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Introduction and statement of the problem

Tribology is the science of friction, wear and 
lubrication material - is an important, given its 
numerous technological applications. Processes 
of friction, wear and lubrication of new compos-
ite materials, which are currently replace protec-
tive metal surface coatings, significantly different 
from the processes characteristic of metals [1], 
hence, the understanding of tribology of nonmet-
als is important. Knowledge about tribology at 
the atomic level can be obtained on a theoretical 
basis by means of the molecular dynamics and the 
quantum chemical calculations. 

In this paper, we performed the first principles 
simulation of tribology processes. The essence of 
this simulation is based on the static energy cal-
culations. Calculation algorithm consisted in the 
following.

The initial structure of model objects was gen-
erated like that; the pair of friction surfaces were 
aligned in the desired configuration and installed 
at a short distance of separation D (Fig.1).  The 
energy of such a structure was calculated and 
stored. Then, the surface atomic layers moved on 

short distance relatively the deeper atomic layers, 
in the time of the distance of separation (D) was 
unchanged, and new energy was calculated.

This procedure repeated again, thereby the 
energy relief along the trajectory of the shift of 
atomic layers was generating. Calculated energy 
relief allows estimating the normal pressure and 
friction coefficient. The friction coefficient is a 
measure of the work, which was conducted in the 
system, is transformed into other less-managed 
forms of energy. Clearly, there is a significant 
correlation between the adhesion, the friction and 
the wear of surfaces, which slide over each other, 
and the details of the correlations depend on the 
specifics of their atomic structure.

Diamond-like carbon (DLC) has recently at-
tracted considerable attention as a semiconductor 
lubricant. The high content of the carbon atoms 
with diamond bonds in the presence of similar 
graphite bonds leads to the appearance of the 
unique characteristics of diamond-like coatings, 
such as wear resistance, high strength, chemical 
resistance, low friction, poor abrasion, biocom-
patibility, transparency in the infrared range of the 
spectrum and ecological purity [2]. Some factors, 

UDC 621.385.221

R. M. Balabai, A. G. Barilka 

Kryvyi-Rig National University, Department of Physics
(54, Gagarin Ave., Kryvyi Rig 50085, Ukraine; e-mail: oks_pol@cabletv.dp.ua)

TRIBOLOGICAL CHARACTERISTICS OF THE DIAMOND-LIKE 
CARBON FILMS COVERED BY HYDROGEN OR FLUORINE: AB INITIO 
CALCULATIONS

Within the methods of electron density functional and ab initio pseudopotential, it were 
obtained the spatial distributions of density of valence, the total energy, the static friction 
force for diamond and diamond-like films with uncoated surfaces or covered completely 
with hydrogen, or with a half coating hydrogen or fluorine.  It was found that the half 
concentration of the broken bonds of carbon atoms on the smooth surfaces of diamond films, 
which exist in tribological contact, increases the slip resistance by comparison with the films 
with surface complete covered by hydrogen.

Keywords: the electron density functional method, the pseudopotential method, the 
diamond-like carbon, adhesion, the static friction force, hydrogen, fluorine.
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such as surface atoms in the DLC and structure 
of the film are essential to improve tribological 
characteristics of DLC [3].

Models and methods of calculation

In these computing experiments, we investi-
gated the influence of the roughness and the dan-
gling bonds of the slipping surfaces on the value 
of adhesion and friction coefficient using its own 
software complex [4].

All of our evaluations of the static structural 
properties through the evolution of energy are 
based on the following assumptions. (1) The 
electrons are in the ground state in relation to the 
instant positions of nucleases (adiabatic approxi-
mation of the Born-Oppenheimer). (2) The mul-
tiparticle effects are assessed in the framework of 
the local density functional formalism. (3) There 
is used approximation of frozen cores that is 
pseudopotential. Pseudopotential theory gives the 
possibility to use convenient mathematical Fou-
rier functions. Through a pseudopotential weak-
ness as a basis in expanding the single-particle 
electron wave functions possible applicants the 
plane waves. Relying on artificial translational 
symmetry objects, which we explore the expres-
sion for the total energy simply is formulated in 
the momentum space. The total 

                                                                     ,(1)
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 is the value from the first Brill-
ouin zone, G



 - vector of the reciprocal lattice, 
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+Ψ  - the coefficients in expend-
ing the single-particle electron wave functions 
over the plane wave are obtained from the zone-
structural calculations, α – the operator symmet-
ric transformations from the point group symme-
try of the unit cell.

To calculate the electron exchange-correlation 

energy xcε , we used the Ceperley-Alder approxi-
mation with the Perdew-Zunger parameterization.

The k


 integration was replaced by a discrete 
summation over the special points the Brillouin 
zone.

The tribological contact model created from 
the diamond-like films by each thickness of about 
7 Ǻ. In films the percentage of the graphite-like 
bonds changed from zero (see Fig.1) to 50 (see 
Fig.2). The percentage part changed the smooth-
ness of surfaces.
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Fig.1. The (100) surface of the 
diamond-like carbon films with the 
surface hydrogen atoms and 100% 
diamond-like bonds in tribological 
contact. 

