 + (𝐹2 − 1)𝐻𝜃+4 + (𝐹3 − 1)𝐻𝜃+8 + (𝑅5 + 1)𝐻𝜃+12]

here and further:

𝐻1 = − ln (ch 𝑡0 − cos𝑥0)

𝐻2 = − ln (ch 𝑡1 − cos𝑥0)

𝐻3 = ln (ch 𝑡0 − cos𝑥1)

𝐻4 = ln (ch 𝑡1 − cos𝑥1)

𝐻5 = − ln (ch 𝑡2 − cos𝑥0)

𝐻6 = − ln (ch 𝑡3 − cos𝑥0)

𝐻7 = ln (ch 𝑡2 − cos𝑥1)

𝐻8 = ln (ch 𝑡3 − cos𝑥1)

𝐻9 = − ln (ch 𝑡4 − cos𝑥0)

𝐻10 = − ln (ch 𝑡5 − cos𝑥0)



28

𝐻11 = ln (ch 𝑡4 − cos𝑥1)

𝐻12 = ln (ch 𝑡5 − cos𝑥1)

𝐻13 = − ln (ch 𝑡6 − cos𝑥0)

𝐻14 = − ln (ch 𝑡7 − cos𝑥0)

𝐻15 = ln (ch 𝑡6 − cos𝑥1)

𝐻16 = ln (ch 𝑡7 − cos𝑥1)

ϒ3 = − 1

4𝜋(𝑅3 − 1)

Then 𝑊3(𝑥; 𝑦) will take the form:

𝑊3(𝑥; 𝑦) =
2

𝑎𝐺3

∫︁ 𝑎

0

𝑝(𝜉)

[︃
ϒ3

4∑︁
𝜃=1

{(𝐹1 + 1)𝐻𝜃 + (𝐹2 − 1)𝐻𝜃+4 + (𝐹3 − 1)𝐻𝜃+8+

+ (𝑅5 + 1)𝐻𝜃+12}+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄5 −𝑄6]

]︃
𝑑𝜉 (2.17)

Here and further:

𝑄5 =
𝑇1 (𝐹1 + 1) + 𝑇2 (𝐹2 − 1) + 𝑇3 (𝐹3 − 1) + 𝑇4 (𝑅5 + 1)

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)

𝑄6 = −𝑇1 (𝐹1 + 1) + 𝑇2 (𝐹2 − 1) + 𝑇3 (𝐹3 − 1) + 𝑇4 (𝑅5 + 1)

𝐺3𝛼𝑛 (𝑅3 − 1)
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2.4.6. Summary of weakly convergent parts of 𝜏 3𝑦𝑧(𝑥; 𝑦)

𝜕𝑊3

𝜕𝑦
(𝑥; 𝑦) =

2𝐺3

𝑎𝐺3

∫︁ 𝑎

0

𝑝(𝜉)

[︃
ϒ3

4∑︁
𝜃=1

{︁
(𝐹1 + 1)𝐻

′

𝜃 + (𝐹2 − 1)𝐻
′

𝜃+4 + (𝐹3 − 1)𝐻
′

𝜃+8+

+ (𝑅5 + 1)𝐻
′

𝜃+12

}︁
+

1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

5 −𝑄
′

6]

]︃
𝑑𝜉 (2.18)

here and further:

𝐻
′

1 = −𝜋

𝑎

sh 𝑡0
(ch 𝑡0 − cos𝑥0)

𝐻
′

2 =
𝜋

𝑎

sh 𝑡1
(ch 𝑡1 − cos𝑥0)

𝐻
′

3 = −𝜋

𝑎

sh 𝑡0
(ch 𝑡0 − cos𝑥1)

𝐻
′

4 =
𝜋

𝑎

sh 𝑡1
(ch 𝑡1 − cos𝑥1)

𝐻
′

5 =
𝜋

𝑎

sh 𝑡2
(ch 𝑡2 − cos𝑥0)

𝐻
′

6 = −𝜋

𝑎

sh 𝑡3
(ch 𝑡3 − cos𝑥0)

𝐻
′

7 = −𝜋

𝑎

sh 𝑡2
(ch 𝑡2 − cos𝑥1)

𝐻
′

8 =
𝜋

𝑎

sh 𝑡3
(ch 𝑡3 − cos𝑥1)

𝐻
′

9 =
𝜋

𝑎

sh 𝑡4
(ch 𝑡4 − cos𝑥0)

𝐻
′

10 = −𝜋

𝑎

sh 𝑡5
(ch 𝑡5 − cos𝑥0)

𝐻
′

11 = −𝜋

𝑎

sh 𝑡4
(ch 𝑡4 − cos𝑥1)

𝐻
′

12 =
𝜋

𝑎

sh 𝑡5
(ch 𝑡5 − cos𝑥1)

𝐻
′

13 = −𝜋

𝑎

sh 𝑡6
(ch 𝑡6 − cos𝑥0)

𝐻
′

14 =
𝜋

𝑎

sh 𝑡7
(ch 𝑡7 − cos𝑥0)

𝐻
′

15 =
𝜋

𝑎

sh 𝑡6
(ch 𝑡6 − cos𝑥1)

𝐻
′

16 = −𝜋

𝑎

sh 𝑡7
(ch 𝑡7 − cos𝑥1)

𝑄
′

5 =
𝑇

′

1 (𝐹1 + 1) + 𝑇
′

2 (𝐹2 − 1) + 𝑇
′

3 (𝐹3 − 1) + 𝑇
′

4 (𝑅5 + 1)

𝐺3𝛼𝑛 ((−1 + 𝑒−2𝛼𝑛𝑏) (𝑅3 − 1) + 𝑆)

𝑄
′

6 = −𝑇
′

1 (𝐹1 + 1) + 𝑇
′

2 (𝐹2 − 1) + 𝑇
′

3 (𝐹3 − 1) + 𝑇
′

4 (𝑅5 + 1)

𝐺3𝛼𝑛 (𝑅3 − 1)

𝑇
′

1 = −𝛼𝑛(−𝑒−𝛼𝑛𝑛(𝑏−𝑦) + 𝑒−𝛼𝑛𝑛(𝑏+𝑦))

𝑇
′

2 = −𝛼𝑛(−𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦))

𝑇
′

3 = −𝛼𝑛(−𝑒−𝛼𝑛(𝑏+2𝑏2−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏2+𝑦))

𝑇
′

4 = −𝛼𝑛(𝑒
−𝛼𝑛(𝑏+2𝑏1−2𝑏2+𝑦) − 𝑒−𝛼𝑛(𝑏−2𝑏1+2𝑏2−𝑦))
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2.5. Analysis of numerical calculations

Calculations were made with the following parameters:
Area parameters:

• 𝑎 = 12

• 𝑏 = 12

• 𝑏1 = 3

• 𝑏2 = 9

• 𝐺1 = 8.0 · 1010 — carbon steel
• 𝐺2 = 4.0 · 1010 — manganese bronze
• 𝐺3 = 2.7 · 1010 — rolled duralumin

Load parameters:

• 𝑝1 (𝜉) = sin
𝜋

𝑎
𝜉

• 𝑝2 (𝜉) =
2𝜉

𝑎
−

4𝜉(𝜉 − 𝑎

2
)

𝑎2
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2.5.1. Dynamics of displacement changes

Consider the dynamics of changes in displacements for a three-layer rect-
angular area at different values of 𝑦.
For the first layer:

Figure 2.1. Displacement 𝑊1 (𝑥,𝑦) at different values of 𝑦, 0<x<a

As can be seen from the figures (Fig.2.1), as the value of 𝑦 approaches 𝑏1, the
displacement increases.
For the second layer::

Figure 2.2. Displacement 𝑊2 (𝑥,𝑦) at different values of 𝑦, 0<x<a

As can be seen from the figures (Fig.2.2), as the value of 𝑦 approaches 𝑏2, the
displacement increases.
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For the third layer::

Figure 2.3. Displacement 𝑊3 (𝑥,𝑦) at different values of 𝑦, 0<x<a

As can be seen from the figures (Fig.2.3), as the value of 𝑦 approaches 𝑏, the
displacement increases.
A displacement surface was also build with the same parameters.
For the first layer:

Figure 2.4. Surface 𝑊1 (𝑥,𝑦) ,𝑝1 (𝜉) = sin 𝜋
𝑎𝜉



33

For the second layer:

Figure 2.5. Surface 𝑊2 (𝑥,𝑦) ,𝑝1 (𝜉) = sin 𝜋
𝑎𝜉

For the third layer:

Figure 2.6. Surface 𝑊3 (𝑥,𝑦) ,𝑝1 (𝜉) = sin 𝜋
𝑎𝜉
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For all rectangular area:

Figure 2.7. Surfaces 𝑊𝑘 (𝑥,𝑦) ,𝑝1 (𝜉) = sin 𝜋
𝑎𝜉,𝑘 = 1,2,3
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2.5.2. Dynamics of stress changes

Consider the dynamics of stress changes for different layers of a rectangular
area at different values of 𝑦.
For the first layer:

Figure 2.8. Stress 𝜏 1𝑦𝑧 (𝑥,𝑦) at different values of 𝑦, 0 < 𝑥 < 𝑎

It should be noted that the tendency of 𝑦 to approach 𝑏1 is the same as for
displacement.
For the second layer:

Figure 2.9. Stress 𝜏 2𝑦𝑧 (𝑥,𝑦) at different values of 𝑦, 0 < 𝑥 < 𝑎

It should be noted that the tendency of 𝑦 to approach 𝑏2 is the same as for
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displacement.
For the third layer:

Figure 2.10. Stress 𝜏 3𝑦𝑧 (𝑥,𝑦) at different values of 𝑦, 0 < 𝑥 < 𝑎

It should be noted that the tendency of 𝑦 to approach 𝑏 is the same as for
displacement.
A stressed surface was also constructed with the same parameters.
For the first layer:

Figure 2.11. Surface 𝜏 1𝑦𝑧 (𝑥,𝑦) ,𝑝1 (𝜉) = sin 𝜋
𝑎𝜉
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For the second layer:

Figure 2.12. Surface 𝜏 2𝑦𝑧 (𝑥,𝑦) ,𝑝1 (𝜉) = sin 𝜋
𝑎𝜉

For the third layer:

Figure 2.13. Surface 𝜏 3𝑦𝑧 (𝑥,𝑦) ,𝑝1 (𝜉) = sin 𝜋
𝑎𝜉
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For the entire region:

Figure 2.14. Surfaces 𝜏 𝑘𝑦𝑧 (𝑥,𝑦) ,𝑝1 (𝜉) = sin 𝜋
𝑎𝜉,𝑘 =1,2,3
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2.5.3. Dependence of stress on the type of loads

Consider the dynamics of stress changes for different layers of a rectangular
area under different loads 𝑝(𝜉) and at different values of 𝑦. Display the graphs
together for a clearer analysis:
For the first layer:

Table 2.1. The stress 𝜏 1𝑦𝑧 (𝑥,𝑦) at different values of 𝑦, 0 < 𝑥 < 𝑎 and types of
loads 𝑝(𝜉)

Note that the tendency of 𝑦 to approach 𝑏1 on both graphs coincides.
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For the second layer:

Table 2.2. The stress 𝜏 2𝑦𝑧 (𝑥,𝑦) at different values of 𝑦, 0 < 𝑥 < 𝑎 and types of
loads 𝑝(𝜉)

Note that the tendency of 𝑦 to approach 𝑏2 on both graphs coincides.
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For the third layer:

Table 2.3. The stress 𝜏 3𝑦𝑧 (𝑥,𝑦) at different values of 𝑦, 0 < 𝑥 < 𝑎 and types of
loads 𝑝(𝜉)

Note that the tendency of 𝑦 to approach 𝑏 on both graphs coincides.
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Also, construct the stress surface of all layers with the same parameters.

Table 2.4. The stress 𝜏 𝑘𝑦𝑧 (𝑥,𝑦) at different values of 𝑦, 0 < 𝑥 < 𝑎 and types of
loads 𝑝(𝜉),k=1,2 ,3

Analyzed all the graphs in this section, the conclusion is that the stress at the
top of the area does not change depending on the type of load if we fulfil the
condition 𝑝(0) = 0.
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2.5.4. Dependence of stress on the geometry of a

rectangular region

Consider the dependence of stress on the geometry of a two-layer rectan-
gular region.
For the first layer:

Figure 2.15. Investigation of the geometry of the region 𝐺1

A more advanced dependency:

Figure 2.16. Investigation of the geometry of the region 𝐺1

As can be seen from the graphs (Fig.2.15)"— (Fig.2.16) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.17. Investigation of the geometry of the region 𝐺1

For the second layer:

Figure 2.18. Investigation of the geometry of the region 𝐺2

A more advanced dependency:



45

Figure 2.19. Investigation of the geometry of the region 𝐺2

As can be seen from the graphs (Fig.2.18)"— (Fig.2.19) that the stress
increases when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:

Figure 2.20. Investigation of the geometry of the region 𝐺2
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For the third layer:

Figure 2.21. Investigation of the geometry of the region 𝐺3

A more advanced dependency:

Figure 2.22. Investigation of the geometry of the region 𝐺3

As can be seen from the graphs (Fig.2.21)"— (Fig.2.22) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.

It is also interesting to consider the dependence of stress on layer thick-
nesses:
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Figure 2.23. Investigation of the geometry of the region 𝐺3

Figure 2.24. Investigation of the geometry of the region 𝐺3

2.5.5. Dependence of the stress value on the arrangement

of materials 𝐺132

It is also necessary to consider the issue of the dependence of stress values
on the material on which a load of intensity 𝑝 (𝑥) acts Calculations were made
with the following parameters:
Area parameters:

• 𝑎 = 12

• 𝑏 = 12

• 𝑏1 = 3
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Figure 2.25. Investigation of the geometry of the region 𝐺3

• 𝑏2 = 9

• 𝐺1 = 8.0 · 1010 "— carbon steel
• 𝐺2 = 2.7 · 1010 "— duralumin
• 𝐺3 = 4.0 · 1010 "— rolled manganese bronze

Load parameters:

• 𝑝1 (𝜉) = sin
𝜋

𝑎
𝜉
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Consider the dependence of stress on the geometry of a two-layer rectan-
gular region.
For the first layer:

Figure 2.26. Investigation of the geometry of the region 𝐺1

A more advanced dependency:

Figure 2.27. Investigation of the geometry of the region 𝐺1

As can be seen from the graphs (Fig.2.26)"— (Fig.2.27) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.28. Investigation of the geometry of the region 𝐺1

Figure 2.29. Investigation of the geometry of the region 𝐺1



51

For the second layer:

Figure 2.30. Investigation of the geometry of the region 𝐺2

A more advanced dependency:

Figure 2.31. Investigation of the geometry of the region 𝐺2

As can be seen from the graphs (Fig.2.30)"— (Fig.2.31) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.32. Investigation of the geometry of the region 𝐺2

Figure 2.33. Investigation of the geometry of the region 𝐺2

For the third layer:

Figure 2.34. Investigation of the geometry of the region 𝐺3



53

A more advanced dependency:

Figure 2.35. Investigation of the geometry of the region 𝐺3

As can be seen from the graphs (Fig.2.34)"— (Fig.2.35) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:

Figure 2.36. Investigation of the geometry of the region 𝐺3
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Figure 2.37. Investigation of the geometry of the region 𝐺3

2.5.6. Dependence of the stress value on the arrangement

of materials 𝐺213

It is also necessary to consider the issue of the dependence of stress values
on the material on which a load of intensity 𝑝 (𝑥) acts Calculations were made
with the following parameters:
Area parameters:

• 𝑎 = 12

• 𝑏 = 12

• 𝑏1 = 3

• 𝑏2 = 9

• 𝐺1 = 4.0 · 1010 "— rolled manganese bronze
• 𝐺2 = 8.0 · 1010 "— carbon steel
• 𝐺3 = 2.7 · 1010 "— duralumin

Load parameters:

• 𝑝1 (𝜉) = sin
𝜋

𝑎
𝜉
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Consider the dependence of stress on the geometry of a two-layer rectan-
gular region.
For the first layer:

Figure 2.38. Investigation of the geometry of the region 𝐺1

A more advanced dependency:

Figure 2.39. Investigation of the geometry of the region 𝐺1

As can be seen from the graphs (Fig.2.38)"— (Fig.2.39) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.40. Investigation of the geometry of the region 𝐺1

Figure 2.41. Investigation of the geometry of the region 𝐺1
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For the second layer:

Figure 2.42. Investigation of the geometry of the region 𝐺2

A more advanced dependency:

Figure 2.43. Investigation of the geometry of the region 𝐺2

As can be seen from the graphs (Fig.2.42)"— (Fig.2.43) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.44. Investigation of the geometry of the region 𝐺2

Figure 2.45. Investigation of the geometry of the region 𝐺2

For the third layer:

Figure 2.46. Investigation of the geometry of the region 𝐺3
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A more advanced dependency:

Figure 2.47. Investigation of the geometry of the region 𝐺3

As can be seen from the graphs (Fig.2.46)"— (Fig.2.47) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:

Figure 2.48. Investigation of the geometry of the region 𝐺3
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Figure 2.49. Investigation of the geometry of the region 𝐺3

2.5.7. Dependence of the stress value on the arrangement

of materials 𝐺231

It is also necessary to consider the issue of the dependence of stress values
on the material on which a load of intensity 𝑝 (𝑥) acts Calculations were made
with the following parameters:
Area parameters:

• 𝑎 = 12

• 𝑏 = 12

• 𝑏1 = 3

• 𝑏2 = 9

• 𝐺1 = 4.0 · 1010 "— rolled manganese bronze
• 𝐺2 = 2.7 · 1010 "— duralumin
• 𝐺3 = 8.0 · 1010 "— carbon steel

Load parameters:

• 𝑝1 (𝜉) = sin
𝜋

𝑎
𝜉
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Consider the dependence of stress on the geometry of a two-layer rectan-
gular region.
For the first layer:

Figure 2.50. Investigation of the geometry of the region 𝐺1

A more advanced dependency:

Figure 2.51. Investigation of the geometry of the region 𝐺1

As can be seen from the graphs (Fig.2.50)"— (Fig.2.51) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.52. Investigation of the geometry of the region 𝐺1

Figure 2.53. Investigation of the geometry of the region 𝐺1
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For the second layer:

Figure 2.54. Investigation of the geometry of the region 𝐺2

A more advanced dependency:

Figure 2.55. Investigation of the geometry of the region 𝐺2

As can be seen from the graphs (Fig.2.54)"— (Fig.2.55) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.56. Investigation of the geometry of the region 𝐺2

Figure 2.57. Investigation of the geometry of the region 𝐺2

For the third layer:

Figure 2.58. Investigation of the geometry of the region 𝐺3
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A more advanced dependency:

Figure 2.59. Investigation of the geometry of the region 𝐺3

As can be seen from the graphs (Fig.2.58)"— (Fig.2.59) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:

Figure 2.60. Investigation of the geometry of the region 𝐺3
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Figure 2.61. Investigation of the geometry of the region 𝐺3

2.5.8. Dependence of the stress value on the arrangement

of materials 𝐺321

It is also necessary to consider the issue of the dependence of stress values
on the material on which a load of intensity 𝑝 (𝑥) acts Calculations were made
with the following parameters:
Area parameters:

• 𝑎 = 12

• 𝑏 = 12

• 𝑏1 = 3

• 𝑏2 = 9

• 𝐺1 = 4.0 · 1010 "— rolled manganese bronze
• 𝐺2 = 2.7 · 1010 "— duralumin
• 𝐺3 = 8.0 · 1010 "— carbon steel

Load parameters:

• 𝑝1 (𝜉) = sin
𝜋

𝑎
𝜉
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Consider the dependence of stress on the geometry of a two-layer rectan-
gular region.
For the first layer:

Figure 2.62. Investigation of the geometry of the region 𝐺1

A more advanced dependency:

Figure 2.63. Investigation of the geometry of the region 𝐺1

As can be seen from the graphs (Fig.2.62)"— (Fig.2.63) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.64. Investigation of the geometry of the region 𝐺1

Figure 2.65. Investigation of the geometry of the region 𝐺1
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For the second layer:

Figure 2.66. Investigation of the geometry of the region 𝐺2

A more advanced dependency:

Figure 2.67. Investigation of the geometry of the region 𝐺2

As can be seen from the graphs (Fig.2.66)"— (Fig.2.67) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.68. Investigation of the geometry of the region 𝐺2

Figure 2.69. Investigation of the geometry of the region 𝐺2

For the third layer:

Figure 2.70. Investigation of the geometry of the region 𝐺3
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A more advanced dependency:

Figure 2.71. Investigation of the geometry of the region 𝐺3

As can be seen from the graphs (Fig.2.70)"— (Fig.2.71) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:

Figure 2.72. Investigation of the geometry of the region 𝐺3
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Figure 2.73. Investigation of the geometry of the region 𝐺3

2.5.9. Dependence of the stress value on the arrangement

of materials 𝐺312

It is also necessary to consider the issue of the dependence of stress values
on the material on which a load of intensity 𝑝 (𝑥) acts Calculations were made
with the following parameters:
Area parameters:

• 𝑎 = 12

• 𝑏 = 12

• 𝑏1 = 3

• 𝑏2 = 9

• 𝐺1 = 4.0 · 1010 "— rolled manganese bronze
• 𝐺2 = 2.7 · 1010 "— duralumin
• 𝐺3 = 8.0 · 1010 "— carbon steel

Load parameters:

• 𝑝1 (𝜉) = sin
𝜋

𝑎
𝜉
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Consider the dependence of stress on the geometry of a two-layer rectan-
gular region.
For the first layer:

Figure 2.74. Investigation of the geometry of the region 𝐺1

A more advanced dependency:

Figure 2.75. Investigation of the geometry of the region 𝐺1

As can be seen from the graphs (Fig.2.74)"— (Fig.??) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:
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Figure 2.76. Investigation of the geometry of the region 𝐺1

Figure 2.77. Investigation of the geometry of the region 𝐺1

For the second layer:

Figure 2.78. Investigation of the geometry of the region 𝐺2
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A more advanced dependency:

Figure 2.79. Investigation of the geometry of the region 𝐺2

As can be seen from the graphs (Fig.2.78)"— (Fig.2.79) that the stress increases
when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:

Figure 2.80. Investigation of the geometry of the region 𝐺2
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Figure 2.81. Investigation of the geometry of the region 𝐺2

For the third layer:

Figure 2.82. Investigation of the geometry of the region 𝐺3

A more advanced dependency:

Figure 2.83. Investigation of the geometry of the region 𝐺3

As can be seen from the graphs (Fig.2.82)"— (Fig.2.83) that the stress increases
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when 𝑏1 is less than 𝑏2,𝑏2 is less than 𝑏 and 𝑏 is less than 𝑎.
It is also interesting to consider the dependence of stress on layer thicknesses:

Figure 2.84. Investigation of the geometry of the region 𝐺3

Figure 2.85. Investigation of the geometry of the region 𝐺3
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2.6. Conclusions to the second section

The investigated antiplane problem for An 𝑁 -layered rectangular area
under the influence of various types of loads given along the 𝑦 axis and a
particular case when the area consists of three layers

1) The solution of the anti-plane problem of the theory of elasticity for the
𝑁 -layered rectangular region is constructed using the apparatus of integral
transformations.

2) The behaviour of stresses inside a rectangular zone for different aspect
ratios has been studied. It is established that the greatest stresses are
achieved when the length of the rectangle is greater than its width.

3) The change of stresses when changing materials and load was studied.
4) This approach can be used to construct a solution with interfacial cracks.
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CHAPTER 3

THE ANTI-PLANE PROBLEM OF THE THEORY OF

ELASTICITY FOR THE MULTILAYERED

RECTANGULAR REGION WITH INTERFACIAL

CRACKS

3.1. Statement of the problem

Figure 3.1. Geometry and coordinate system of a rectangular region

The area under consideration (Fig.3.1) (𝐺𝑁 — shear modulus of the 𝑘-th
layer) occupies the area described in the Cartesian coordinate system by the
relations 0 < 𝑥 < 𝑎, 𝑏𝑘−1 < 𝑦 < 𝑏𝑘, which is in a state of anti-plane deformation.
This region is divided into 𝑁 heterogeneous layers along the 𝑦 axis. Let the
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edges 𝑥 = 0,𝑥 = 𝑎 be immovably fixed.

𝑊𝑘

⃒⃒⃒⃒
𝑥=0

= 0, 𝑊𝑘

⃒⃒⃒⃒
𝑥=𝑎

= 0, 𝑏𝑘−1 < 𝑦 < 𝑏𝑘, 𝑘 = 1,𝑁 (3.1)

where 𝑊𝑘 (𝑥,𝑦)— movement relative to the 𝑧 axis in the 𝑘-th layer, 𝑏0 = 0,𝑏𝑁 = 𝑏.
The face 𝑦 = 0 is in smooth contact conditions, the face 𝑦 = 𝑏 is subjected to a
load of intensity 𝑝 (𝑥)

𝜏 1𝑦𝑧

⃒⃒⃒⃒
𝑦=0

= 0, 𝜏𝑁𝑦𝑧

⃒⃒⃒⃒
𝑦=𝑏𝑁

= 𝑝 (𝑥) , 0 < 𝑥 < 𝑎 (3.2)

where 𝜏 1𝑦𝑧 (𝑥,𝑦) ,𝜏𝑁𝑦𝑧 (𝑥,𝑦)— tangential stresses of the first and 𝑁th layers, respec-
tively .
Conjugation conditions and crack conditions are fulfilled between the layers:

𝑊𝑘

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 − 0

= 𝑊𝑘+1

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 + 0

+ 𝜒𝑘(𝑥),

0 < 𝑥 < 𝑎

𝜏 𝑘𝑦𝑧

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 − 0

= 𝜏 𝑘+1
𝑦𝑧

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 + 0

= 𝜁𝑘(𝑥)

(3.3)

where:

𝜒𝑘(𝑥) =

⎧⎨⎩̸= 0, 𝑥 ∈ [𝑐𝑘 − 1; 𝑐𝑘]

0, 𝑥 ∈ [0; 𝑐𝑘−1) ∪ (𝑐1; 𝑎]
,𝑘 = 1,𝑁

It is necessary to find the displacement and stress of each of the layers satisfying
the conditions (3.1)— (3.3) and the equilibrium equation:

𝜕2𝑊𝑘

𝜕𝑥2
+

𝜕2𝑊𝑘

𝜕𝑦2
= 0, 0 < 𝑥 < 𝑎, 𝑏𝑘−1 < 𝑦 < 𝑏𝑘 (3.4)

Write down the boundary value problem
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜕2𝑊𝑘

𝜕𝑥2
+

𝜕2𝑊𝑘

𝜕𝑦2
= 0, 0 < 𝑥 < 𝑎, 𝑏𝑘−1 < 𝑦 < 𝑏𝑘

𝑊𝑘

⃒⃒⃒⃒
𝑥=0

= 0, 𝑊𝑘

⃒⃒⃒⃒
𝑥=𝑎

= 0 𝑏𝑘−1 < 𝑦 < 𝑏𝑘

𝜏 1𝑦𝑧

⃒⃒⃒⃒
𝑦=0

= 0, 𝜏𝑁𝑦𝑧

⃒⃒⃒⃒
𝑦=𝑏𝑁

= 𝑝 (𝑥) , 0 < 𝑥 < 𝑎, 𝑏𝑘−1 < 𝑦 < 𝑏𝑘

(3.5)
where:

𝜏 1𝑦𝑧

⃒⃒⃒⃒
𝑦=0

= 0 ⇔ 𝜕𝑊1

𝜕𝑦

⃒⃒⃒⃒
𝑦=0

= 0, 𝜏𝑁𝑦𝑧

⃒⃒⃒⃒
𝑦=𝑏𝑁

= 𝑝(𝑥) ⇔ 𝜕𝑊𝑁

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑁

=
𝑝(𝑥)

𝐺𝑁
(3.6)

Conjugation conditions:

𝑊𝑘

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 − 0

= 𝑊𝑘

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 + 0

+ 𝜒𝑘(𝑥),

0 < 𝑥 < 𝑎

𝜏 𝑘𝑦𝑧

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 − 0

= 𝜏 𝑘+1
𝑦𝑧

⃒⃒⃒⃒
𝑦 = 𝑏𝑘 + 0

= 𝜁𝑘(𝑥)

(3.7)

where:

𝜏 𝑘𝑦𝑧

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

= 𝜏 𝑘+1
𝑦𝑧

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

⇔ 𝐺𝑘
𝜕𝑊𝑘

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

= 𝐺𝑘+1
𝜕𝑊𝑘+1

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

𝐺𝑘 — shear modulus of the 𝑘-th layer, 𝑘 = 1,𝑁
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3.2. Reducing the initial problem to the
one-dimensional problem

The input problem was reduced to a one-dimensional one using the finite
integral sin Fourier transform of the variable 𝑥:

𝑊𝛼𝑛,𝑘(𝑦) =

∫︁ 𝑎

0

𝑊𝑘(𝑥,𝑦) sin𝛼𝑛𝑥 d𝑥 (3.8)

With the inversion formula:

𝑊𝑘(𝑥,𝑦) =
2

𝑎

∞∑︁
𝑛=0

𝑊𝛼𝑛,𝑘(𝑦) sin𝛼𝑛𝑥 (3.9)

Write down the boundary conditions in the transform domain:

𝑊
′

𝛼𝑛,1

⃒⃒⃒⃒
𝑦=0

=

∫︁ 𝑎

0

𝜕𝑊1

𝜕𝑦

⃒⃒⃒⃒
𝑦=0

sin𝛼𝑛𝑥 d𝑥 (3.10)

𝑊
′

𝛼𝑛,𝑁

⃒⃒⃒⃒
𝑦=𝑏𝑁

=

∫︁ 𝑎

0

𝜕𝑊𝑁

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑁

sin𝛼𝑛𝑥 d𝑥 (3.11)

Write the load in the transform domain:

𝑝𝛼𝑛

𝐺𝑁
=

∫︁ 𝑎

0

𝑝(𝑥)

𝐺𝑁
sin𝛼𝑛𝑥 d𝑥 (3.12)

Write down the conjugation conditions in the transform domain:

𝑊𝛼𝑛,𝑘

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

=

∫︁ 𝑎

0

𝑊𝑘

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

sin𝛼𝑛𝑥 ; d𝑥 (3.13)

𝑊𝛼𝑛,𝑘+1

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

=

∫︁ 𝑎

0

𝑊𝑘+1

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

sin𝛼𝑛𝑥 d𝑥 (3.14)

𝐺𝑘𝑊
′

𝛼𝑛,𝑘

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

= 𝐺𝑘

∫︁ 𝑎

0

𝜕𝑊𝑘

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

sin𝛼𝑛𝑥 d𝑥 (3.15)

𝐺𝑘+1𝑊
′

𝛼𝑛,𝑘+1

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

= 𝐺𝑘+1

∫︁ 𝑎

0

𝜕𝑊𝑘+1

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

sin𝛼𝑛𝑥 d𝑥 (3.16)
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𝜒𝛼𝑛,𝑘 =

∫︁ 𝑎

0

𝜒𝑘(𝑥) sin𝛼𝑛𝑥 𝑑𝑥 (3.17)

𝜁𝛼𝑛,𝑘 =

∫︁ 𝑎

0

𝜁𝑘(𝑥) sin𝛼𝑛𝑥 𝑑𝑥 (3.18)

Write down the boundary value problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑊
′′

𝛼𝑛,𝑘
(𝑦)− 𝛼2

𝑛𝑊𝛼𝑛,𝑘 (𝑦) = 0

𝑊
′

𝛼𝑛,1

⃒⃒⃒⃒
𝑦=0

= 0, 𝑊
′

𝛼𝑛,𝑁

⃒⃒⃒⃒
𝑦=𝑏

=
𝑝𝛼𝑛

𝐺𝑁

𝑊𝛼𝑛,𝑘

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

= 𝑊𝛼𝑛,𝑘+1

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

+ 𝜒𝛼𝑛,𝑘

𝐺𝑘𝑊
′

𝛼𝑛,𝑘

⃒⃒⃒⃒
𝑦=𝑏𝑘−0

= 𝐺𝑘+1𝑊
′

𝛼𝑛,𝑘+1

⃒⃒⃒⃒
𝑦=𝑏𝑘+0

= 𝜁𝛼𝑛,𝑘

(3.19)

where 𝛼𝑛 — integral transform parameter„ 𝐺𝑁 — shear modulus of the 𝑁 -th
layer
The general solutions (3.19) will then be found in the form:

𝑊𝛼𝑛,𝑘 (𝑦) = 𝐴𝑘𝑒
𝛼𝑛𝑦 +𝐵𝑘𝑒

−𝛼𝑛𝑦 + 𝜒𝛼𝑛,𝑘

𝑊
′

𝛼𝑛,𝑘
(𝑦) = 𝛼𝑛

(︀
𝐴𝑘𝑒

𝛼𝑛𝑦 −𝐵𝑘𝑒
−𝛼𝑛𝑦

)︀ (3.20)

where 𝐴𝑘,𝐵𝑘 — unknown constants.
Using conjugation conditions:

⎧⎪⎨⎪⎩ 𝐴𝑘𝑒
𝛼𝑛𝑏𝑘 +𝐵𝑘𝑒

−𝛼𝑛𝑏𝑘 = 𝐴𝑘+1𝑒
𝛼𝑛𝑏𝑘 +𝐵𝑘+1𝑒

−𝛼𝑛𝑏𝑘 + 𝜒𝛼𝑛,𝑘

𝐺𝑘(𝐴𝑘𝑒
𝛼𝑛𝑏𝑘 −𝐵𝑘𝑒

−𝛼𝑛𝑏𝑘) = 𝐺𝑘+1

(︀
𝐴𝑘+1𝑒

𝛼𝑛𝑏𝑘 −𝐵𝑘+1𝑒
−𝛼𝑛𝑏𝑘

)︀
= 𝜁𝛼𝑛,𝑘

(3.21)

Build a matrix:

𝐻𝑘(𝑦) =

⎛⎜⎝ 𝑒𝛼𝑛𝑦 𝑒−𝛼𝑛𝑦

𝐺𝑘𝑒
𝛼𝑛𝑦 −𝐺𝑘𝑒

−𝛼𝑛𝑦

⎞⎟⎠ (3.22)

From the conjugation conditions (3.21), we express 𝐴𝑘, 𝐵𝑘 in terms of 𝐴1, 𝐵1[2]
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by the recurrent formula:⎛⎜⎝𝐴𝑘

𝐵𝑘

⎞⎟⎠ = −
𝑁∑︁

𝑚=2

𝑃𝑘,𝑚

⎛⎜⎝𝜒𝛼𝑛,𝑘−1

0

⎞⎟⎠
where 𝑃𝑘,𝑚 = 𝐻−1

𝑘 (𝑏𝑘−1) ·𝐻−1
𝑘−1(𝑏𝑘−1) · · · · ·𝐻−1

𝑚 (𝑏𝑚)𝐻𝑚(𝑏𝑚−1)