Fig.2. Two diamond-like carbon films with a mixture of 50% the diamond-
like and 50% the graphite-like bonds in tribological contact. 
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Fig.1. The (100) surface of the diamond-like 
carbon films with the surface hydrogen atoms 
and 100% diamond-like bonds in tribological 
contact.

Fig. 2. Two diamond-like carbon films with a 
mixture of 50% the diamond-like and 50% the 
graphite-like bonds in tribological contact.

In connection with that, the algorithm of cal-
culation expects presence of translational sym-
metry in the probed atomic system, the artificial 
superlattice of orthorhombic type was at first cre-
ated. The object of study defines the super lattice 
parameters and the atomic basis. Therefore, the 
atomic basis of the primitive cell of the artificial 
super lattice for simulation of two diamond-like 
carbon films with a mixture of 50% the diamond-
like and 50% the graphite-like bonds in tribologi-
cal contact consisted from 88 the carbon atoms. 
Translation operations of the described cells re-
sulted to the two infinite films. They were paral-
leled axis Z and located at a certain distance D 
from each other (Fig. 2, Fig. 6). We calculated the 
total energy of objects in tribological contact and 
theirs spatial distribution of the valence electrons 
density.

The calculation results and theirs discussion

On Fig.3 and Fig.4 there are changes of the to-
tal energy and the rate of the total energy change 
of  two the diamond-like carbon films with a mix-
ture of 50% the diamond-like and 50% the  graph-
ite-like bonds versus the change of the separation 
distance between films D (the value of the deriva-
tive dE/dD  is considered to be the friction force).

-1
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1

1,5

2

2,5

3

3,5

4

4,5

1,2 1,4 1,6 1,8 2 2,2 2,4 2,6 2,8 3 Ǻ

Fig. 3. The changes of the total energy of two 
diamond-like carbon films with a mixture of 
50% the diamond-like and 50% the graphite-
like bonds versus the change of the separation 
distance between films D. Energy is supplied in 
atomic units per atom, distance - in Ǻ.
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Fig.4. Friction force change (dE/dD)  of two 
the diamond-like carbon films with a mixture 
of 50% the diamond-like and 50% the  graph-
ite-like bonds versus the change of the separa-
tion distance between films D.
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Fig. 5. The adhesion energy  change (dE/dD)  of 
two the diamond-like carbon films with a mixture 
of 50% the diamond-like and 50% the  graphite-
like bonds versus the change of the separation 
distance between films D. Energy is supplied in 
atomic units per atom, distance - in Ǻ.

a

b

  

c

Fig. 6. The spatial distribution of the valence elec-
trons density for value 0.1 from the maximum in two 
the diamond-like carbon tribological contacted films 
with a mixture 50% the diamond-like and 50% the  
graphite-like bonds,  the separation distance D be-
tween the films is: a) 1.36 Ǻ, b) 2.2 Ǻ, c) 2,77 Ǻ.

The graph in Fig.4 shows that for the separation 
distance (D) in the area of 2.2-2.3 Ǻ on the (dE/
dD) curve there is an inflection, which can be as-
sociated with changes in the nature of interaction 
between the films. Comparing this fact with the 
spatial distribution of the density of the valence 
electrons for different distances of separation (D) 
between films, we conclude that the electronic 
exchange between films disappears at these dis-
tances, i.e. the acceptor-donor type of interaction 
disappears. As to the more long Coulomb interac-
tions between the carbon ions, then they disap-
pear on distances close to 2.83 Ǻ. About this the 
zero value of adhesion energy between the films 
in Fig.5 witnesses. The adhesion energy between 
the films was calculated as a difference between 
the total energy of the two isolated diamond-like 
films and the energy of the tribological contacted 
films.

Further, the atomic basis of the primitive cell 
of the artificial super lattice for simulation of two 
the diamond films by thickness of 7.5 Ǻ with a 
complete coverage of hydrogen consisted of 48 
atoms; and for simulation of the 50% coverage 
of hydrogen or fluorine consisted of 40 atoms.  
Translation operations of the described cells re-
sulted to the two infinite films. They were par-
alleled axis Z and located at a certain distance 
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D from each other. For simulation of the elastic 
displacements (without destruction of chemical 
bonds) of the surface layers of the sliding films 
relatively the deeper layers at a constant distance 
between the films, the atomic layers of hydrogen 
and the nearest carbon are moved not more than 
7% of the interatomic distances. We calculated 
the total energy objects in the tribological sliding 
contact, the static friction force, as a derivative 
(ΔE/Δl), where ΔE is the energy change versus 
the displacement of the surface atoms on the Δl, 
and the spatial distribution of density of valence 
electrons.

On Fig.7 and Fig. 8, it shows the change of the 
total energy of two the diamond sliding films with 
a complete coverage of hydrogen and the 50% 
coverage of hydrogen or fluorine versus a change 
of the distance of separation D between films.
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Fig. 7. The change of the total energy of two 
the sliding diamond films with the full hydro-
gen coverage (a) and the 50%  hydrogen cov-
erage (b) at change of the separation distance 
D between films. Energy is supplied in atomic 
units per atom, distance - in Å.

From Fig. 7 and Fig. 8, it shows that with in-
creasing a separation distance between the dia-
mond films, the total energy of the films with the 
fully hydrogen passivated surfaces and the 50% 
coated films by fluorine or hydrogen decrease 
monotonically. Herewith, on 14% greater energy 
in the close contact films (the separation distance 
D between the films was 1.197 Å) the film con-
tacts with the incomplete hydrogen coverage has 
by comparison with the film contacts with the 
complete hydrogen coverage. In addition, on 37% 
greater energy the film contacts with the incom-
plete fluorine coverage has by comparison with 
the film contacts with the incomplete hydrogen 
coverage. When the films with the various surface 
coverage’s are removed one from other to the dis-
tance D, equal 2.336 Å, the total energy of these 
systems had almost the same value.
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Fig.  8. The change of the total energy of two 
the sliding diamond films with the 50% hydro-
gen coverage (a) and the 50%  fluorine cover-
age (b) at change of the separation distance D 
between films. Energy is supplied in atomic 
units per atom, distance - in Å.
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At the fixed separation distances (D) between 
films (the most close contact, D=1.197 Å, the 
most remote contact, D=2.336 Å) the static fric-
tion forces in tribological contacts of two diamond 
films coated by 50% fluorine, or 50% hydrogen, 
or  complete hydrogen coverage are examined. 
The dependencies of the calculated friction forces 
versus the displacement of the surface atomic lay-
ers are shown in Fig. 9, Fig. 10 and Fig. 11.
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Fig. 9. The static friction force of two diamond 
films with full hydrogen coating, these films 
slid one comparatively other with the displace-
ment of the surface atoms. The separation dis-
tances D between the films were: a) 1.197 Å, b) 
2.336 Å.

From Fig. 9b and Fig. 10b it shows that the 
partial removal of hydrogen atoms from the sur-
face of the film leads to the increase of the static 

friction force more in comparison with a com-
plete hydrogen coverage of surfaces of diamond 
films in the most remote tribological contact. In-
complete fluorine covering of the films surfaces 
increases the coefficient of friction else on order 
of magnitude in comparison with hydrogen coat-
ings (see Fig. 11).
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Fig. 10. The static friction force of two dia-
mond films with 50% hydrogen coating, these 
films slid one comparatively other with the 
displacement of the surface atoms. The sepa-
ration distances D between the films were: a) 
1.197 Å, b) 2.336 Å.

Analyzing the static friction forces of two dia-
mond films, which slid one comparatively other 
with the displacement of the surface atoms and 
were covered under different conditions (Fig. 
9 - Fig. 11), we observe a non-monotonic fluc-
tuations in the value of the static friction force in 
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these systems. Almost all above discussed tribo-
logical contacts were characterized by increase a 
friction coefficient when the shift of the surface 
atomic layers comparatively more deep increase, 
except the diamond films coated by 50% fluorine, 
which were in the closest contact (see Fig. 11a).
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Fig. 11. The static friction force of two dia-
mond films with 50% fluorine coating, these 
films slid one comparatively other with the 
displacement of the surface atoms. The sepa-
ration distances D between the films were: a) 
1.197 Å, b) 2.336 Å.

Conclusions regarding the increase of the 
coefficient of friction, were installed and other 
researchers in considering the properties of 
carbon materials. Frictional properties of mono-
crystalline diamond surface (111) were studied in 
ultra-high vacuum (UHV) with the help of silicon 
(Si) needle the AFM. On the surface the presence 

or absence of hydrogen (H) being tracked by dif-
fraction of slow electrons (LEED). Removal of 
the hydrogen from the surface leads to the in-
crease of average coefficient of friction is more 
than two orders of magnitude compared with the 
surface covered with hydrogen. This is a vivid 
and convincing example of how loose connection 
can connect border and increase the influence of 
adhesion to friction, and how passivation those 
relations that react may significantly weaken 
these forces [5-10].

In Fig. 12 and Fig. 13 the spatial density distri-
butions of valence electrons within the interval of 
0.1–0.2 of the maximum value (this lowest value 
of density defines the limit of the films and deter-
mines their size and shape) in the diamond films 
with the different coverage of the surface are giv-
en.  Herewith the separation distances D between 
the films changed from 1.054 Ǻ to 2.336 Ǻ with 
step 0.1424 Ǻ. From these drawings it is clear that 
the type of the surface coating of the diamond 
film considerably influences upon the restructur-
ing of the distribution of the valence electrons on 
the surface, and in the field of between films and 
in the inner layers of the films. As follows at the 
presence of the incomplete bonds of the surface 
carbon atoms in the spatial distribution of elec-
trons the extracted from the surface regions are 
appeared.