The unknown constance of the first layer are found from the boundary conditions
of the problem (3.19).
As a result, analytical representations for movements 𝑊𝛼𝑛,𝑘 in transform were
obtained. In this work, the case when 𝑁 = 3 is considered.
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CHAPTER 4

THE ANTI-PLANE PROBLEM OF THE THEORY OF

ELASTICITY FOR THE THREE-LAYER

RECTANGULAR REGION WITH INTERFACIAL

DEFECTS

4.1. Reducing the initial problem to the
one-dimensional problem

From the conjugation conditions (3.21), 𝐴2, 𝐵2,𝐴3, 𝐵3 were expressed in
terms of 𝐴1, 𝐵1 [2]:

𝐴2 =

(︀
𝐴1𝐺21𝑒

𝛼𝑛𝑏1 + 𝐴1𝑒
𝛼𝑛𝑏1 +𝐵1𝐺21𝑒

−𝛼𝑛𝑏1 −𝐵1𝑒
−𝛼𝑛𝑏1 −𝐺21𝜒1

)︀
𝑒−𝛼𝑛𝑏1

2𝐺21

𝐴3 =(︂
𝐴1𝐺21𝐺32𝑒

2𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2 + 𝐴1𝐺21𝐺32𝑒
𝛼𝑛𝑏2 − 𝐴1𝐺21𝑒

2𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2 + 𝐴1𝐺21𝑒
𝛼𝑛𝑏2

4𝐺21𝐺32
−

−𝐴1𝐺32𝑒
2𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2 + 𝐴1𝐺32𝑒

𝛼𝑛𝑏2 + 𝐴1𝑒
2𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2 + 𝐴1𝑒

𝛼𝑛𝑏2 +𝐵1𝐺21𝐺32𝑒
−𝛼𝑛𝑏2

4𝐺21𝐺32
+

+
𝐵1𝐺21𝐺32𝑒

−2𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2 −𝐵1𝐺21𝑒
−𝛼𝑛𝑏2 +𝐵1𝐺21𝑒

−2𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2 +𝐵1𝐺32𝑒
−𝛼𝑛𝑏2

4𝐺21𝐺32
−

− 𝐵1𝐺32𝑒
−2𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2 −𝐵1𝑒

−𝛼𝑛𝑏2 −𝐵1𝑒
−2𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2 −𝐺21𝐺32𝜒1𝑒

𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2

4𝐺21𝐺32
−

−𝐺21𝐺32𝜒1𝑒
−𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2 − 2𝐺21𝐺32𝜒2 +𝐺21𝜒1𝑒

𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2 −𝐺21𝜒1𝑒
−𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2

4𝐺21𝐺32

)︂
𝑒−𝛼𝑛𝑏2

𝐵2 =

(︀
𝐴1𝐺21𝑒

𝛼𝑛𝑏1 − 𝐴1𝑒
𝛼𝑛𝑏1 +𝐵1𝐺21𝑒

−𝛼𝑛𝑏1 +𝐵1𝑒
−𝛼𝑛𝑏1 −𝐺21𝜒1

)︀
𝑒𝛼𝑛𝑏1

2𝐺21
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𝐵3 =(︂
𝐴1𝐺21𝐺32𝑒

2𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2 + 𝐴1𝐺21𝐺32𝑒
𝛼𝑛𝑏2 + 𝐴1𝐺21𝑒

2𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2 − 𝐴1𝐺21𝑒
𝛼𝑛𝑏2

4𝐺21𝐺32
−

−𝐴1𝐺32𝑒
2𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2 + 𝐴1𝐺32𝑒

𝛼𝑛𝑏2 − 𝐴1𝑒
2𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2 − 𝐴1𝑒

𝛼𝑛𝑏2 +𝐵1𝐺21𝐺32𝑒
−𝛼𝑛𝑏2

4𝐺21𝐺32
+

+
𝐵1𝐺21𝐺32𝑒

−2𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2 +𝐵1𝐺21𝑒
−𝛼𝑛𝑏2 −𝐵1𝐺21𝑒

−2𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2 +𝐵1𝐺32𝑒
−𝛼𝑛𝑏2

4𝐺21𝐺32
−

− 𝐵1𝐺32𝑒
−2𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2 +𝐵1𝑒

−𝛼𝑛𝑏2 +𝐵1𝑒
−2𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2 −𝐺21𝐺32𝜒1𝑒

𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2

4𝐺21𝐺32
−

−𝐺21𝐺32𝜒1𝑒
−𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2 − 2𝐺21𝐺32𝜒2 −𝐺21𝜒1𝑒

𝛼𝑛𝑏1𝑒−𝛼𝑛𝑏2 +𝐺21𝜒1𝑒
−𝛼𝑛𝑏1𝑒𝛼𝑛𝑏2

4𝐺21𝐺32

)︂
𝑒𝛼𝑛𝑏2

The unknown constance of the first layer are found from the boundary conditions
of the problem (3.19).
It is derived:

𝐴1 =
𝐺21 (𝐺3𝐺32𝛼𝑛𝜒1𝑈5 + 2𝐺3𝐺32𝛼𝑛𝜒2 (𝑢5 − 𝑢6)−𝐺3𝛼𝑛𝜒1𝑈6 + 4𝐺32𝑝𝛼𝑛

)

𝐺3 (𝐺21𝐺32𝛼𝑛𝑈1 −𝐺21𝛼𝑛𝑈2 −𝐺32𝛼𝑛𝑈3 + 𝛼𝑛𝑈4)

𝐵1 =
𝐺21 (𝐺3𝐺32𝛼𝑛𝜒1𝑈5 + 2𝐺3𝐺32𝛼𝑛𝜒2 (𝑢5 − 𝑢6)−𝐺3𝛼𝑛𝜒1𝑈6 + 4𝐺32𝑝𝛼𝑛

)

𝐺3 (𝐺21𝐺32𝛼𝑛𝑈1 −𝐺21𝛼𝑛𝑈2 −𝐺32𝛼𝑛𝑈3 + 𝛼𝑛𝑈4)

𝑢1 = 𝑢8𝑒
𝛼𝑛𝑏1𝑢9

𝑢2 = 𝑢8𝑒
−𝛼𝑛𝑏1

𝑢3 = 𝑢11𝑒
𝛼𝑛𝑏1

𝑢4 = 𝑢11𝑒
−𝛼𝑛𝑏1𝑢13

𝑢5 = 𝑢8𝑒
−𝛼𝑛𝑏2

𝑢6 = 𝑢11𝑒
𝛼𝑛𝑏2

𝑢7 = 𝑢8𝑢12𝑢9

𝑢8 = 𝑒𝛼𝑛𝑏

𝑢9 = 𝑒−2𝛼𝑛𝑏2

𝑢10 = 𝑒−2𝛼𝑛𝑏1

𝑢11 = 𝑒−𝛼𝑛𝑏

𝑢12 = 𝑒2𝛼𝑛𝑏1

𝑢13 = 𝑒2𝛼𝑛𝑏2

𝑢14 = 𝑢8𝑢9

𝑢15 = 𝑢8𝑢10

𝑢16 = 𝑢11𝑢12

𝑢17 = 𝑢11𝑢13

𝑢18 = 𝑢11𝑢10𝑢13

𝑈1 = 𝑢7 + 𝑢8 + 𝑢14 + 𝑢15 − 𝑢16 − 𝑢17 − 𝑢11 − 𝑢18

𝑈2 = 𝑢7 + 𝑢8 − 𝑢14 + 𝑢15 − 𝑢16 + 𝑢17 − 𝑢11 + 𝑢18

𝑈3 = 𝑢7 + 𝑢8 + 𝑢14 − 𝑢15 + 𝑢16 − 𝑢17 − 𝑢11 + 𝑢18

𝑈4 = 𝑢7 + 𝑢8 − 𝑢14 − 𝑢15 + 𝑢16 + 𝑢17 − 𝑢11 − 𝑢18

𝑈5 = 𝑢1 + 𝑢2 − 𝑢3 − 𝑢4

𝑈6 = 𝑢1 + 𝑢2 − 𝑢3 + 𝑢4

Substitute 𝐴1,𝐵1,𝐴2,𝐵2,𝐴3,𝐵3 in 𝑊𝑘,𝑊
′

𝑘(𝑘 = 1,2,3) from the system (3.19)
and using the boundary conditions of the system (3.19). The solution in the
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transform domain was obtained:

𝑊𝛼𝑛,1 =
𝐺21𝜒1 ((1−𝐺32) (−𝑇1 + 𝑇2) + (𝐺32 + 1) (𝑇3 − 𝑇4))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
2𝐺32𝐺21𝜒2 (𝑇5 − 𝑇6)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝐺214𝐺32𝑝𝛼𝑛

𝑇7

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
(4.1)

𝑊𝛼𝑛,2 =
𝜒1 ((1−𝐺32) (𝑇8 + 𝑇9) + (𝐺32 + 1) (𝑇10 + 𝑇11))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝐺32𝜒2 ((1−𝐺21) (−𝑇12 + 𝑇13) + (𝐺21 + 1) (𝑇5 − 𝑇6))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
2𝐺32𝑝𝛼𝑛

((1−𝐺21) (−𝑇14) + (𝐺21 + 1)𝑇7)

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
(4.2)

𝑊𝛼𝑛,3 =
2𝜒1 (𝑇10 + 𝑇11)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝜒2 ((1−𝐺21) (𝑇15 + 𝑇16) + (𝐺21 + 1) (𝑇17 + 𝑇18))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝑝𝛼𝑛

(𝑇7 (𝑅2 + 1) + 𝑇19 (𝑅4 − 1) + 𝑇20 (𝑅3 − 1) + 𝑇21 (𝑅1 + 1))

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
(4.3)

where:

𝑇1 = 𝑒−𝛼𝑛(−𝑏1+2𝑏2+𝑦) + 𝑒−𝛼𝑛(−𝑏1+2𝑏2−𝑦)

𝑇2 = 𝑒−𝛼𝑛(2𝑏+𝑏1−2𝑏2+𝑦) + 𝑒−𝛼𝑛(2𝑏+𝑏1−2𝑏2−𝑦)

𝑇3 = 𝑒−𝛼𝑛(𝑏1+𝑦) + 𝑒−𝛼𝑛(𝑏1−𝑦)

𝑇4 = 𝑒−𝛼𝑛(2𝑏−𝑏1+𝑦) + 𝑒−𝛼𝑛(2𝑏−𝑏1−𝑦)

𝑇5 = 𝑒−𝛼𝑛(𝑏2+𝑦) + 𝑒−𝛼𝑛(𝑏2−𝑦)

𝑇6 = 𝑒−𝛼𝑛(2𝑏−𝑏2+𝑦) + 𝑒−𝛼𝑛(2𝑏−𝑏2−𝑦)

𝑇7 = 𝑒−𝛼𝑛(𝑏+𝑦) + 𝑒−𝛼𝑛(𝑏−𝑦)

𝑇8 = 𝑒−𝛼𝑛(𝑏1+2𝑏2−𝑦) − 𝑒−𝛼𝑛(−𝑏1+2𝑏2−𝑦)

𝑇9 = 𝑒−𝛼𝑛(2𝑏+𝑏1−2𝑏2+𝑦) − 𝑒−𝛼𝑛(2𝑏−𝑏1−2𝑏2+𝑦)

𝑇10 = 𝑒−𝛼𝑛(𝑏1+𝑦) − 𝑒−𝛼𝑛(−𝑏1+𝑦)

𝑇11 = 𝑒−𝛼𝑛(2𝑏+𝑏1−𝑦) − 𝑒−𝛼𝑛(2𝑏−𝑏1−𝑦)
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𝑇12 = 𝑒−𝛼𝑛(2𝑏1+𝑏2−𝑦) + 𝑒−𝛼𝑛(−2𝑏1+𝑏2+𝑦)

𝑇13 = 𝑒−𝛼𝑛(2𝑏+2𝑏1−𝑏2−𝑦) + 𝑒−𝛼𝑛(2𝑏−2𝑏1−𝑏2+𝑦)

𝑇14 = 𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦)

𝑇15 = 𝑒−𝛼𝑛(2𝑏1−𝑏2+𝑦) − 𝑒−𝛼𝑛(−2𝑏1+𝑏2+𝑦)

𝑇16 = 𝑒−𝛼𝑛(2𝑏+2𝑏1−𝑏2−𝑦) − 𝑒−𝛼𝑛(2𝑏−2𝑏1+𝑏2−𝑦)

𝑇17 = 𝑒−𝛼𝑛(𝑏2+𝑦) − 𝑒−𝛼𝑛(−𝑏2+𝑦)

𝑇18 = 𝑒−𝛼𝑛(2𝑏+𝑏2−𝑦) − 𝑒−𝛼𝑛(2𝑏−𝑏2−𝑦)

𝑇19 = 𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦)

𝑇20 = 𝑒−𝛼𝑛(𝑏+2𝑏2−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏2+𝑦)

𝑇21 = 𝑒−𝛼𝑛(𝑏+2𝑏1−2𝑏2+𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+2𝑏2−𝑦)

𝐸1 = 𝑒−2𝛼𝑛(𝑏2−𝑏1) − 𝑒−2𝛼𝑛(𝑏+𝑏1−𝑏2)

𝐸2 = 𝑒−2𝛼𝑛𝑏2 − 𝑒−2𝛼𝑛(𝑏−𝑏2)

𝐸3 = 𝑒−2𝛼𝑛𝑏1 − 𝑒−2𝛼𝑛(𝑏−𝑏1)

𝑅1 = 𝐺21𝐺32 −𝐺21 −𝐺32

𝑅2 = 𝐺21𝐺32 +𝐺21 +𝐺32

𝑅3 = 𝐺21𝐺32 −𝐺21 +𝐺32

𝑅4 = 𝐺21𝐺32 +𝐺21 −𝐺32

𝑆 = 𝐸1 (𝑅1 + 1) + 𝐸2 (𝑅3 − 1) + 𝐸3 (𝑅4 − 1)

4.2. Inversion of integral transforms

The found solutions in the transform domain are inverted according to
the formula (3.9). It is derived:

𝑊1(𝑥,𝑦) =
2

𝑎

∞∑︁
𝑛=0

[︂
𝐺21𝜒1(𝜉) ((1−𝐺32) (−𝑇1 + 𝑇2) + (𝐺32 + 1) (𝑇3 − 𝑇4))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
2𝐺32𝐺21𝜒2(𝜉) (𝑇5 − 𝑇6)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝐺214𝐺32𝑝(𝜉)𝑇7

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

]︂
sin𝛼𝑛𝑥 (4.4)
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𝑊2(𝑥,𝑦) =
2

𝑎

∞∑︁
𝑛=0

[︂
𝜒1(𝜉) ((1−𝐺32) (𝑇8 + 𝑇9) + (𝐺32 + 1) (𝑇10 + 𝑇11))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝐺32𝜒2(𝜉) ((1−𝐺21) (−𝑇12 + 𝑇13) + (𝐺21 + 1) (𝑇5 − 𝑇6))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
2𝐺32𝑝(𝜉) ((1−𝐺21) (−𝑇14) + (𝐺21 + 1)𝑇7)

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

]︂
sin𝛼𝑛𝑥 (4.5)

𝑊3(𝑥,𝑦) =
2

𝑎

∞∑︁
𝑛=0

[︂
2𝜒1(𝜉) (𝑇10 + 𝑇11)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝜒2(𝜉) ((1−𝐺21) (𝑇15 + 𝑇16) + (𝐺21 + 1) (𝑇17 + 𝑇18))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝑝(𝜉) (𝑇7 (𝑅2 + 1) + 𝑇19 (𝑅4 − 1) + 𝑇20 (𝑅3 − 1) + 𝑇21 (𝑅1 + 1))

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

]︂
sin𝛼𝑛𝑥

(4.6)

Considering (3.12), (3.17), and (3.18) formulas (4.4),(4.5 ) and (4.5) can be
rewritten in the following form:

𝑊1(𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

[︂
𝐺21𝜒1(𝜉) ((1−𝐺32) (−𝑇1 + 𝑇2) + (𝐺32 + 1) (𝑇3 − 𝑇4))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
2𝐺32𝐺21𝜒2(𝜉) (𝑇5 − 𝑇6)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝐺214𝐺32𝑝(𝜉)𝑇7

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

]︂
Ω(𝑥,𝜉) 𝑑𝜉 (4.7)

𝑊2(𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

[︂
𝜒1(𝜉) ((1−𝐺32) (𝑇8 + 𝑇9) + (𝐺32 + 1) (𝑇10 + 𝑇11))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝐺32𝜒2(𝜉) ((1−𝐺21) (−𝑇12 + 𝑇13) + (𝐺21 + 1) (𝑇5 − 𝑇6))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
2𝐺32𝑝(𝜉) ((1−𝐺21) (−𝑇14) + (𝐺21 + 1)𝑇7)

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

]︂
Ω(𝑥,𝜉) 𝑑𝜉 (4.8)
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𝑊3(𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

[︂
2𝜒1(𝜉) (𝑇10 + 𝑇11)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝜒2(𝜉) ((1−𝐺21) (𝑇15 + 𝑇16) + (𝐺21 + 1) (𝑇17 + 𝑇18))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝑝(𝜉) (𝑇7 (𝑅2 + 1) + 𝑇19 (𝑅4 − 1) + 𝑇20 (𝑅3 − 1) + 𝑇21 (𝑅1 + 1))

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

]︂
Ω(𝑥,𝜉) 𝑑𝜉

(4.9)

4.3. Checking of the boundary conditions

It should be noted that no difficulties arose during the verification of homo-
geneous boundary conditions, so we will consider the case of non-homogeneous
boundary conditions for moving 𝑊3.
𝜕𝑊3

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏

=
𝑝(𝑥)

𝐺3
,

where
𝜕𝑊3

𝜕𝑦

⃒⃒⃒⃒
𝑦=𝑏

=
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

𝑝(𝜉) sin (𝛼𝑛𝑥) sin (𝛼𝑛𝜉)

𝐺3
𝑑𝜉

In order to check this inhomogeneous boundary condition, some transformations
should be made:
Changing the order of integration and summation
2

𝑎

∞∑︁
𝑛=0

[︂∫︁ 𝑎

0

𝑝(𝜉) sin (𝛼𝑛𝜉) 𝑑𝜉

]︂
sin (𝛼𝑛𝑥)

Continue the load 𝑝(𝑥) in the original problem in an odd way in order to check
the inhomogeneity of the boundary condition because there is no material for
−𝑎 < 𝑥 < 0. Moreover, the expansion in the Fourier series for the expanded
𝑝(𝑥) was used. Loads were select in such a way that 𝑝(0) = 0; otherwise, there
will be a discontinuity of the first kind.
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4.4. Summarization of weakly convergent parts
of series.