In Fig. 14 the spatial density distributions of 
valence electrons within the interval of 0.3–0.4 of 
the maximum value in the diamond films with the 
50% fluorine coverage of the surface are given.  
Herewith the separation distances D between the 
films changed from 1.054 Ǻ to 2.336 Ǻ with step 
0.1424 Ǻ. 

On drawing Fig. 15  comparison of the spa-
tial distributions of the valence electrons density 
in the tribological contact of two diamond films 
coated by 50% hydrogen or 50% fluorine are re-
alized, these films were situated on distance of 
separation between films 1.197 Ǻ and 2.336 Ǻ.
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Fig. 12. The spatial distribution of the valence electrons density within the interval of 0.1–0.2 of 
the maximum value in the tribological contact of two diamond films with the complete hydrogen 
coverage for the separation distance D between films 1.054 Ǻ, 1.197 Ǻ, 1.339 Ǻ, 1.482 Ǻ, 1.624 Ǻ, 
1.766 Ǻ, 1.909 Ǻ, 2.051 Ǻ, 2.194 Ǻ, 2.336 Ǻ (respectively from left to right).

Fig. 13. The spatial distribution of the valence electrons density within the interval of 0.1–0.2 of 
the maximum value in the tribological contact of two diamond films with the incomplete (50%) 
hydrogen coverage for the separation distance D between films 1.054 Ǻ, 1.197 Ǻ, 1.339 Ǻ, 1.482 
Ǻ, 1.624 Ǻ, 1.766 Ǻ, 1.909 Ǻ , 2.051 Ǻ, 2.194 Ǻ, 2.336 Ǻ (respectively from left to right).  

Fig. 14. The spatial distribution of the valence electrons density within the interval of 0.3–0.4 of 
the maximum value in the tribological contact of two diamond films with the incomplete (50%) 
fluorine coverage for the separation distance D between films 1.054 Ǻ, 1.197 Ǻ, 1.339 Ǻ, 1.482 Ǻ, 
1.624 Ǻ, 1.766 Ǻ, 1.909 Ǻ , 2.051 Ǻ, 2.194 Ǻ, 2.336 Ǻ (respectively from left to right).
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             a      b

               c         d

Fig.15. The spatial distribution of the valence 
electrons density  within the interval of 0.1–0.2 
of the maximum value and within the interval 
of 0.3–04  in the tribological contact of two dia-
mond films coated by 50% hydrogen and 50% 
fluorine, respectively: a), c) the separation dis-
tance between the films is 1.197 Ǻ; b), d) the 
separation distance between the films is 2.336 Ǻ.

Comparing the valence electron density distri-
butions for the two diamond sliding films coated 
by 50% hydrogen or 50% fluorine (Fig. 13-15), 
see the localization of electronic charge in the 
contact area between the films is present. This 
charge can be interpreted as static charging films 
that slip. The most brightly seen localization of 
its kind in tribological contacts of films coated by 
hydrogen is fixed when the separation distance D 
between the films is 1.197 Ǻ.

Conclusions

The methods of electron density functional 
and pseudopotential theories were used to calcu-
late the distributions of valence electron density, 
the total energy and static friction for diamond or 
diamond-like films with uncovered surfaces or 
covered by hydrogen or fluorine.

It is determined that the change in the friction 
force between two the slip rough diamond-like 
carbon films with thickness about 7 Ǻ each and 
with a mixture of 50% diamond-like and 50% 
graphite-like bonds without coverage is due to 
the changing nature between atomic interaction 
from the short donor-acceptor to the long-range 
Coulomb.

It was found that the half concentration of the 
broken bonds of carbon atoms on the smooth sur-
faces of diamond films, which exist in tribological 
contact, increases the slip resistance by compari-
son with the films with surface complete covered 
by hydrogen. This increase occurs on magnitude 
of one order for the films coated by 50% hydro-
gen and on two orders for the films coated by 50% 
fluorine.

For diamond films coated by 50% fluorine or 
50% hydrogen, which slithered one comparatively 
another with a shift of the surface atoms, a non-
monotonic fluctuations in the value of static fric-
tion are characterized, i.e. the instability of their 
tribological properties is revealled.

For two diamond films coated by hydrogen or 
50% fluorine, which exist in tribological contact, 
it is observed the areas of localization of electron-
ic charge at the site of contact between the films, 
which were treated as static charging of films that 
slipped.
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Abstract
It was found that the half concentration of the broken bonds of carbon atoms on the smooth surfaces 

of diamond films, which exist in tribological contact, increases the slip resistance by comparison with 
the films with surface complete covered by hydrogen. This increase occurs on magnitude of one order 
for the films coated by 50% hydrogen and on two orders for the films coated by 50% fluorine.

For two diamond films coated by hydrogen or 50% fluorine, which exist in tribological contact, it 
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is observed the areas of localization of electronic charge at the site of contact between the films, which 
were treated as static charging of films that slipped
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ПОКРИТИХ ВОДНЕМ АБО ФТОРОМ: РОЗРАХУНКИ AB INITIO

Резюме
Було встановлено, що половинна концентрація незавершених зв’язків атомів вуглецю на 

гладких поверхнях алмазних плівок, що у трибологічному контакті, збільшує опір ковзанню 
у порівнянні з плівками з повністю завершеними воднем поверхнями: на порядок для плівок, 
покритих на 50% воднем, і на два порядки для плівок, покритих на 50% фтором.

Для двох алмазних плівок з покриттям воднем чи фтором у 50%  у трибологічному контакті 
спостерігалися області локалізації електронного заряду в місці контакту між плівками, котрі 
трактувалися як статичне зарядження плівок, що ковзали.

Ключові слова: трибологічний контакт, концентрація, алмазоподібні  вуглецеві  плівки, 
водень, фтор.
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Резюме
Было установлено, что половинная концентрация незавершенных связей атомов углерода 

на гладких поверхностях алмазных пленок, в трибологическом контакте, увеличивает 
сопротивление скольжению по сравнению с пленками с полностью завершенными водородом 
поверхностями: на порядок для пленок, покрытых на 50% водородом, и на два порядка для 
пленок, покрытых на 50% фтором.

Для двух алмазных пленок с покрытием водородом или фтором в 50% в трибологическом 
контакте наблюдались области локализации электронного заряда в месте контакта между 
пленками, которые трактовались как статический заряд пленок, которые скользили.

Ключевые слова: трибологический контакт, концентрация, алмазоподобные  углеродные 
плёнки, водород, фтор.
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1. INTRODUCTION
     
In recent years, especially acute problem of 

reception and quantifying ultraviolet (UV) radia-
tion. One of the most promising types of UV pho-
todiode receivers is the Schottky barrier. Surface 
potential barrier provides effective separation of 
charge carriers born in this area as a result of ab-
sorption of energy quantums significantly larger 
than band gap. For the manufacture of such de-
tectors wide semiconductor compounds are used 
mainly [1, 2]. 

The literature contains information about the 
photo detectors based on the contact Ni-ZnSe [3, 
4], having a sufficiently high sensitivity in the 
range of 0,25-0,5 microns. Other possible met-
als suitable for the manufacture of zinc selenide 
with a Schottky barrier may be an element of the 
same group of the periodic table - chromium. Op-
tical characteristics of the semitransparent film of 
chromium in the aforementioned spectral region 
is not worse than the thin films of nickel. The 
films show good adhesion of chromium to the 
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Explored the structures based on the ZnSe single crystal with a semitransparent layer 
of chromium. The current-voltage and capacitance-voltage characteristics of the structures 
indicate that Cr-ZnSe contact is a lock and close in its properties to the Schottky barrier. 
The calculated equilibrium barrier height is 1.22 eV. In the structures in the reverse biased 
direction to the detected occurrence of photosensitivity wavelength region of the spectrum 
up to 230 nm wavelength. This is due to the deterioration of conditions for the recombination 
of photoexited carriers in fast recombination centers in a strong electric field in the surface 
region of the reverse bias pin barrier. Calculated from critical frequency of the photocurrent 
spectrum contact barrier height value of 1.18 eV goes with the results obtained from the C-V 
characteristics.

surface of the zinc selenide crystal. However, in-
creasing the work function of chromium (4,6 eV) 
than that of nickel (4,4 eV) allows us to expect 
that the potential barrier in contact Cr-ZnSe is 
higher than in contact Ni-ZnSe. This should yield 
higher intensity of the internal electric field in the 
surface region of the contact barrier and, finally, 
lead to increased photosensitivity of photodetec-
tor in the near UV - spectrum [5]. In this paper, 
on the chemically polished surface of low-resis-
tivity single crystals of zinc selenide were depos-
ited translucent chromium films. Purpose of the 
research was to determine the parameters of the 
contact barrier Cr-ZnSe, the study of its electrical 
and spectral characteristics and finding the possi-
bility of using such a structure as a photodetector 
in the near-UV - spectrum.

2. EXPERIMENT AND DISCUSSION 

Figure 1 shows the current-voltage character-
istics of the structure of Cr-ZnSe, measured at 
opposite polarities of bias. As can be seen, the 
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contact shows rectifying properties (rectification 
ratio at 0,8 V voltage reaches 107). This indicates 
that in the Cr-ZnSe contact exists a sufficiently 
high potential barrier. Under reverse bias (Fig. 1, 
curve 2) current-voltage characteristic obeys to 
dependency I ~ V1/2, which is typical for “thick” 
Schottky barrier.

Fig. 1. The current-voltage characteristics of 
the Cr-ZnSe contact, measured by direct (1) 
and reverse (2) bias.

With direct polarity of the applied bias (Fig. 
1, curve 1) current-voltage characteristic is de-
scribed by I~exp (e∙V/ß∙k∙T), as evidenced by its 
straightening in coordinates lnl ÷ V.