Consider the series
∞∑︁
𝑛=1

𝑎(𝑛), which is weakly convergent. For separation

of its weakly convergent part, the following technique [3] is used, namely:

The series
∞∑︁
𝑛=1

𝑎(𝑛) is split into two terms
∞∑︁
𝑛=1

𝑎(𝑛) =
𝐴∑︁

𝑛=0

𝑎(𝑛)+
∞∑︁

𝑛=𝐴

𝑎(𝑛). In the

second obtained series, the function is replaced by its asymptotic representation

at 𝑛 → ∞, after which the term
𝐴∑︁

𝑛=0

𝑎̃(𝑛) is added and subtracted, where 𝑎̃(𝑛)

is the asymptotic representation of the function 𝑎(𝑛). So:

∞∑︁
𝑛=1

𝑎(𝑘) =
∞∑︁
𝑛=0

𝑎̃(𝑛) +
𝐴∑︁

𝑛=0

(𝑎(𝑛)− 𝑎̃(𝑛)) , 𝐴 → ∞ (4.10)

The series
∞∑︁
𝑛=0

𝑎̃(𝑛) included in this representation can be summed using the

following [4] formulas:

∞∑︁
𝑛=0

𝑒−𝑛𝑡 sin𝑛𝑥 =
1

2

sin𝑥

cosh 𝑡− cos𝑥
(4.11)

∞∑︁
𝑛=0

𝑒−𝑛𝑡 cos𝑛𝑥 =
sh 𝑡

2(ch 𝑡− cos𝑥)
− 1

2
(4.12)

After integration of the formula (4.11), it is derived:

∞∑︁
𝑛=1

1

𝑛
𝑒−𝑛𝑡 cos𝑛𝑥 = −1

2
ln (ch 𝑡− cos𝑥) (4.13)
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4.4.1. Summation of weakly convergent parts of 𝑊1(𝑥; 𝑦)

𝑊1(𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

[︂
𝐺21𝜒1(𝜉) ((1−𝐺32) (−𝑇1 + 𝑇2) + (𝐺32 + 1) (𝑇3 − 𝑇4))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
2𝐺32𝐺21𝜒2(𝜉) (𝑇5 − 𝑇6)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝐺214𝐺32𝑝(𝜉)𝑇7

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

]︂
Ω(𝑥,𝜉) 𝑑𝜉

where:

𝑇1 = 𝑒−𝛼𝑛(−𝑏1+2𝑏2+𝑦) + 𝑒−𝛼𝑛(−𝑏1+2𝑏2−𝑦)

𝑇2 = 𝑒−𝛼𝑛(2𝑏+𝑏1−2𝑏2+𝑦) + 𝑒−𝛼𝑛(2𝑏+𝑏1−2𝑏2−𝑦)

𝑇3 = 𝑒−𝛼𝑛(𝑏1+𝑦) + 𝑒−𝛼𝑛(𝑏1−𝑦)

𝑇4 = 𝑒−𝛼𝑛(2𝑏−𝑏1+𝑦) + 𝑒−𝛼𝑛(2𝑏−𝑏1−𝑦)

𝑇5 = 𝑒−𝛼𝑛(𝑏2+𝑦) + 𝑒−𝛼𝑛(𝑏2−𝑦)

𝑇6 = 𝑒−𝛼𝑛(2𝑏−𝑏2+𝑦) + 𝑒−𝛼𝑛(2𝑏−𝑏2−𝑦)

𝑇7 = 𝑒−𝛼𝑛(𝑏+𝑦) + 𝑒−𝛼𝑛(𝑏−𝑦)

Ω(𝑥,𝜉) =
1

2
(cos𝛼𝑛(𝜉 − 𝑥)− cos𝛼𝑛(𝜉 + 𝑥))

Applying the formula (4.12) to the first term, it is obtained:

𝐶0 = − sh 𝑡0
(ch 𝑡0 − cos𝑥0)

𝐶1 = − sh 𝑡1
(ch 𝑡1 − cos𝑥0)

𝐶2 =
sh 𝑡2

(ch 𝑡2 − cos𝑥0)

𝐶3 =
sh 𝑡3

(ch 𝑡3 − cos𝑥0)

𝐶4 =
sh 𝑡0

(ch 𝑡0 − cos𝑥1)

𝐶5 =
sh 𝑡1

(ch 𝑡1 − cos𝑥1)

𝐶6 = − sh 𝑡2
(ch 𝑡2 − cos𝑥1)

𝐶7 = − sh 𝑡3
(ch 𝑡3 − cos𝑥1)

𝐶8 =
sh 𝑡4

(ch 𝑡4 − cos𝑥0)

𝐶9 =
sh 𝑡5

(ch 𝑡5 − cos𝑥0)

𝐶10 = − sh 𝑡6
(ch 𝑡6 − cos𝑥0)

𝐶11 = − sh 𝑡7
(ch 𝑡7 − cos𝑥0)

𝐶12 = − sh 𝑡4
(ch 𝑡4 − cos𝑥1)

𝐶13 = − sh 𝑡5
(ch 𝑡5 − cos𝑥1)
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𝐶14 =
sh 𝑡6

(ch 𝑡6 − cos𝑥1)
𝐶15 =

sh 𝑡7
(ch 𝑡7 − cos𝑥1)

Where:

𝑡0 =
𝜋

𝑎
(−𝑏1 + 2𝑏2 + 𝑦);

𝑡1 =
𝜋

𝑎
(−𝑏1 + 2𝑏2 − 𝑦);

𝑡2 =
𝜋

𝑎
(2𝑏+ 𝑏1 − 2𝑏2 + 𝑦);

𝑡3 =
𝜋

𝑎
(2𝑏+ 𝑏1 − 2𝑏2 − 𝑦);

𝑡4 =
𝜋

𝑎
(𝑏1 + 𝑦);

𝑡5 =
𝜋

𝑎
(𝑏1 − 𝑦);

𝑡6 =
𝜋

𝑎
(2𝑏− 𝑏1 + 𝑦);

𝑡7 =
𝜋

𝑎
(2𝑏− 𝑏1 − 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Applying the formula (4.12) to the second term, it is derived:

𝐶16 =
sh 𝑡8

(ch 𝑡8 − cos𝑥0)

𝐶17 =
sh 𝑡9

(ch 𝑡9 − cos𝑥0)

𝐶18 = − sh 𝑡10
(ch 𝑡10 − cos𝑥0)

𝐶19 = − sh 𝑡11
(ch 𝑡11 − cos𝑥0)

𝐶20 = − sh 𝑡8
(ch 𝑡8 − cos𝑥1)

𝐶21 = − sh 𝑡9
(ch 𝑡9 − cos𝑥1)

𝐶22 =
sh 𝑡10

(ch 𝑡10 − cos𝑥1)

𝐶23 =
sh 𝑡11

(ch 𝑡11 − cos𝑥1)

Where:

𝑡8 =
𝜋

𝑎
(𝑏2 + 𝑦);

𝑡9 =
𝜋

𝑎
(𝑏2 − 𝑦);

𝑡10 =
𝜋

𝑎
(2𝑏− 𝑏2 + 𝑦);

𝑡11 =
𝜋

𝑎
(2𝑏− 𝑏2 − 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Applying the formula (4.13) to the third term, it is obtained:

𝐶24 = − ln (ch 𝑡12 − cos𝑥0)

𝐶25 = − ln (ch 𝑡13 − cos𝑥0)

𝐶26 = ln (ch 𝑡12 − cos𝑥1)

𝐶27 = ln (ch 𝑡13 − cos𝑥1)

Where:
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𝑡12 =
𝜋

𝑎
(𝑏+ 𝑦);

𝑡13 =
𝜋

𝑎
(𝑏− 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Then the weakly convergent part for 𝑊1(𝑥; 𝑦) will have the form:

𝑊1(𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

𝐺21𝜒1(𝜉)

[︃
1

2

7∑︁
𝑤=0

{(1−𝐺32)𝐶𝑤 + (1 +𝐺32)𝐶𝑤+8} +

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄1 −𝑄2]

]︃
𝑑𝜉+

+
2

𝑎

∫︁ 𝑎

0

2𝐺32𝐺21𝜒2(𝜉)

[︃
1

2

23∑︁
𝑤=16

𝐶𝑤 +
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄3 −𝑄4]

]︃
𝑑𝜉+

+
2

𝑎

∫︁ 𝑎

0

4𝐺21𝐺32𝑝(𝜉)

[︃
27∑︁

𝑤=24

𝜋

2𝑎
𝐶𝑤 +

1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄5 −𝑄6]

]︃
𝑑𝜉 (4.14)

here and further:

Ξ(𝑥,𝜉) = cos𝛼𝑛(𝜉 − 𝑥)− cos𝛼𝑛(𝜉 + 𝑥)

𝑄1 =
(1−𝐺32) (−𝑇1 + 𝑇2) + (𝐺32 + 1) (𝑇3 − 𝑇4)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄2 =
(1−𝐺32) (−𝑇1 + 𝑇2) + (𝐺32 + 1) (𝑇3 − 𝑇4)

(𝑅2 + 1)

𝑄3 =
𝑇5 − 𝑇6

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄4 =
𝑇5 − 𝑇6

(𝑅2 + 1)

𝑄5 =
𝑇7

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄6 =
𝑇7

𝐺3𝛼𝑛 (𝑅2 + 1)
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4.4.2. Summation of weakly convergent parts of 𝜏 1𝑦𝑧

𝜕𝑊1

𝜕𝑦
(𝑥; 𝑦) = 𝐺1

[︃
2

𝑎

∫︁ 𝑎

0

𝐺21𝜒1(𝜉)

[︃
𝛼

2

7∑︁
𝑤=0

{︁
(1−𝐺32)𝐶

′

𝑤 + (1 +𝐺32)𝐶
′

𝑤+8

}︁
+

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

1 −𝑄
′

2]

]︃
𝑑𝜉+

+
2

𝑎

∫︁ 𝑎

0

2𝐺32𝐺21𝜒2(𝜉)

[︃
𝛼

2

23∑︁
𝑤=16

𝐶
′

𝑤 +
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

3 −𝑄
′

4]

]︃
𝑑𝜉+

+
2

𝑎

∫︁ 𝑎

0

4𝐺21𝐺32𝑝(𝜉)

[︃
𝛼𝜋

2𝑎

27∑︁
𝑤=24

𝐶
′

𝑤 +
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

5 −𝑄
′

6]

]︃
𝑑𝜉

]︃
(4.15)

𝐶
′

0 = − 1− ch 𝑡0 cos𝑥0
(ch 𝑡0 − cos𝑥0)2

𝐶
′

1 =
1− ch 𝑡1 cos𝑥0
(ch 𝑡1 − cos𝑥0)2

𝐶
′

2 =
1− ch 𝑡2 cos𝑥0
(ch 𝑡2 − cos𝑥0)2

𝐶
′

3 = − 1− ch 𝑡3 cos𝑥0
(ch 𝑡3 − cos𝑥0)2

𝐶
′

4 =
1− ch 𝑡0 cos𝑥1
(ch 𝑡0 − cos𝑥1)2

𝐶
′

5 = − 1− ch 𝑡1 cos𝑥1
(ch 𝑡1 − cos𝑥1)2

𝐶
′

6 = − 1− ch 𝑡2 cos𝑥1
(ch 𝑡2 − cos𝑥1)2

𝐶
′

7 =
1− ch 𝑡3 cos𝑥1
(ch 𝑡3 − cos𝑥1)2

𝐶
′

8 =
1− ch 𝑡4 cos𝑥0
(ch 𝑡4 − cos𝑥0)2

𝐶
′

9 = − 1− ch 𝑡5 cos𝑥0
(ch 𝑡5 − cos𝑥0)2

𝐶
′

10 = − 1− ch 𝑡6 cos𝑥0
(ch 𝑡6 − cos𝑥0)2

𝐶
′

11 =
1− ch 𝑡7 cos𝑥0
(ch 𝑡7 − cos𝑥0)2

𝐶
′

12 = − 1− ch 𝑡4 cos𝑥1
(ch 𝑡4 − cos𝑥1)2

𝐶
′

13 =
1− ch 𝑡5 cos𝑥1
(ch 𝑡5 − cos𝑥1)2

𝐶
′

14 =
1− ch 𝑡6 cos𝑥1
(ch 𝑡6 − cos𝑥1)2

𝐶
′

15 = − 1− ch 𝑡7 cos𝑥1
(ch 𝑡7 − cos𝑥1)2

𝐶
′

16 =
1− ch 𝑡8 cos𝑥0
(ch 𝑡8 − cos𝑥0)2

𝐶
′

17 = − 1− ch 𝑡9 cos𝑥0
(ch 𝑡9 − cos𝑥0)2

𝐶
′

18 = − 1− ch 𝑡10 cos𝑥0
(ch 𝑡10 − cos𝑥0)2

𝐶
′

19 =
1− ch 𝑡11 cos𝑥0
(ch 𝑡11 − cos𝑥0)2

𝐶
′

20 = − 1− ch 𝑡8 cos𝑥1
(ch 𝑡8 − cos𝑥1)2

𝐶
′

21 =
1− ch 𝑡9 cos𝑥1
(ch 𝑡9 − cos𝑥1)2

𝐶
′

22 =
1− ch 𝑡10 cos𝑥1
(ch 𝑡10 − cos𝑥1)2

𝐶
′

23 = − 1− ch 𝑡11 cos𝑥1
(ch 𝑡11 − cos𝑥1)2
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𝐶
′

24 = − sh 𝑡12
(ch 𝑡12 − cos𝑥0)

𝐶
′

25 =
sh 𝑡13

(ch 𝑡13 − cos𝑥0)

𝐶
′

26 =
sh 𝑡12

(ch 𝑡12 − cos𝑥1)

𝐶
′

27 = − sh 𝑡13
(ch 𝑡13 − cos𝑥1)

𝑄
′

1 =
(1−𝐺32)

(︀
−𝑇

′

1 + 𝑇
′

2

)︀
+ (𝐺32 + 1)

(︀
𝑇

′

3 − 𝑇
′

4

)︀
((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄
′

2 =
(1−𝐺32)

(︀
−𝑇

′

1 + 𝑇
′

2

)︀
+ (𝐺32 + 1)

(︀
𝑇

′

3 − 𝑇
′

4

)︀
(𝑅2 + 1)

𝑄
′

3 =
𝑇

′

5 − 𝑇
′

6

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄
′

4 =
𝑇

′

5 − 𝑇
′

6

(𝑅2 + 1)

𝑄
′

5 =
𝑇

′

7

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄
′

6 =
𝑇

′

7

𝐺3𝛼𝑛 (𝑅2 + 1)

𝑇
′

1 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(−𝑏1+2𝑏2+𝑦) − 𝑒−𝛼𝑛(−𝑏1+2𝑏2−𝑦)

)︀
𝑇

′

2 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(2𝑏+𝑏1−2𝑏2+𝑦) − 𝑒−𝛼𝑛(2𝑏+𝑏1−2𝑏2−𝑦)

)︀
𝑇

′

3 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(𝑏1+𝑦) − 𝑒−𝛼𝑛(𝑏1−𝑦)

)︀
𝑇

′

4 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(2𝑏−𝑏1+𝑦) − 𝑒−𝛼𝑛(2𝑏−𝑏1−𝑦)

)︀
𝑇

′

5 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(𝑏2+𝑦) − 𝑒−𝛼𝑛(𝑏2−𝑦)

)︀
𝑇

′

6 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(2𝑏−𝑏2+𝑦) − 𝑒−𝛼𝑛(2𝑏−𝑏2−𝑦)

)︀
𝑇

′

7 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(𝑏+𝑦) − 𝑒−𝛼𝑛(𝑏−𝑦)

)︀
𝑡0 =

𝜋

𝑎
(−𝑏1 + 2𝑏2 + 𝑦);

𝑡1 =
𝜋

𝑎
(−𝑏1 + 2𝑏2 − 𝑦);

𝑡2 =
𝜋

𝑎
(2𝑏+ 𝑏1 − 2𝑏2 + 𝑦);

𝑡3 =
𝜋

𝑎
(2𝑏+ 𝑏1 − 2𝑏2 − 𝑦);

𝑡4 =
𝜋

𝑎
(𝑏1 + 𝑦);

𝑡5 =
𝜋

𝑎
(𝑏1 − 𝑦);

𝑡6 =
𝜋

𝑎
(2𝑏− 𝑏1 + 𝑦);

𝑡7 =
𝜋

𝑎
(2𝑏− 𝑏1 − 𝑦);

𝑡8 =
𝜋

𝑎
(𝑏2 + 𝑦);

𝑡9 =
𝜋

𝑎
(𝑏2 − 𝑦);

𝑡10 =
𝜋

𝑎
(2𝑏− 𝑏2 + 𝑦);

𝑡11 =
𝜋

𝑎
(2𝑏− 𝑏2 − 𝑦);

𝑡12 =
𝜋

𝑎
(𝑏+ 𝑦);

𝑡13 =
𝜋

𝑎
(𝑏− 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);
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4.4.3. Summation of weakly convergent parts of 𝑊2(𝑥; 𝑦)

𝑊2(𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

[︂
𝜒1(𝜉) ((1−𝐺32) (𝑇8 + 𝑇9) + (𝐺32 + 1) (𝑇10 + 𝑇11))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝐺32𝜒2(𝜉) ((1−𝐺21) (−𝑇12 + 𝑇13) + (𝐺21 + 1) (𝑇5 − 𝑇6))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
2𝐺32𝑝(𝜉) ((1−𝐺21) (−𝑇14) + (𝐺21 + 1)𝑇7)

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

]︂
Ω(𝑥,𝜉) 𝑑𝜉 (4.16)

where:

𝑇5 = 𝑒−𝛼𝑛(𝑏2+𝑦) + 𝑒−𝛼𝑛(𝑏2−𝑦)

𝑇6 = 𝑒−𝛼𝑛(2𝑏−𝑏2+𝑦) + 𝑒−𝛼𝑛(2𝑏−𝑏2−𝑦)

𝑇7 = 𝑒−𝛼𝑛(𝑏+𝑦) + 𝑒−𝛼𝑛(𝑏−𝑦)

𝑇8 = 𝑒−𝛼𝑛(𝑏1+2𝑏2−𝑦) − 𝑒−𝛼𝑛(−𝑏1+2𝑏2−𝑦)

𝑇9 = 𝑒−𝛼𝑛(2𝑏+𝑏1−2𝑏2+𝑦) − 𝑒−𝛼𝑛(2𝑏−𝑏1−2𝑏2+𝑦)

𝑇10 = 𝑒−𝛼𝑛(𝑏1+𝑦) − 𝑒−𝛼𝑛(−𝑏1+𝑦)

𝑇11 = 𝑒−𝛼𝑛(2𝑏+𝑏1−𝑦) − 𝑒−𝛼𝑛(2𝑏−𝑏1−𝑦)

𝑇12 = 𝑒−𝛼𝑛(2𝑏1+𝑏2−𝑦) + 𝑒−𝛼𝑛(−2𝑏1+𝑏2+𝑦)

𝑇13 = 𝑒−𝛼𝑛(2𝑏+2𝑏1−𝑏2−𝑦) + 𝑒−𝛼𝑛(2𝑏−2𝑏1−𝑏2+𝑦)

𝑇14 = 𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦)

Ω(𝑥,𝜉) =
1

2
(cos𝛼𝑛(𝜉 − 𝑥)− cos𝛼𝑛(𝜉 + 𝑥))

Applying the formula (4.12) to the first term, it is obtained:

𝐷0 =
sh𝜗0

(ch𝜗0 − cos𝑥0)

𝐷1 =
sh𝜗1

(ch𝜗1 − cos𝑥0)

𝐷2 =
sh𝜗2

(ch𝜗2 − cos𝑥0)

𝐷3 =
sh𝜗3

(ch𝜗3 − cos𝑥0)

𝐷4 = − sh𝜗0

(ch𝜗0 − cos𝑥1)

𝐷5 = − sh𝜗1

(ch𝜗1 − cos𝑥1)

𝐷6 = − sh𝜗2

(ch𝜗2 − cos𝑥1)

𝐷7 = − sh𝜗3

(ch𝜗3 − cos𝑥1)

𝐷8 =
sh𝜗4

(ch𝜗4 − cos𝑥0)

𝐷9 =
sh𝜗5

(ch𝜗5 − cos𝑥0)
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𝐷10 =
sh𝜗6

(ch𝜗6 − cos𝑥0)

𝐷11 =
sh𝜗7

(ch𝜗7 − cos𝑥0)

𝐷12 = − sh𝜗4

(ch𝜗4 − cos𝑥1)

𝐷13 = − sh𝜗5

(ch𝜗5 − cos𝑥1)

𝐷14 = − sh𝜗6

(ch𝜗6 − cos𝑥1)

𝐷15 = − sh𝜗7

(ch𝜗7 − cos𝑥1)

Where:

𝜗0 =
𝜋

𝑎
(𝑏1 + 2𝑏2 − 𝑦);

𝜗1 =
𝜋

𝑎
(−𝑏1 + 2𝑏2 − 𝑦);

𝜗2 =
𝜋

𝑎
(2𝑏+ 𝑏1 − 2𝑏2 + 𝑦);

𝜗3 =
𝜋

𝑎
(2𝑏+ 𝑏1 − 2𝑏2 − 𝑦);

𝜗4 =
𝜋

𝑎
(𝑏1 + 𝑦);

𝜗5 =
𝜋

𝑎
(𝑏1 − 𝑦);

𝜗6 =
𝜋

𝑎
(2𝑏− 𝑏1 + 𝑦);

𝜗7 =
𝜋

𝑎
(2𝑏− 𝑏1 − 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Applying the formula (4.12) to the second term, it is obtained:

𝐷16 = − sh𝜗8

(ch𝜗8 − cos𝑥0)

𝐷17 = − sh𝜗9

(ch𝜗9 − cos𝑥0)

𝐷18 =
sh𝜗10

(ch𝜗10 − cos𝑥0)

𝐷19 =
sh𝜗11

(ch𝜗11 − cos𝑥0)

𝐷20 =
sh𝜗8

(ch𝜗8 − cos𝑥1)

𝐷21 =
sh𝜗9

(ch𝜗9 − cos𝑥1)

𝐷22 = − sh𝜗10

(ch𝜗10 − cos𝑥1)

𝐷23 = − sh𝜗11

(ch𝜗11 − cos𝑥1)

𝐷24 =
sh𝜗12

(ch𝜗12 − cos𝑥0)

𝐷25 =
sh𝜗13

(ch𝜗13 − cos𝑥0)

𝐷26 = − sh𝜗14

(ch𝜗14 − cos𝑥0)

𝐷27 = − sh𝜗15

(ch𝜗15 − cos𝑥0)

𝐷28 = − sh𝜗12

(ch𝜗12 − cos𝑥1)

𝐷29 = − sh𝜗13

(ch𝜗13 − cos𝑥1)

𝐷30 =
sh𝜗14

(ch𝜗14 − cos𝑥1)

𝐷31 =
sh𝜗15

(ch𝜗15 − cos𝑥1)

Where:
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𝜗8 =
𝜋

𝑎
(2𝑏1 + 𝑏2 − 𝑦);

𝜗9 =
𝜋

𝑎
(−2𝑏1 + 𝑏2 + 𝑦);

𝜗10 =
𝜋

𝑎
(2𝑏+ 2𝑏1 − 𝑏2 − 𝑦);

𝜗11 =
𝜋

𝑎
(2𝑏− 2𝑏1 − 𝑏2 + 𝑦);

𝜗12 =
𝜋

𝑎
(𝑏2 + 𝑦);

𝜗13 =
𝜋

𝑎
(𝑏2 − 𝑦);

𝜗14 =
𝜋

𝑎
(2𝑏− 𝑏2 + 𝑦);

𝜗15 =
𝜋

𝑎
(2𝑏− 𝑏2 − 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Applying the formula (4.13) to the third term, it is obtained:

𝐷32 = ln (ch𝜗16 − cos𝑥0)

𝐷33 = ln (ch𝜗17 − cos𝑥0)

𝐷34 = − ln (ch𝜗16 − cos𝑥1)

𝐷35 = − ln (ch𝜗17 − cos𝑥1)

𝐷36 = − ln (ch𝜗18 − cos𝑥0)

𝐷37 = − ln (ch𝜗19 − cos𝑥0)

𝐷38 = ln (ch𝜗18 − cos𝑥1)

𝐷39 = ln (ch𝜗19 − cos𝑥1)

Where:

𝜗16 =
𝜋

𝑎
(𝑏+ 2𝑏1 − 𝑦);

𝜗17 =
𝜋

𝑎
(𝑏− 2𝑏1 + 𝑦);

𝜗18 =
𝜋

𝑎
(𝑏+ 𝑦);

𝜗19 =
𝜋

𝑎
(𝑏− 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Then the weakly convergent part for 𝑊2(𝑥; 𝑦) will have the form:
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𝑊2(𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

𝐺3𝜒1(𝜉)

[︃
1

2

7∑︁
𝜅=0

{(1−𝐺32)𝐷𝜅 + (1 +𝐺32)𝐷𝜅+8} +

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄7 −𝑄8]

]︃
𝑑𝜉+

+
2

𝑎

∫︁ 𝑎

0

𝐺3𝐺32𝜒2(𝜉)

[︃
1

2

23∑︁
𝜅=16

{(1−𝐺21)𝐷𝜅 + (1 +𝐺21)𝐷𝜅+8} +

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄9 −𝑄10]

]︃
𝑑𝜉+

+
2

𝑎

∫︁ 𝑎

0

4𝐺21𝐺32𝑝(𝜉)

[︃
35∑︁

𝑤=32

𝜋

2𝑎
{(1−𝐺21)𝐷𝜅 + (1 +𝐺21)𝐷𝜅+4} +

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄11 −𝑄12]

]︃
𝑑𝜉 (4.17)

here and further:

Ξ(𝑥,𝜉) = cos𝛼𝑛(𝜉 − 𝑥)− cos𝛼𝑛(𝜉 + 𝑥)

𝑄7 =
(1−𝐺32) (𝑇8 + 𝑇9) + (𝐺32 + 1) (𝑇10 + 𝑇11)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄8 =
(1−𝐺32) (𝑇8 + 𝑇9) + (𝐺32 + 1) (𝑇10 + 𝑇11)

(𝑅2 + 1)

𝑄9 =
(1−𝐺21) (−𝑇12 + 𝑇13) + (𝐺21 + 1) (𝑇5 − 𝑇6)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄10 =
(1−𝐺21) (−𝑇12 + 𝑇13) + (𝐺21 + 1) (𝑇5 − 𝑇6)

(𝑅2 + 1)

𝑄11 =
(1−𝐺21) (−𝑇14) + (𝐺21 + 1)𝑇7

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄12 =
(1−𝐺21) (−𝑇14) + (𝐺21 + 1)𝑇7

𝐺3𝛼𝑛 (𝑅2 + 1)
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4.4.4. Summation of weakly convergent parts of 𝜏 2𝑦𝑧

𝜕𝑊2

𝜕𝑦
(𝑥; 𝑦) = 𝐺2

[︃
2

𝑎

∫︁ 𝑎

0

𝜒1(𝜉)

[︃
𝛼

2

7∑︁
𝜅=0

{︁
(1−𝐺32)𝐷

′

𝜅 + (1 +𝐺32)𝐷
′

𝜅+8

}︁
+

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

7 −𝑄
′

8]

]︃
𝑑𝜉+

+
2

𝑎

∫︁ 𝑎

0

𝐺32𝜒2(𝜉)

[︃
𝛼

2

23∑︁
𝜅=16

{︁
(1−𝐺21)𝐷

′

𝜅 + (1 +𝐺21)𝐷
′

𝜅+8

}︁
+

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

9 −𝑄
′

10]

]︃
𝑑𝜉+

+
2

𝑎

∫︁ 𝑎

0

4𝐺21𝐺32𝑝(𝜉)

[︃
𝛼𝜋

2𝑎

35∑︁
𝑤=32

{︁
(1−𝐺21)𝐷

′

𝜅 + (1 +𝐺21)𝐷
′

𝜅+4

}︁
+

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

11 −𝑄
′

12]

]︃
𝑑𝜉

]︃
(4.18)

𝐷
′

0 = − 1− ch𝜗0 cos𝑥0
(ch𝜗0 − cos𝑥0)2

𝐷
′

1 = − 1− ch𝜗1 cos𝑥0
(ch𝜗1 − cos𝑥0)2

𝐷
′

2 =
1− ch𝜗2 cos𝑥0
(ch𝜗2 − cos𝑥0)2

𝐷
′

3 = − 1− ch𝜗3 cos𝑥0
(ch𝜗3 − cos𝑥0)2

𝐷
′

4 =
1− ch𝜗0 cos𝑥1
(ch𝜗0 − cos𝑥1)2

𝐷
′

5 =
1− ch𝜗1 cos𝑥1
(ch𝜗1 − cos𝑥1)2

𝐷
′

6 = − 1− ch𝜗2 cos𝑥1
(ch𝜗2 − cos𝑥1)2

𝐷
′

7 =
1− ch𝜗3 cos𝑥1
(ch𝜗3 − cos𝑥1)2

𝐷
′

8 =
1− ch𝜗4 cos𝑥0
(ch𝜗4 − cos𝑥0)2

𝐷
′

9 = − 1− ch𝜗5 cos𝑥0
(ch𝜗5 − cos𝑥0)2

𝐷
′

10 =
1− ch𝜗6 cos𝑥0
(ch𝜗6 − cos𝑥0)2

𝐷
′

11 = − 1− ch𝜗7 cos𝑥0
(ch𝜗7 − cos𝑥0)2

𝐷
′

12 = − 1− ch𝜗4 cos𝑥1
(ch𝜗4 − cos𝑥1)2

𝐷
′

13 =
1− ch𝜗5 cos𝑥1
(ch𝜗5 − cos𝑥1)2

𝐷
′

14 = − 1− ch𝜗6 cos𝑥1
(ch𝜗6 − cos𝑥1)2

𝐷
′

15 =
1− ch𝜗7 cos𝑥1
(ch𝜗7 − cos𝑥1)2

𝐷
′

16 =
1− ch𝜗8 cos𝑥0
(ch𝜗8 − cos𝑥0)2

𝐷
′

17 = − 1− ch𝜗9 cos𝑥0
(ch𝜗9 − cos𝑥0)2

𝐷
′

18 = −1− ch𝜗10 cos𝑥0
(ch𝜗10 − cos𝑥0)

𝐷
′

19 =
1− ch𝜗11 cos𝑥0
(ch𝜗11 − cos𝑥0)2
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𝐷
′

20 = − 1− ch𝜗8 cos𝑥1
(ch𝜗8 − cos𝑥1)2

𝐷
′

21 =
1− ch𝜗9 cos𝑥1
(ch𝜗9 − cos𝑥1)2

𝐷
′

22 =
1− ch𝜗10 cos𝑥1
(ch𝜗10 − cos𝑥1)2

𝐷
′

23 = − 1− ch𝜗11 cos𝑥1
(ch𝜗11 − cos𝑥1)2

𝐷
′

24 =
1− ch𝜗12 cos𝑥0
(ch𝜗12 − cos𝑥0)2

𝐷
′

25 = − 1− ch𝜗13 cos𝑥0
(ch𝜗13 − cos𝑥0)2

𝐷
′

26 = − 1− ch𝜗14 cos𝑥0
(ch𝜗14 − cos𝑥0)2

𝐷
′

27 =
1− ch𝜗15 cos𝑥0
(ch𝜗15 − cos𝑥0)2

𝐷
′

28 = − 1− ch𝜗12 cos𝑥1
(ch𝜗12 − cos𝑥1)2

𝐷
′

29 =
1− ch𝜗13 cos𝑥1
(ch𝜗13 − cos𝑥1)2

𝐷
′

30 =
1− ch𝜗14 cos𝑥1
(ch𝜗14 − cos𝑥1)2

𝐷
′

31 = − 1− ch𝜗15 cos𝑥1
(ch𝜗15 − cos𝑥1)2

𝐷
′

32 = − sh𝜗16

(ch𝜗16 − cos𝑥0)

𝐷
′

33 =
sh𝜗17

(ch𝜗17 − cos𝑥0)

𝐷
′

34 =
sh𝜗16

(ch𝜗16 − cos𝑥1)

𝐷
′

35 = − sh𝜗17

(ch𝜗17 − cos𝑥1)

𝐷
′

36 = − sh𝜗18

(ch𝜗18 − cos𝑥0)

𝐷
′

37 =
sh𝜗19

(ch𝜗19 − cos𝑥0)

𝐷
′

38 =
sh𝜗18

(ch𝜗18 − cos𝑥1)

𝐷
′

39 = − sh𝜗19

(ch𝜗19 − cos𝑥1)

𝑄
′

7 =
(1−𝐺32)

(︀
𝑇

′

8 + 𝑇
′

9

)︀
+ (𝐺32 + 1)

(︀
𝑇

′

10 + 𝑇
′

11

)︀
((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄
′

8 =
(1−𝐺32)

(︀
𝑇

′

8 + 𝑇
′

9

)︀
+ (𝐺32 + 1)

(︀
𝑇

′

10 + 𝑇
′

11

)︀
(𝑅2 + 1)

𝑄
′

9 =
(1−𝐺21)

(︀
−𝑇

′

12 + 𝑇
′

13

)︀
+ (𝐺21 + 1)

(︀
𝑇

′

5 − 𝑇
′

6

)︀
((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄
′

10 =
(1−𝐺21)

(︀
−𝑇

′

12 + 𝑇
′

13

)︀
+ (𝐺21 + 1)

(︀
𝑇

′

5 − 𝑇
′

6

)︀
(𝑅2 + 1)

𝑄
′

11 =
(1−𝐺21)