ß ideality factor was ß ≈ 1,47. The obtained 
value of ß, significantly greater than one, allows 
to conclude that in Cr-ZnSe contact a thin oxide 
layer is present, as well as a sufficiently high den-
sity of surface states.

Figure 2 (curve 1) shows the capacitance-
voltage characteristics of the test contact. Curve 
2 shows the dependency C-V, built in the coor-
dinates (S/C)2-V, typical for the Schottky barrier 
[6]. Extrapolation of this dependence on the volt-
age axis (Fig. 2, curve 2) allows to determine the 
equilibrium height of φ barrier for electrons from 
the semiconductor. It is equal to φ ≈ 0,98 eV.

Using the numerical value of the capacitance 
at zero bias (Fig. 2, curve 1) was estimated the 
equilibrium barrier thickness (L ≈ 2,8 μm). The 
numerical value of the slope of the curve 2 (Fig. 

2) allowed to calculate the equilibrium of con-
centration of free electrons in the ZnSe crystal 
(n0≈1,2*1014 cm-3) and the energy separation of 
the equilibrium of Fermi level from the bottom 
of the conduction band in the semiconductor 
(Ef=0,24 eV). In the calculations for zinc selenide 
were accepted the values   of the relative permittiv-
ity ε= 9,1 and electron mobility μn = 500 cm2/V∙s.

Fig. 2. Capacitance-voltage characteristics of 
Cr-ZnSe contact.

Point values   of Ef and φ allowed us to construct 
the energy diagram of the Cr-ZnSe test contact, 
which in the absence of applied bias is shown 
schematically in Fig. 3.

Fig. 3. Energy diagram of the Cr-ZnSe contact 
balance.

Figure 4 represents the spectral characteristics 
of photocurrent at different bias conditions of the 
structure. Curve 1 (Fig. 4) shows the photocur-
rent spectrum in direct applied voltage V=+l V, 
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i.e. in an environment where the potential barrier 
φ is practically “smoothed”. Therefore, the curve 
1 actually reflects the spectral photosensitivity 
of the total volume of the ZnSe crystal. Slump 
photosensitivity in the wavelength region of the 
spectrum due to the fact that the incident light 
rays with energies, greater than the band gap, are 
absorbed in a thin surface layer of the crystal, 
where is a high density of surface fast recombi-
nation centers. Depending on this, apart from its 
own high photosensitivity (λmax = 460 nm), there 
are also two bands of impurity photoconductivity. 
These are a mild band with a maximum at a wave-
length at λmax = 530 nm and a broad band with a 
maximum at λmax = 800 nm. Nature of these bands 
is known and associated with associative defects 
(VZnAlZn).

Fig. 4. Spectral dependence of the photocur-
rent structure of Cr-ZnSe and a forward bias 
V=+1 V (1) and a reverse bias V=-5 V (2).

Curve 2 (Fig. 4) shows the photocurrent spec-
trum measured under reverse bias contact V=-5V. 
A significant increase in photosensitivity short 
wavelengths up to wavelength λ ≈ 230 nm can be 
seen. It is due to the fact that the surface in the ex-
cited electrons of the semiconductor layer under 
the influence of the field in the region of the bar-
rier are moved from the illuminated surface into 
the sample without time to recombine with holes.

Maximum on the graph corresponds to transi-
tions, when the incident photon energy is close to 
the band gap. Also on the schedule (curve 2) can 

be seen a lingering long-wavelength tail, which 
can be explained by the photoemission of elec-
trons from the metal. If the energy of the incident 
quantum is not less than the height of the barrier, 
the electrons to overcome barriers contribute to 
the photocurrent, leading to an increase in the 
photocurrent. If the quantum energy is less than 
the height of the potential barrier, the electrons 
are no longer able to overcome it and the photo-
current decreases, which explains the long-wave-
length limit.

According to the Fowler formula [7], a long 
wavelengths photocurrent under reverse bias can 
be transformed into coordinates Iф

1/2- (hv), in 
which this dependence should rectify (Fig. 5). By 
extrapolating the resulting line on the energy axis 
the height of the barrier from the metal φ0’ can be 
determined. It proved to be φ0’= 1,18 eV, which 
goes well with the results obtained from the en-
ergy diagram (Fig. 3 )      φ0 = 1,22 eV.

Fig. 5. Long wavelengths photocurrent under 
reverse bias V =-5 V, built in coordinates If

1/2- 
(hv).