(︀
−𝑇

′

14

)︀
+ (𝐺21 + 1)𝑇

′

7

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄
′

12 =
(1−𝐺21)

(︀
−𝑇

′

14

)︀
+ (𝐺21 + 1)𝑇

′

7

𝐺3𝛼𝑛 (𝑅2 + 1)

𝑇
′

5 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(𝑏2+𝑦) − 𝑒−𝛼𝑛(𝑏2−𝑦)

)︀
𝑇

′

6 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(2𝑏−𝑏2+𝑦) − 𝑒−𝛼𝑛(2𝑏−𝑏2−𝑦)

)︀
𝑇

′

7 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(𝑏+𝑦) − 𝑒−𝛼𝑛(𝑏−𝑦)

)︀
𝑇

′

8 = −𝛼𝑛

(︀
−𝑒−𝛼𝑛(𝑏1+2𝑏2−𝑦) + 𝑒−𝛼𝑛(−𝑏1+2𝑏2−𝑦)

)︀
𝑇

′

9 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(2𝑏+𝑏1−2𝑏2+𝑦) − 𝑒−𝛼𝑛(2𝑏−𝑏1−2𝑏2+𝑦)

)︀
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𝑇
′

10 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(𝑏1+𝑦) − 𝑒−𝛼𝑛(−𝑏1+𝑦)

)︀
𝑇

′

11 = −𝛼𝑛

(︀
−𝑒−𝛼𝑛(2𝑏+𝑏1−𝑦) + 𝑒−𝛼𝑛(2𝑏−𝑏1−𝑦)

)︀
𝑇

′

12 = −𝛼𝑛

(︀
−𝑒−𝛼𝑛(2𝑏1+𝑏2−𝑦) + 𝑒−𝛼𝑛(−2𝑏1+𝑏2+𝑦)

)︀
𝑇

′

13 = −𝛼𝑛

(︀
−𝑒−𝛼𝑛(2𝑏+2𝑏1−𝑏2−𝑦) + 𝑒−𝛼𝑛(2𝑏−2𝑏1−𝑏2+𝑦)

)︀
𝑇

′

14 = −𝛼𝑛

(︀
−𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦)

)︀
𝜗0 =

𝜋

𝑎
(𝑏1 + 2𝑏2 − 𝑦);

𝜗1 =
𝜋

𝑎
(−𝑏1 + 2𝑏2 − 𝑦);

𝜗2 =
𝜋

𝑎
(2𝑏+ 𝑏1 − 2𝑏2 + 𝑦);

𝜗3 =
𝜋

𝑎
(2𝑏+ 𝑏1 − 2𝑏2 − 𝑦);

𝜗4 =
𝜋

𝑎
(𝑏1 + 𝑦);

𝜗5 =
𝜋

𝑎
(𝑏1 − 𝑦);

𝜗6 =
𝜋

𝑎
(2𝑏− 𝑏1 + 𝑦);

𝜗7 =
𝜋

𝑎
(2𝑏− 𝑏1 − 𝑦);

𝜗8 =
𝜋

𝑎
(2𝑏1 + 𝑏2 − 𝑦);

𝜗9 =
𝜋

𝑎
(−2𝑏1 + 𝑏2 + 𝑦);

𝜗10 =
𝜋

𝑎
(2𝑏+ 2𝑏1 − 𝑏2 − 𝑦);

𝜗11 =
𝜋

𝑎
(2𝑏− 2𝑏1 − 𝑏2 + 𝑦);

𝜗12 =
𝜋

𝑎
(𝑏2 + 𝑦);

𝜗13 =
𝜋

𝑎
(𝑏2 − 𝑦);

𝜗14 =
𝜋

𝑎
(2𝑏− 𝑏2 + 𝑦);

𝜗15 =
𝜋

𝑎
(2𝑏− 𝑏2 − 𝑦);

𝜗16 =
𝜋

𝑎
(𝑏+ 2𝑏1 − 𝑦);

𝜗17 =
𝜋

𝑎
(𝑏− 2𝑏1 + 𝑦);

𝜗18 =
𝜋

𝑎
(𝑏+ 𝑦);

𝜗19 =
𝜋

𝑎
(𝑏− 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);
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4.4.5. Summation of weakly convergent parts of 𝑊3(𝑥; 𝑦)

𝑊3(𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

∞∑︁
𝑛=0

[︂
2𝜒1(𝜉) (𝑇10 + 𝑇11)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝜒2(𝜉) ((1−𝐺21) (𝑇15 + 𝑇16) + (𝐺21 + 1) (𝑇17 + 𝑇18))

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
+

+
𝑝(𝜉) (𝑇7 (𝑅2 + 1) + 𝑇19 (𝑅4 − 1) + 𝑇20 (𝑅3 − 1) + 𝑇21 (𝑅1 + 1))

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

]︂
Ω(𝑥,𝜉) 𝑑𝜉

where:

𝑇7 = 𝑒−𝛼𝑛(𝑏+𝑦) + 𝑒−𝛼𝑛(𝑏−𝑦)

𝑇10 = 𝑒−𝛼𝑛(𝑏1+𝑦) − 𝑒−𝛼𝑛(−𝑏1+𝑦)

𝑇11 = 𝑒−𝛼𝑛(2𝑏+𝑏1−𝑦) − 𝑒−𝛼𝑛(2𝑏−𝑏1−𝑦)

𝑇15 = 𝑒−𝛼𝑛(2𝑏1−𝑏2+𝑦) − 𝑒−𝛼𝑛(−2𝑏1+𝑏2+𝑦)

𝑇16 = 𝑒−𝛼𝑛(2𝑏+2𝑏1−𝑏2−𝑦) − 𝑒−𝛼𝑛(2𝑏−2𝑏1+𝑏2−𝑦)

𝑇17 = 𝑒−𝛼𝑛(𝑏2+𝑦) − 𝑒−𝛼𝑛(−𝑏2+𝑦)

𝑇18 = 𝑒−𝛼𝑛(2𝑏+𝑏2−𝑦) − 𝑒−𝛼𝑛(2𝑏−𝑏2−𝑦)

𝑇19 = 𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦)

𝑇20 = 𝑒−𝛼𝑛(𝑏+2𝑏2−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏2+𝑦)

𝑇21 = 𝑒−𝛼𝑛(𝑏+2𝑏1−2𝑏2+𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+2𝑏2−𝑦)

Ω(𝑥,𝜉) =
1

2
(cos𝛼𝑛(𝜉 − 𝑥)− cos𝛼𝑛(𝜉 + 𝑥))

Applying the formula (4.12) to the first term, it is obtained:

𝐻0 =
sh 𝜐0

(ch 𝜐0 − cos𝑥0)

𝐻1 =
sh 𝜐1

(ch 𝜐1 − cos𝑥0)

𝐻2 =
sh 𝜐2

(ch 𝜐2 − cos𝑥0)

𝐻3 =
sh 𝜐3

(ch 𝜐3 − cos𝑥0)

𝐻4 = − sh 𝜐0
(ch 𝜐0 − cos𝑥1)

𝐻5 = − sh 𝜐1
(ch 𝜐1 − cos𝑥1)

𝐻6 = − sh 𝜐2
(ch 𝜐2 − cos𝑥1)

𝐻7 = − sh 𝜐3
(ch 𝜐3 − cos𝑥1)

Where:
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𝜐0 =
𝜋

𝑎
(𝑏1 + 𝑦);

𝜐1 =
𝜋

𝑎
(−𝑏1 + 𝑦);

𝜐2 =
𝜋

𝑎
(2𝑏+ 𝑏1 − 𝑦);

𝜐3 =
𝜋

𝑎
(2𝑏− 𝑏1 − 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Applying the formula (4.12) to the second term, it is obtained:

𝐻8 =
sh 𝜐4

(ch 𝜐4 − cos𝑥0)

𝐻9 =
sh 𝜐5

(ch 𝜐5 − cos𝑥0)

𝐻10 =
sh 𝜐6

(ch 𝜐6 − cos𝑥0)

𝐻11 =
sh 𝜐7

(ch 𝜐7 − cos𝑥0)

𝐻12 = − sh 𝜐4
(ch 𝜐4 − cos𝑥1)

𝐻13 = − sh 𝜐5
(ch 𝜐5 − cos𝑥1)

𝐻14 = − sh 𝜐6
(ch 𝜐6 − cos𝑥1)

𝐻15 = − sh 𝜐7
(ch 𝜐7 − cos𝑥1)

𝐻16 =
sh 𝜐8

(ch 𝜐8 − cos𝑥0)

𝐻17 =
sh 𝜐9

(ch 𝜐9 − cos𝑥0)

𝐻18 =
sh 𝜐10

(ch 𝜐10 − cos𝑥0)

𝐻19 =
sh 𝜐11

(ch 𝜐11 − cos𝑥0)

𝐻20 = − sh 𝜐8
(ch 𝜐8 − cos𝑥1)

𝐻21 = − sh 𝜐9
(ch 𝜐9 − cos𝑥1)

𝐻22 = − sh 𝜐10
(ch 𝜐10 − cos𝑥1)

𝐻23 = − sh 𝜐11
(ch 𝜐11 − cos𝑥1)

Where:

𝜐4 =
𝜋

𝑎
(2𝑏1 − 𝑏2 + 𝑦);

𝜐5 =
𝜋

𝑎
(−2𝑏1 + 𝑏2 + 𝑦);

𝜐6 =
𝜋

𝑎
(2𝑏+ 2𝑏1 − 𝑏2 − 𝑦);

𝜐7 =
𝜋

𝑎
(2𝑏− 2𝑏1 + 𝑏2 − 𝑦);

𝜐8 =
𝜋

𝑎
(𝑏2 + 𝑦);

𝜐9 =
𝜋

𝑎
(−𝑏2 + 𝑦);

𝜐10 =
𝜋

𝑎
(2𝑏+ 𝑏2 − 𝑦);

𝜐11 =
𝜋

𝑎
(2𝑏− 𝑏2 − 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Applying the formula (4.13) to the third term, it is obtained:
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𝐻24 = − ln (ch 𝜐12 − cos𝑥0)

𝐻25 = − ln (ch 𝜐13 − cos𝑥0)

𝐻26 = ln (ch 𝜐12 − cos𝑥1)

𝐻27 = ln (ch 𝜐13 − cos𝑥1)

𝐻28 = − ln (ch 𝜐14 − cos𝑥0)

𝐻29 = − ln (ch 𝜐15 − cos𝑥0)

𝐻30 = ln (ch 𝜐14 − cos𝑥1)

𝐻31 = ln (ch 𝜐15 − cos𝑥1)

𝐻32 = − ln (ch 𝜐16 − cos𝑥0)

𝐻33 = − ln (ch 𝜐17 − cos𝑥0)

𝐻34 = ln (ch 𝜐16 − cos𝑥1)

𝐻35 = ln (ch 𝜐17 − cos𝑥1)

𝐻36 = − ln (ch 𝜐18 − cos𝑥0)

𝐻37 = − ln (ch 𝜐19 − cos𝑥0)

𝐻38 = ln (ch 𝜐18 − cos𝑥1)

𝐻39 = ln (ch 𝜐19 − cos𝑥1)

Where:

𝜐12 =
𝜋

𝑎
(𝑏+ 𝑦);

𝜐13 =
𝜋

𝑎
(𝑏− 𝑦);

𝜐14 =
𝜋

𝑎
(𝑏+ 2𝑏1 − 𝑦);

𝜐15 =
𝜋

𝑎
(𝑏− 2𝑏1 + 𝑦);

𝜐16 =
𝜋

𝑎
(𝑏+ 2𝑏2 − 𝑦);

𝜐17 =
𝜋

𝑎
(𝑏− 2𝑏2 + 𝑦);

𝜐18 =
𝜋

𝑎
(𝑏+ 2𝑏1 − 2𝑏2 + 𝑦);

𝜐19 =
𝜋

𝑎
(𝑏− 2𝑏1 + 2𝑏2 − 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);

Then the weakly convergent part for 𝑊3(𝑥; 𝑦) will have the form:

𝑊3(𝑥,𝑦) =
2

𝑎

∫︁ 𝑎

0

2𝜒1(𝜉)

[︃
1

2

7∑︁
𝑤=0

𝐻𝑤 +
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄13 −𝑄14]

]︃
𝑑𝜉+

+
2

𝑎

∫︁ 𝑎

0

𝜒2(𝜉)

[︃
1

2

{︃
15∑︁

𝑤=8

(1−𝐺21)𝐻𝑤 + (1 +𝐺21)𝐻𝑤+8

}︃
+

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄15 −𝑄16]

]︃
𝑑𝜉+

+
2

𝑎

∫︁ 𝑎

0

𝑝(𝜉)

[︃
27∑︁

𝑤=24

𝜋

2𝑎
{𝐻𝑤(𝑅2 + 1) +𝐻𝑤+4(𝑅4 − 1) +𝐻𝑤+8(𝑅3 − 1) +

+ 𝐻𝑤+12(𝑅1 + 1)} 1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄17 −𝑄18]𝑑𝜉 (4.19)

here and further:
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Ξ(𝑥,𝜉) = cos𝛼𝑛(𝜉 − 𝑥)− cos𝛼𝑛(𝜉 + 𝑥)

𝑄13 =
𝑇10 + 𝑇11

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄14 =
𝑇10 + 𝑇11

(𝑅2 + 1)

𝑄15 =
(1−𝐺21) (𝑇15 + 𝑇16) + (𝐺21 + 1) (𝑇17 + 𝑇18)

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄16 =
(1−𝐺21) (𝑇15 + 𝑇16) + (𝐺21 + 1) (𝑇17 + 𝑇18)

(𝑅2 + 1)

𝑄17 =
𝑇7 (𝑅2 + 1) + 𝑇19 (𝑅4 − 1) + 𝑇20 (𝑅3 − 1) + 𝑇21 (𝑅1 + 1)

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄18 =
𝑇7 (𝑅2 + 1) + 𝑇19 (𝑅4 − 1) + 𝑇20 (𝑅3 − 1) + 𝑇21 (𝑅1 + 1)

𝐺3𝛼𝑛 (𝑅2 + 1)

4.4.6. Summation of weakly convergent parts of 𝜏 3𝑦𝑧

𝜕𝑊3

𝜕𝑦
(𝑥; 𝑦) = 𝐺3

[︃
2

𝑎

∫︁ 𝑎

0

2𝜒1(𝜉)

[︃
𝛼

2

7∑︁
𝑤=0

𝐻
′

𝑤 +
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

13 −𝑄
′

14]

]︃
𝑑𝜉 +

+
2

𝑎

∫︁ 𝑎

0

𝜒2(𝜉)

[︃
𝛼𝑛

2

{︃
15∑︁

𝑤=8

(1−𝐺21)𝐻
′

𝑤 + (1 +𝐺21)𝐻
′

𝑤+8

}︃
+

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

15 −𝑄
′

16]

]︃
𝑑𝜉+

+
2

𝑎

∫︁ 𝑎

0

𝑝(𝜉)

[︃
27∑︁

𝑤=24

𝛼𝑛𝜋

2𝑎

{︁
𝐻

′

𝑤(𝑅2 + 1) +𝐻
′

𝑤+4(𝑅4 − 1) +𝐻
′

𝑤+8(𝑅3 − 1) +

+ 𝐻
′

𝑤+12(𝑅1 + 1)
}︁ 1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

17 −𝑄
′

18]

]︃
𝑑𝜉 (4.20)

𝐻
′

0 =
1− ch 𝜐0 cos𝑥0
(ch 𝜐0 − cos𝑥0)2

𝐻
′

1 =
1− ch 𝜐1 cos𝑥0
(ch 𝜐1 − cos𝑥0)2

𝐻
′

2 = − 1− ch 𝜐2 cos𝑥0
(ch 𝜐2 − cos𝑥0)2

𝐻
′

3 = − 1− ch 𝜐3 cos𝑥0
(ch 𝜐3 − cos𝑥0)2

𝐻
′

4 = − 1− ch 𝜐0 cos𝑥1
(ch 𝜐0 − cos𝑥1)2

𝐻
′

5 = − 1− ch 𝜐1 cos𝑥1
(ch 𝜐1 − cos𝑥1)2

𝐻
′

6 =
1− ch 𝜐2 cos𝑥1
(ch 𝜐2 − cos𝑥1)2

𝐻
′

7 =
1− ch 𝜐3 cos𝑥1
(ch 𝜐3 − cos𝑥1)2
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𝐻
′

8 =
1− ch 𝜐4 cos𝑥0
(ch 𝜐4 − cos𝑥0)2

𝐻
′

9 =
1− ch 𝜐5 cos𝑥0
(ch 𝜐5 − cos𝑥0)2

𝐻
′

10 = − 1− ch 𝜐6 cos𝑥0
(ch 𝜐6 − cos𝑥0)2

𝐻
′

11 = − 1− ch 𝜐7 cos𝑥0
(ch 𝜐7 − cos𝑥0)2

𝐻
′

12 = − 1− ch 𝜐4 cos𝑥1
(ch 𝜐4 − cos𝑥1)2

𝐻
′

13 = − 1− ch 𝜐5 cos𝑥1
(ch 𝜐5 − cos𝑥1)2

𝐻
′

14 =
1− ch 𝜐6 cos𝑥1
(ch 𝜐6 − cos𝑥1)2

𝐻
′

15 =
1− ch 𝜐7 cos𝑥1
(ch 𝜐7 − cos𝑥1)2

𝐻
′

16 =
1− ch 𝜐8 cos𝑥0
(ch 𝜐8 − cos𝑥0)2

𝐻
′

17 =
1− ch 𝜐9 cos𝑥0
(ch 𝜐9 − cos𝑥0)2

𝐻
′

18 = − 1− ch 𝜐10 cos𝑥0
(ch 𝜐10 − cos𝑥0)2

𝐻
′

19 = − 1− ch 𝜐11 cos𝑥0
(ch 𝜐11 − cos𝑥0)2

𝐻
′

20 = − 1− ch 𝜐8 cos𝑥1
(ch 𝜐8 − cos𝑥1)2

𝐻
′

21 = − 1− ch 𝜐9 cos𝑥1
(ch 𝜐9 − cos𝑥1)2

𝐻
′

22 =
1− ch 𝜐10 cos𝑥1
(ch 𝜐10 − cos𝑥1)2

𝐻
′

23 =
1− ch 𝜐11 cos𝑥1
(ch 𝜐11 − cos𝑥1)2

𝐻
′

24 = − sh 𝜐12
(ch 𝜐12 − cos𝑥0)

𝐻
′

25 =
sh 𝜐13

(ch 𝜐13 − cos𝑥0)

𝐻
′

26 =
sh 𝜐12

(ch 𝜐12 − cos𝑥1)

𝐻
′

27 = − sh 𝜐13
(ch 𝜐13 − cos𝑥1)

𝐻
′

28 =
sh 𝜐14

(ch 𝜐14 − cos𝑥0)

𝐻
′

29 = − sh 𝜐15
(ch 𝜐15 − cos𝑥0)

𝐻
′

30 = − sh 𝜐14
(ch 𝜐14 − cos𝑥1)

𝐻
′

31 =
sh 𝜐15

(ch 𝜐15 − cos𝑥1)

𝐻
′

32 =
sh 𝜐16

(ch 𝜐16 − cos𝑥0)

𝐻
′

33 = − sh 𝜐17
(ch 𝜐17 − cos𝑥0)

𝐻
′

34 = − sh 𝜐16
(ch 𝜐16 − cos𝑥1)

𝐻
′

35 =
sh 𝜐17

(ch 𝜐17 − cos𝑥1)

𝐻
′

36 = − sh 𝜐18
(ch 𝜐18 − cos𝑥0)

𝐻
′

37 =
sh 𝜐19

(ch 𝜐19 − cos𝑥0)

𝐻
′

38 =
sh 𝜐18

(ch 𝜐18 − cos𝑥1)

𝐻
′

39 = − sh 𝜐19
(ch 𝜐19 − cos𝑥1)

𝑄
′

13 =
𝑇

′

10 + 𝑇
′

11

((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄
′

14 =
𝑇

′

10 + 𝑇
′

11

(𝑅2 + 1)

𝑄
′

15 =
(1−𝐺21)

(︀
𝑇

′

15 + 𝑇
′

16

)︀
+ (𝐺21 + 1)

(︀
𝑇

′

17 + 𝑇
′

18

)︀
((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)
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𝑄
′

16 =
(1−𝐺21)

(︀
𝑇

′

15 + 𝑇
′

16

)︀
+ (𝐺21 + 1)

(︀
𝑇

′

17 + 𝑇
′

18

)︀
(𝑅2 + 1)

𝑄
′

17 =
𝑇

′

7 (𝑅2 + 1) + 𝑇
′

19 (𝑅4 − 1) + 𝑇
′

20 (𝑅3 − 1) + 𝑇
′

21 (𝑅1 + 1)

𝐺3𝛼𝑛 ((1− 𝑒−2𝛼𝑛𝑏) (𝑅2 + 1) + 𝑆)

𝑄
′

18 =
𝑇

′

7 (𝑅2 + 1) + 𝑇
′

19 (𝑅4 − 1) + 𝑇
′

20 (𝑅3 − 1) + 𝑇
′

21 (𝑅1 + 1)

𝐺3𝛼𝑛 (𝑅2 + 1)

𝑇
′

7 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(𝑏+𝑦) − 𝑒−𝛼𝑛(𝑏−𝑦)

)︀
𝑇

′

10 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(𝑏1+𝑦) − 𝑒−𝛼𝑛(−𝑏1+𝑦)

)︀
𝑇

′

11 = −𝛼𝑛

(︀
−𝑒−𝛼𝑛(2𝑏+𝑏1−𝑦) + 𝑒−𝛼𝑛(2𝑏−𝑏1−𝑦)

)︀
𝑇

′

15 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(2𝑏1−𝑏2+𝑦) − 𝑒−𝛼𝑛(−2𝑏1+𝑏2+𝑦)

)︀
𝑇

′

16 = −𝛼𝑛

(︀
−𝑒−𝛼𝑛(2𝑏+2𝑏1−𝑏2−𝑦) + 𝑒−𝛼𝑛(2𝑏−2𝑏1+𝑏2−𝑦)

)︀
𝑇

′

17 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(𝑏2+𝑦) − 𝑒−𝛼𝑛(−𝑏2+𝑦)

)︀
𝑇

′

18 = −𝛼𝑛

(︀
−𝑒−𝛼𝑛(2𝑏+𝑏2−𝑦) + 𝑒−𝛼𝑛(2𝑏−𝑏2−𝑦)

)︀
𝑇

′

19 = −𝛼𝑛

(︀
−𝑒−𝛼𝑛(𝑏+2𝑏1−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏1+𝑦)

)︀
𝑇

′

20 = −𝛼𝑛

(︀
−𝑒−𝛼𝑛(𝑏+2𝑏2−𝑦) + 𝑒−𝛼𝑛(𝑏−2𝑏2+𝑦)

)︀
𝑇

′

21 = −𝛼𝑛

(︀
𝑒−𝛼𝑛(𝑏+2𝑏1−2𝑏2+𝑦) − 𝑒−𝛼𝑛(𝑏−2𝑏1+2𝑏2−𝑦)

)︀
𝜐0 =

𝜋

𝑎
(𝑏1 + 𝑦);

𝜐1 =
𝜋

𝑎
(−𝑏1 + 𝑦);

𝜐2 =
𝜋

𝑎
(2𝑏+ 𝑏1 − 𝑦);

𝜐3 =
𝜋

𝑎
(2𝑏− 𝑏1 − 𝑦);

𝜐4 =
𝜋

𝑎
(2𝑏1 − 𝑏2 + 𝑦);

𝜐5 =
𝜋

𝑎
(−2𝑏1 + 𝑏2 + 𝑦);

𝜐6 =
𝜋

𝑎
(2𝑏+ 2𝑏1 − 𝑏2 − 𝑦);

𝜐7 =
𝜋

𝑎
(2𝑏− 2𝑏1 + 𝑏2 − 𝑦);

𝜐8 =
𝜋

𝑎
(𝑏2 + 𝑦);

𝜐9 =
𝜋

𝑎
(−𝑏2 + 𝑦);

𝜐10 =
𝜋

𝑎
(2𝑏+ 𝑏2 − 𝑦);

𝜐11 =
𝜋

𝑎
(2𝑏− 𝑏2 − 𝑦);

𝜐12 =
𝜋

𝑎
(𝑏+ 𝑦);

𝜐13 =
𝜋

𝑎
(𝑏− 𝑦);

𝜐14 =
𝜋

𝑎
(𝑏+ 2𝑏1 − 𝑦);

𝜐15 =
𝜋

𝑎
(𝑏− 2𝑏1 + 𝑦);

𝜐16 =
𝜋

𝑎
(𝑏+ 2𝑏2 − 𝑦);

𝜐17 =
𝜋

𝑎
(𝑏− 2𝑏2 + 𝑦);

𝜐18 =
𝜋

𝑎
(𝑏+ 2𝑏1 − 2𝑏2 + 𝑦);

𝜐19 =
𝜋

𝑎
(𝑏− 2𝑏1 + 2𝑏2 − 𝑦);

𝑥0 =
𝜋

𝑎
(𝜉 − 𝑥);

𝑥1 =
𝜋

𝑎
(𝜉 + 𝑥);
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4.5. Singular integrodifferential equations
(SIDE)

4.5.1. Singular integrodifferential equation-1 (SIDE-1)

In the formula (4.15) during the calculation, a singularity was revealed
when 𝑦 = 𝑏1 and 𝑥 = 𝜉. Apply the first remarkable limit :

lim
𝑥→0

1− cos𝑥
𝑥2

2

= 1; lim
𝑥→0

ch𝑥− 1
𝑥2

2

= 1

to the formula (4.15):

lim
𝑡5,𝑥0→0

1− ch 𝑡5 cos𝑥0
(ch 𝑡5 − cos𝑥0)2

≈ 2(𝑡25𝑥
2
0 − 𝑡25 + 𝑥20)

(𝑡25 + 𝑥20)
2

≈ [𝑡1 → 0] ≈ − 2

𝑥20

That is, the following result was obtained:

𝐶
′*
9 ≈ − 2

𝑥20
(4.21)

That formula (4.15) takes the form:

𝐶
′

9 = − 1− ch 𝑡5 cos𝑥0
(ch 𝑡5 − cos𝑥0)2

± 𝐶
′*
9 = − 1− ch 𝑡5 cos𝑥0

(ch 𝑡5 − cos𝑥0)2
±

(︂
− 2

𝑥20

)︂
(4.22)

The search for 𝜒1(𝑥) will be carried out on the assumption that the edges of

the crack are free of load, i.e. 𝜏 1𝑦𝑧

⃒⃒⃒⃒
𝑦 = 𝑏1 − 0

= 0 and it is derived:

ϒ1
𝑑2

𝑑𝑥2

∫︁ 𝑐1

𝑐0

ln
1

|𝜉* − 𝑥*|
𝜒1(𝑥

*)𝑑𝜉+

∫︁ 𝑐1

𝑐0

𝜒1(𝜉
*)𝑓(𝜉*,𝑥*)𝑑𝜉* = 𝑟(𝜉*,𝑥*), 𝑐0 < 𝑥* < 𝑐1

(4.23)
where:
ϒ1 =

𝐺21𝛼𝑛(𝐺32 + 1)

𝑎
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𝑓(𝜉*,𝑥*) =
2𝐺21

𝑎

[︃
𝛼

2

7∑︁
𝑤=0

{︁
(1−𝐺32)𝐶

′

𝑤 + (1 +𝐺32)𝐶
′

𝑤+8

}︁
+

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

1 −𝑄
′

2]

]︃

𝑟(𝜉*,𝑥*) =
2

𝑎

∫︁ 𝑎

0

4𝐺21𝐺32𝑝(𝜉)

[︃
𝛼𝑛𝜋

2𝑎

27∑︁
𝑤=24

𝐶
′

𝑤 +
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

5 −𝑄
′

6]

]︃
𝑑𝜉

The substitution of variables 𝜉 =
2𝜉* − (𝑐0 + 𝑐1)

𝑐1 − 𝑐0
, 𝑥 =

2𝑥* − (𝑐0 + 𝑐1)

𝑐1 − 𝑐0
, is done

in order to get integration intervals [-1;1]. As a result, SIDE-1 (4.23) takes the
following form:

ϒ1
𝑑2

𝑑𝑥2

∫︁ 𝑐1

𝑐0

ln
1

|𝜉 − 𝑥|
𝜒̃1(𝑥)𝑑𝜉 +

∫︁ 𝑐1

𝑐0

𝜒̃1(𝜉)𝑓(𝜉.𝑥)𝑑𝜉
* = 𝑟(𝜉,𝑥),− 1 < 𝑥 < 1

(4.24)
where:
𝜒̃1(𝜉) = 𝜒1

(︂
(𝑐1 − 𝑐0)𝜉 + (𝑐1 + 𝑐0)

2

)︂
,

𝑟(𝜉,𝑥) =
(𝑐1 − 𝑐0)

2

4

(︂
(𝑐1 − 𝑐0)𝜉 + (𝑐1 + 𝑐0)

2
,
(𝑐1 − 𝑐0)𝑥+ (𝑐1 + 𝑐0)

2

)︂
.

𝑓(𝜉.𝑥) =
(𝑐1 − 𝑐0)

2

4
𝑓

(︂
(𝑐1 − 𝑐0)𝜉 + (𝑐1 + 𝑐0)

2
,
(𝑐1 − 𝑐0)𝑥+ (𝑐1 + 𝑐0)

2

)︂
SIDE-1 (4.24) is solved by the method of orthogonal polynomials [6], which
allows taking into account the true orders of the solution’s singularities at the
ends of integration interval.

According to this method [5], the function 𝜒̃(𝜉) is expanded into a series
by Chebyshev polynomials of the second kind:

𝜒̃1(𝜉) =
∞∑︁
𝑘=0

𝐹𝑙

√︀
1− 𝜉2𝑈𝑙(𝜉), 𝜉 ∈ [−1; 1] (4.25)

where:
𝑈𝑘 are Chebyshev polynomials of the second kind.
𝐹𝑘 are unknown constants.
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Given (4.25), (4.24) will have the form:

ϒ1
𝑑2

𝑑𝑥2

∫︁ 𝑐1

𝑐0

∞∑︁
𝑙=0

𝐹𝑙

√︀
1− 𝜉2𝑈𝑙(𝜉) ln

1

|𝜉 − 𝑥|
+

+

∫︁ 1

−1

∞∑︁
𝑙=0

𝐹𝑙

√︀
1− 𝜉2𝑈𝑙(𝜉)𝑓(𝜉,𝑥)𝑑𝜉 = 𝑟(𝜉,𝑥) (4.26)

After the change of the integration and summation orders, the following form of
the equation, it is derived

ϒ1

∞∑︁
𝑙=0

𝐹𝑙
𝑑2

𝑑𝑥2

∫︁ 𝑐1

𝑐0

√︀
1− 𝜉2𝑈𝑙(𝜉) ln

1

|𝜉 − 𝑥|
+

+
∞∑︁
𝑙=0

𝐹𝑙

∫︁ 1

−1

√︀
1− 𝜉2𝑈𝑙(𝜉)𝑓(𝜉,𝑥)𝑑𝜉 = 𝑟(𝜉,𝑥) (4.27)

Using the spectral correspondence [6][c.108 Table 1. № 24]:

𝑑2

𝑑𝑥2

∫︁ 1

−1

ln
1

|𝑥− 𝜉|
√︀

1− 𝜉2𝑈𝑙(𝜉)𝑑𝜉 = −𝜋(𝑙 + 1)𝑈𝑘(𝑥) (4.28)

As a result, the following form of the formula (4.27):

ϒ1

∞∑︁
𝑙=0

𝐹𝑙(−𝜋(𝑙+1)𝑈𝑙(𝜉))+
∞∑︁
𝑙=0

𝐹𝑙

∫︁ 1

−1

√︀
1− 𝜉2𝑈𝑙(𝜉)𝑓(𝜉,𝑥)𝑑𝜉 = 𝑟(𝜉,𝑥) (4.29)

Both parts were multiplied (4.29) by 𝑈𝑚(𝑥)
√
1− 𝑥2 and integrated over the

variable 𝑥 on the interval [-1;1]
The following result is derived:

ϒ1

∞∑︁
𝑙=0

𝐹𝑙(−𝜋(𝑙 + 1))Φ𝑙,𝑚 +
∞∑︁
𝑙=0

𝐹𝑙𝐷𝑙,𝑚 = 𝑟𝑚,𝑚 ∈ [0;∞) (4.30)

where:

Φ𝑙,𝑚 =

∫︁ 1

−1

𝑈𝑚(𝑥)𝑈𝑙(𝑥)
√︀

1− 𝑥2𝑑𝑥

𝑟 =

∫︁ 1

−1

𝑟𝑈𝑚(𝑥)
√︀
1− 𝑥2𝑑𝑥
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𝐷𝑙,𝑚 =

∫︁ 1

−1

√︀
1− 𝑥2𝑈𝑚(𝑥)𝑑𝑥

∫︁ 1

−1

𝑈𝑙(𝑥)
√︀

1− 𝜉2𝑓(𝜉,𝑥)𝑑𝜉

||𝑈𝑙||2 =
𝜋

2

Taking into account that: Φ𝑙,𝑚 =

⎧⎪⎨⎪⎩||𝑈𝑚(𝑥)||2, 𝑚 = 𝑙

0, 𝑚 ̸= 𝑙

Got the following form of the formula(4.30):

ϒ1𝐹𝑚(−𝜋(𝑙 + 1))||𝑈𝑚(𝑥)||2 +
∞∑︁
𝑙=0

𝐹𝑙𝐷𝑙,𝑚 = 𝑟𝑚,𝑚 ∈ [0;∞) (4.31)

where: ||𝑈𝑚(𝑥)||2 =
𝜋

2
Plot the graph of the jump function:

Figure 4.1. The jump function 𝜒1(𝜉) in the crack
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4.5.2. Singular integro-differential equation-2 (SIDE-2)

In the formula (4.18) during the calculation, a singularity was revealed
when 𝑦 = 𝑏2 and 𝑥 = 𝜉. Apply the first remarkable limits :

lim
𝑥→0

1− cos𝑥
𝑥2

2

= 1; lim
𝑥→0

ch𝑥− 1
𝑥2

2

= 1

to the formula (4.18):

lim
𝑡1,𝑥0→0

1− ch 𝑡1 cos𝑥0
(ch 𝑡1 − cos𝑥0)2

≈ 2(𝑡21𝑥
2
0 − 𝑡21 + 𝑥20)

(𝑡21 + 𝑥20)
2

≈ [𝑡1 → 0] ≈ − 2

𝑥20

That is, the following result was obtained:

𝐷
′*
25 ≈ − 2

𝑥20
(4.32)

That formula (4.18) takes the form:

𝐷
′

25 = − 1− ch𝜗13 cos𝑥0
(ch𝜗13 − cos𝑥0)2

±𝐷
′*
25 = − 1− ch𝜗13 cos𝑥0

(ch𝜗13 − cos𝑥0)2
±

(︂
− 2

𝑥20

)︂
(4.33)