3. CONCLUSIONS 

The results show that the locking contact Cr-
ZnSe shows sufficient photosensitivity in spectral 
region of wavelengths λ≥0,23 microns. It can be 
used in the development of radiation detectors in 
the near-UV region of the spectrum.
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UDC 621.315.592 
A. P. Chebanenko, A. E. Stupak

PHOTOELECTRIC PROPERTIES OF THE STRUCTURE Cr-ZnSe WITH SCHOTTKY 
BARRIER

Abstract
Explored the structures based on the ZnSe single crystal with a semitransparent layer of chromi-

um. The current-voltage and capacitance-voltage characteristics of the structures indicate that Cr-
ZnSe contact is a lock and close in its properties to the Schottky barrier. The calculated equilibrium 
barrier height is 1.22 eV. In the structures in the reverse biased direction to the detected occurrence 
of photosensitivity wavelength region of the spectrum up to 230 nm wavelength. This is due to 
the deterioration of conditions for the recombination of photoexited carriers in fast recombination 
centers in a strong electric field in the surface region of the reverse bias pin barrier. Calculated from 
critical frequency of the photocurrent spectrum contact barrier height value of 1.18 eV goes with 
the results obtained from the C-V characteristics.

Key words: Schottky barrier, UV receiver, photosensitivity, fast recombination centers.
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А. П. Чебаненко, О. Е. Ступак

ФОТОЕЛЕКТРИЧНІ ВЛАСТИВОСТІ СТРУКТУР Cr-ZnSe З БАР’ЄРОМ ШОТТКИ

Резюме
Досліджено структури на основі монокристалів ZnSe з напівпрозорим шаром хрому. Вольт-

амперні та вольт-фарадні характеристики структур свідчать, що контакт Cr-ZnSe є запірним та 
близьким за своїми властивостями до бар’єру Шоттки. Розрахована рівноважна висота бар’єру 
складає 1,22 еВ. В структурах, зміщених у зворотньому напрямку, виявлено виникнення 
фоточутливості в короткохвильовій області спектру аж до довжини хвилі 230 нм. Це зумовлено  
погіршенням умов для рекомбінації фотозбуджених носіїв на центрах швидкої рекомбінації 
в сильному електричному полі у приповерхневому шарі зворотньо зміщеного контактного 
бар’єру. Розраховане із довгохвильової  межі спектру фотоструму значення висоти контактного 
бар’єру 1,18 еВ добре узгоджується з результатами, отриманими із C-V характеристик.

     Ключові слова: бар’єр Шоттки, УФ-приймач, фоточутливість, центри швидкої рекомбінації. 

PACS: 73.20.Hb, 73.25.+I;     UDC 621.315.592 

А. П. Чебаненко,  А. Э. Ступак

ФОТОЭЛЕКТРИЧЕСКИЕ СВОЙСТВА СТРУКТУР Cr-ZnSe С БАРЬЕРОМ ШОТТКИ

Резюме
Исследованы структуры нас основе монокристаллов ZnSe с полупрозрачным слоем хрома. 

Вольт-амперные и вольт-фарадные характеристики структур свидетельствуют, что контакт Cr-
ZnSe является запорным и близким по своим свойствам к барьеру Шоттки. Рассчитанная равно-
весная высота барьера составляет 1,22 эВ. В структурах, смещенных в обратном направлении, 
обнаружено появление фоточувствительности в коротковолновой области спектра вплоть до 
длины волны 230 нм. Это связано с ухудшением условий для рекомбинации фотовозбужден-
ных носителей на центрах быстрой рекомбинации в сильном  электрическом поле в приповерх-
ностной области обратно смещенного контактного барьера. Рассчитанное из длинноволновой 
границы спектра фототока значение высоты контактного барьера 1,18 эВ хорошо согласуется с 
результатами, полученными из C-V характеристик.

Ключевые слова: барьер Шоттки, УФ-приемник, фоточувствительность, центры быстрой 
рекомбинации. 
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OPTIMIZED PERTURBATION THEORY TO CALCULATING THE 
HYPERFINE LINE SHIFT AND BROADENING FOR HEAVY ATOMS IN 
THE BUFFER GAS

It is presented review of a new consistent relativistic approach to determination of 
collisional shift and broadening hyperfine lines for heavy atoms in an atmosphere of the 
buffer inert gas. It is based on the atomic gauge-invariant relativistic perturbation theory 
and the exchange perturbation theory. As illustration, consistent approach is applied to 
calculating the interatomic potentials, hyperfine structure line collision shift and broadening 
for heavy atoms, in particular, atoms of alkali elements – rubidium, caesium, and thallium, 
ytterbium, in an atmosphere of the buffer inert gas.

1 Introduction

The broadening and shift of atomic spectral 
lines by collisions with neutral atoms has been 
studied extensively since the very beginning of 
atomic physics, physics of collisions etc [1–5]. 
High precision data on the collisional shift and 
broadening of the hyperfine structure lines of 
heavy elements (alkali, alkali-earth, lanthanides, 
actinides and others) in an atmosphere of the 
buffer (for example, inert) gases are of a great in-
terest for modern quantum chemistry, atomic and 
molecular spectroscopy, astrophysics and metrol-
ogy as well as for studying a role of weak interac-
tions in atomic optics and heavy-elements chem-
istry [1-10]. As a rule, the cited spectral lines shift 
and broadening due to a collision of the emitting 
atoms with the buffer atoms are very sensitive to 
a kind of the intermolecular interaction. It means 
that these studies provide insight into the nature 
of interatomic forces and, hence, they provide an 
excellent test of theory.  