The search for 𝜒2(𝑥) will be carried out on the assumption that the edges of

the crack are free of load, i.e. 𝜏 2𝑦𝑧

⃒⃒⃒⃒
𝑦 = 𝑏2 − 0

= 0 and it is derived:

ϒ2
𝑑2

𝑑𝑥2

∫︁ 𝑑1

𝑑0

ln
1

|𝜉* − 𝑥*|
𝜒2(𝑥

*)𝑑𝜉+

∫︁ 𝑑1

𝑑0

𝜒2(𝜉
*)𝑔(𝜉*,𝑥*)𝑑𝜉* = 𝜚(𝜉*,𝑥*),𝑑0 < 𝑥* < 𝑑1

(4.34)
where:
ϒ2 =

𝐺32𝛼𝑛(𝐺21 + 1)

𝑎

𝑔(𝜉*,𝑥*) =
2𝐺32

𝑎

[︃
𝛼

2

23∑︁
𝜅=16

{︁
(1−𝐺21)𝐷

′

𝜅 + (1 +𝐺21)𝐷
′

𝜅+8

}︁
+

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

9 −𝑄
′

10]

]︃
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𝜚(𝜉*,𝑥*) =
2

𝑎

∫︁ 𝑎

0

4𝐺21𝐺32𝑝(𝜉)

[︃
𝛼𝑛𝜋

2𝑎

35∑︁
𝑤=32

{︁
(1−𝐺21)𝐷

′

𝜅 + (1 +𝐺21)𝐷
′

𝜅+4

}︁
+

+
1

2

𝐴∑︁
𝑛=1

Ξ(𝑥,𝜉)[𝑄
′

11 −𝑄
′

12]

]︃
𝑑𝜉

The substitution of variables 𝜉 =
2𝜉* − (𝑑0 + 𝑑1)

𝑑1 − 𝑑0
, 𝑥 =

2𝑥* − (𝑑0 + 𝑑1)

𝑑1 − 𝑑0
, is done

in order to get integration intervals [-1;1]. As a result, SIDE-2 (4.23) takes the
following form:

ϒ2
𝑑2

𝑑𝑥2

∫︁ 𝑑1

𝑑0

ln
1

|𝜉 − 𝑥|
𝜒̃2(𝑥)𝑑𝜉 +

∫︁ 𝑑1

𝑑0

𝜒̃2(𝜉)𝑔(𝜉,𝑥)𝑑𝜉
* = 𝜚(𝜉,𝑥),− 1 < 𝑥 < 1

(4.35)
where:
𝜒̃2(𝜉) = 𝜒2

(︂
(𝑑1 − 𝑑0)𝜉 + (𝑑1 + 𝑑0)

2

)︂
,

𝜚(𝜉,𝑥) =
(𝑑1 − 𝑑0)

2

4
𝜚

(︂
(𝑑1 − 𝑑0)𝜉 + (𝑑1 + 𝑑0)

2
,
(𝑑1 − 𝑑0)𝑥+ (𝑑1 + 𝑑0)

2

)︂
.

𝑔(𝜉,𝑥) =
(𝑑1 − 𝑑0)

2

4
𝑔

(︂
(𝑑1 − 𝑑0)𝜉 + (𝑑1 + 𝑑0)

2
,
(𝑑1 − 𝑑0)𝑥+ (𝑑1 + 𝑑0)

2

)︂
SIDE-2 (4.35) is solved by the method of orthogonal polynomials [6], which
allows taking into account the true orders of the solution’s singularities at the
ends of integration interval. According to this method[5], the function 𝜒̃(𝜉) is
expanded into a series by by Chebyshev polynomials of the second kind:

𝜒̃2(𝜉) =
∞∑︁
𝑘=0

𝑂𝑙

√︀
1− 𝜉2𝑈𝑙(𝜉), 𝜉 ∈ [−1; 1] (4.36)

where:
𝑈𝑘 are Chebyshev polynomials of the second kind.
𝑂𝑙 are unknown constants.
Given (4.36), (4.35) will have the form:

ϒ2
𝑑2

𝑑𝑥2

∫︁ 𝑑1

𝑑0

∞∑︁
𝑙=0

𝑂𝑙

√︀
1− 𝜉2𝑈𝑙(𝜉) ln

1

|𝜉 − 𝑥|
+

+

∫︁ 1

−1

∞∑︁
𝑙=0

𝑂𝑙

√︀
1− 𝜉2𝑈𝑙(𝜉)𝑔(𝜉,𝑥)𝑑𝜉 = 𝜚(𝜉,𝑥) (4.37)
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After the change of the integration and summation orders, the following form of
the equation, it is derived

ϒ2

∞∑︁
𝑙=0

𝑂𝑙
𝑑2

𝑑𝑥2

∫︁ 𝑑1

𝑑0

√︀
1− 𝜉2𝑈𝑙(𝜉) ln

1

|𝜉 − 𝑥|
+

+
∞∑︁
𝑙=0

𝑂𝑙

∫︁ 1

−1

√︀
1− 𝜉2𝑈𝑙(𝜉)𝑔(𝜉,𝑥)𝑑𝜉 = 𝜚(𝜉,𝑥) (4.38)

Using the spectral correspondence [6][c.108 Table 1. № 24]:

𝑑2

𝑑𝑥2

∫︁ 1

−1

ln
1

|𝑥− 𝜉|
√︀

1− 𝜉2𝑈𝑙(𝜉)𝑑𝜉 = −𝜋(𝑙 + 1)𝑈𝑘(𝑥) (4.39)

As a result, the following form of the formula (4.38):

ϒ2

∞∑︁
𝑙=0

𝑂𝑙(−𝜋(𝑙+1)𝑈𝑙(𝜉))+
∞∑︁
𝑙=0

𝑂𝑙

∫︁ 1

−1

√︀
1− 𝜉2𝑈𝑙(𝜉)𝑔(𝜉,𝑥)𝑑𝜉 = 𝜚(𝜉,𝑥) (4.40)

Both parts (4.40) were multiplied by 𝑈𝑚(𝑥)
√
1− 𝑥2 and integrated over the

variable 𝑥 on the interval [-1;1]
The following result is derived

ϒ2

∞∑︁
𝑙=0

𝑂𝑙(−𝜋(𝑙 + 1))Φ𝑙,𝑚,2 +
∞∑︁
𝑙=0

𝑂𝑙𝐷𝑙,𝑚,2 = 𝜚𝑚,𝑚 ∈ [0;∞) (4.41)

where:

Φ𝑙,𝑚,2 =

∫︁ 1

−1

𝑈𝑚(𝑥)𝑈𝑙(𝑥)
√︀

1− 𝑥2𝑑𝑥

𝜚 =

∫︁ 1

−1

𝜚𝑈𝑚(𝑥)
√︀
1− 𝑥2𝑑𝑥

𝐷𝑙,𝑚,2 =

∫︁ 1

−1

√︀
1− 𝑥2𝑈𝑚(𝑥)𝑑𝑥

∫︁ 1

−1

𝑈𝑙(𝑥)
√︀

1− 𝜉2𝑔(𝜉,𝑥)𝑑𝜉

||𝑈𝑙||2 =
𝜋

2

Taking into account that: Φ𝑙,𝑚,2 =

⎧⎪⎨⎪⎩||𝑈𝑚(𝑥)||2, 𝑚 = 𝑙

0, 𝑚 ̸= 𝑙
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the following form of the formula (4.41):

ϒ2𝐺𝑚(−𝜋(𝑙 + 1))||𝑈𝑚(𝑥)||2 +
∞∑︁
𝑙=0

𝑂𝑙𝐷𝑙,𝑚,2 = 𝜚𝑚,𝑚 ∈ [0;∞) (4.42)

where: ||𝑈𝑚(𝑥)||2 =
𝜋

2
Plot the graph of the jump function:

Figure 4.2. The jump function 𝜒2(𝜉) in a crack
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4.6. Stress intensity factors (SIF)

4.6.1. Stress intensity factors-1 (SIF-1)

SIF-1 is calculated according to the formula:

𝐾± = lim
𝑥→±1±0

√︀
𝜋(𝑐1 − 𝑐0)(±𝑥− 1)𝜏𝑦𝑧 (4.43)

The expression for tangential stress is substituted in the formula (4.43)

1

𝜋

𝑑2

𝑑𝑥2

∫︁ 1

−1

ln
1

|𝑥− 𝜉|
√︀

1− 𝜉2𝑈𝑙(𝜉)𝑑𝜉 =

=
|𝑥|𝑈𝑚(𝑥)√
𝑥2 − 1

+
√︀
𝑥2 − 1𝑈

′

𝑚(𝑥)− 0.5(𝑙 + 1)𝑈𝑚(𝑥)

and the following spectral correspondence is used.

So, the limit (4.43) takes the form:

lim
𝑥→±1±0

√︀
𝜋(𝑐1 − 𝑐0)(±𝑥− 1)

(︂
𝑑2

𝑑𝑥2

∫︁ 1

−1

ln
1

|𝑥− 𝜉|
√︀
1− 𝜉2𝑈𝑙(𝜉)𝑑𝜉

)︂
=

=
√︀
𝜋(𝑐1 − 𝑐0)(±1)𝑙(𝑙 + 1)

1√
2

As a result, the formulas for the calculation of SIF-1 are derived:

𝐾− =
∞∑︁
𝑙=0

𝐹𝑘

√︀
𝜋(𝑐1 − 𝑐0)(−1)𝑙(𝑙 + 1)√

2
, 𝐾+ =

∞∑︁
𝑙=0

𝐹𝑘

√︀
𝜋(𝑐1 − 𝑐0)(𝑙 + 1)√

2
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4.6.2. SIF-1 when changing longitudinal cracks

Calculate SIF-1 according to the following parameters:

• 𝑎 = 12

• 𝑏 = 12

• 𝑏1 = 3

• 𝑏2 = 9

• 𝐺1 = 8.0 · 1010 — carbon steel
• 𝐺2 = 4.0 · 1010 — manganese bronze
• 𝐺3 = 2.7 · 1010 — rolled duralumin
• 𝑝 (𝜉) = sin

𝜋

𝑎
𝜉

Figure 4.3. Stress intensity factors in the region

Note that the crack is located symmetrically along the x-axis, and its center is
located at the point:

𝑎

2
= 6

Analyzing this graph, it can be concluded that the SIF-1 increases when
the length of the crack increases.
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4.6.3. SIF-1 when the load changes

Calculate the SIF-1 according to the following parameters:

• 𝑎 = 12

• 𝑏 = 12

• 𝑏1 = 3

• 𝑏2 = 9

• 𝐺1 = 8.0 · 1010 — carbon steel
• 𝐺2 = 4.0 · 1010 — manganese bronze
• 𝐺3 = 2.7 · 1010 — rolled duralumin

• 𝑝 (𝜉) =
2𝜉

𝑎
−

4𝜉(𝜉 − 𝑎

2
)

𝑎2

Figure 4.4. Stress intensity factors in the region

Note that the crack is located symmetrically along the x-axis, and its center is
located at the point:

𝑎

2
= 6

Analyzing this graph, we can conclude that SIF-1 increases when the
length of the crack increases.
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Figure 4.5. Stress intensity factors in the area, depending on the type of load
function

Note that the crack is located symmetrically along the x-axis, and its
center is located at the point:

𝑎

2
= 6

Loads were selected in such a way that 𝑝(0) = 0.

In the comparative analysis of the types of loads, taking into account the
above condition, it was concluded that with this selection of the load function,
SIF-1 increases when the length of the crack increases, while the SIF-1 values
themselves do not change fundamentally.



122

4.6.4. Stress intensity factors-2 (SIF-2)

SIF-2 is calculated according to the formula:

Λ± = lim
𝑥→±1±0

√︀
𝜋(𝑑1 − 𝑑0)(±𝑥− 1)𝜏𝑦𝑧 (4.44)

The expression for tangential stress is substituted in the formula (4.44)

1

𝜋

𝑑2

𝑑𝑥2

∫︁ 1

−1

ln
1

|𝑥− 𝜉|
√︀

1− 𝜉2𝑈𝑙(𝜉)𝑑𝜉 =

=
|𝑥|𝑈𝑚(𝑥)√
𝑥2 − 1

+
√︀

𝑥2 − 1𝑈
′

𝑚(𝑥) − 0.5(𝑙 + 1)𝑈𝑚(𝑥) and the following spectral

correspondence is used.

So, the limit (4.44) takes the form:

lim
𝑥→±1±0

√︀
𝜋(𝑑1 − 𝑑0)(±𝑥− 1)

(︂
𝑑2

𝑑𝑥2

∫︁ 1

−1

ln
1

|𝑥− 𝜉|
√︀

1− 𝜉2𝑈𝑙(𝜉)𝑑𝜉

)︂
=

=
√︀
𝜋(𝑑1 − 𝑑0)(±1)𝑙(𝑙 + 1)

1√
2

As a result, the formulas for the calculation of SIF-2 are derived:

Λ− =
∞∑︁
𝑙=0

𝑂𝑘

√︀
𝜋(𝑑1 − 𝑑0)(−1)𝑙(𝑙 + 1)√

2
,Λ+ =

∞∑︁
𝑙=0

𝑂𝑘

√︀
𝜋(𝑑1 − 𝑑0)(𝑙 + 1)√

2
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4.6.5. SIF-2 when changing longitudinal cracks

Calculate SIF-2 according to the following parameters:

• 𝑎 = 12

• 𝑏 = 12

• 𝑏1 = 3

• 𝑏2 = 9

• 𝐺1 = 8.0 · 1010 — carbon steel
• 𝐺2 = 4.0 · 1010 — manganese bronze
• 𝐺3 = 2.7 · 1010 — rolled duralumin
• 𝑝 (𝜉) = sin

𝜋

𝑎
𝜉

Figure 4.6. Stress intensity factors in the region

Note that the crack is located symmetrically along the x-axis, and its center is
located at the point:

𝑎

2
= 6

Analyzing this graph, it can be concluded that the SIF-2 increases when
the length of the crack increases.
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4.6.6. SIF-2 when the load changes

Calculate the SIF-2 according to the following parameters:

• 𝑎 = 12

• 𝑏 = 12

• 𝑏1 = 3

• 𝑏2 = 9

• 𝐺1 = 8.0 · 1010 — carbon steel
• 𝐺2 = 4.0 · 1010 — manganese bronze
• 𝐺3 = 2.7 · 1010 — rolled duralumin

• 𝑝 (𝜉) =
2𝜉

𝑎
−

4𝜉(𝜉 − 𝑎

2
)

𝑎2

Figure 4.7. Stress intensity factors in the region

Note that the crack is located symmetrically along the x-axis, and its center is
located at the point:

𝑎

2
= 6

Analyzing this graph, it can be concluded that the SIF-2 increases when
the length of the crack increases.
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Figure 4.8. Stress intensity factors in the area, depending on the type of load
function

Note that the crack is located symmetrically along the x-axis, and its
center is located at the point:

𝑎

2
= 6

Loads were selected in such a way that 𝑝(0) = 0.

In the comparative analysis of the types of loads, taking into account the
above condition, it was concluded that with this selection of the load function,
SIF-2 increases when the length of the crack increases, while the SIF-2 values
themselves do not change fundamentally.

The values of the stress intensity factors and the jump function for this
case are greater than for the case when the crack is between the first and second
layers, since here the crack is located closer to the loaded edge.
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4.7. Conclusions to the fourth section

The investigated anti-plane problem for three-layer rectangular area with
an interfacial defect under the influence of various types of loads, which is
specified along the 𝑦 axis.

1) The solution of the anti-plane problem of the theory of elasticity for a
rectangular domain is constructed using the apparatus of integral trans-
forms.

2) The change of stress intensity factors during the change of load changes
are studied for two cracks.

3) The change of stress intensity factors during the change of crack’s length
is studied for two cracks
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ВИСНОВКИ

В магiстерскiй роботi дослiджено антиплоськi задачi для шаруватої
прямокутної областi пiд впливом навантаження рiзної природи, що задано
за вiссю 𝑂𝑧. Розглянуто задачу для випадку, коли прямокутну область
послаблено мiжфазною трiщиною. Отримано такi основнi результати:

1) Побудован розв’язок антиплоскої задачi теорiї пружностi для 𝑁 -
шарової прямокутної областi з використанням апарату iнтегральних
перетвореннь. Та окремий випадок, коли область складається з трьох
шарiв

2) Побудован розв’язок антиплоскої задачi теорiї пружностi для 𝑁 -
шарової прямокутної областi, що послаблена мiжфазною трiщиною
з використанням апарату iнтегральних перетвореннь. Та окремий
випадок, коли область складається з трьох шарiв

3) Проаналiзованi коефiцiєнти iнтенсивностi напружень стосовно довжини
трiщини.
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CONCLUSIONS

In the master’s thesis, anti-plane problems for a layered rectangular area
under the influence of a load of different nature along the 𝑂𝑧 axis. The problem
is considered when the rectangular region is weakened by an interfacial crack.
The following main results were obtained:

1) The solution of the anti-plane problem of the theory of elasticity for the
𝑁 -the layered rectangular region is constructed using the apparatus of
integral transformations. The calculations were done for the case when
the region consists of three layers

2) The solution of the anti-plane problem of the theory of elasticity for a 𝑁 -
layered rectangular region weakened by an interfacial crack was constructed
using the apparatus of integral transformations. The calculations were
done for the case when the region consists of three layers

3) The change of stress intensity factors during the change of crack’s length
is studied for two cracks
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