An accurate analysis of the spectral line pro-
files is a powerful technique for studying atomic 
and molecular interactions and is often neces-
sary for probing matter in extreme conditions, 
such as in stellar atmospheres, ultracold traps 
and Bose–Einstein condensates [3,6]. Besides, 
calculation of the hyperfine structure line shift 

and broadening allows to check a quality of the 
wave functions (orbitals) and study a contribu-
tion of the relativistic and correlation effects to 
the energetic and spectral characteristics of the 
two-center (multi-center) atomic systems. From 
the applied point of view, the mentioned physical 
effects form a basis for creating an atomic quan-
tum measure of frequency [10,12,14]. The corre-
sponding phenomenon for the thallium atom has 
attracted a special attention because of the pos-
sibility to create the thallium quantum frequency 
measure. Alexandrov et al [10] have realized the 
optical pumping thallium atoms on the line of 
21GHz, which corresponds to transition between 
the components of hyperfine structure for the Tl 
ground state. These authors have measured the 
collisional shift of this hyperfine line in the at-
mosphere of the He buffer gas. 

The detailed non-relativistic theory of colli-
sional shift and broadening the hyperfine struc-
ture lines for simple elements (such as light alkali 
elements etc.) was developed by many authors 
(see, for example, Refs. [1-14]). However, un-
til now an accuracy of the corresponding avail-
able data has not been fully adequate to predict 
or identify transitions within accuracy as required 
for many applications.  It is obvious that correct 
taking into account the relativistic and correlation 
effects is absolutely necessary in order to obtain 
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sufficiently adequate description of spectroscopy 
of the heavy atoms in an atmosphere of the buf-
fer gases. This stimulated our current investiga-
tion whose goals were to propose a new relativ-
istic perturbation theory approach to calculating 
the interatomic potentials and hyperfine structure 
line collision shifts and broadening for the alkali 
and lanthanide atoms in an atmosphere of the in-
ert gases. The basic expressions for the collision 
shift and broadening hyperfine structure spectral 
lines are taken from the kinetic theory of spectral 
lines [6,7,11,12]. 

The exchange perturbation theory (the modi-
fied version ЕL-НАV) has been used to calculate 
the corresponding potentials (see details in [1-5]).  
Let us note that sufficiently detailed reviews of 
the different versions of exchange perturbation 
theory are presented, for example, in Refs.[1-9]. 
It is worth to remind about the known difficulties 
of the exchange perturbation theory, associated 
with complex structure series, which contain the 
overlap integrals and exchange integrals [1].  Due 
to the ambiguity of the expansion in the antisym-
metric functions it had been  built a number of 
different formalisms of an exchange perturbation 
theory. Usually one could distinguish two groups 
in dependence on the zero-order approximation 
of the Hamiltonian. In the symmetry adapted the-
ories the zeroth-approximation Hamiltonian is an 
asymmetric, but the zeroth- approximation func-
tions have the correct symmetry. In symmetric 
formalisms there is constructed a symmetric ze-
roth-approximation Hamiltonian such as the an-
tisymmetric function is its eigen function. Further 
formally standard Rayleigh - Schrodinger pertur-
bation theory is applied. However, this approach 
deals with the serious difficulties in switching to 
systems with a number of electrons, larger than 
two. In addition, the bare Hamiltonian is not her-
mitian. 

So the symmetry adapted theories gain more 
spreading. In particular, speech is about versions 
as EL-HAV (Eisenschitz-London-Hirschfeleder- 
van der Avoird), MS-MA (Murrel-Shaw-Musher-
Amos) and others (see details in Refs. [4,5]). The 
detailed analysis of advantages and disadvantages 
of the exchange perturbation theory different ver-
sions had been performed by Batygin et al (see, 
for example, [11,12]) in studying the hyperfine 
structure line shift of the hydrogen atom in an 

atmosphere of an inert buffer gas.  In our work 
the modified version of the ЕL-НАV exchange 
perturbation theory has been used to calculate the 
corresponding potentials (see details in [4]). On 
fact [4] this is the Schrödinger type perturbation 
theory for intermolecular or interatomic inter-
actions, using the wave operator formalism. To 
include all exchange effects, wavefunctions are 
used whose symmetry with respect to permuta-
tions of both electronic and nuclear coordinates 
can be prescribed arbitrarily. The interaction en-
ergy is obtained as a series in ascending powers 
of the interaction operator. Further van der Avoird 
[4] has proved that every term in this series is 
real and that the terms of even order are nega-
tive definite for perturbation of the ground state. 
It has been also verified that up to and including 
third order the results of this theory, if they are 
restricted to electron exchange only, agree exactly 
with those of the Eisenschitz-London theory (see 
other details in Refs. [1-5]). 

The next important point is choice of the most 
reliable version of calculation for multielectron 
atomic field and generating the basis of atomic 
orbitals. In Refs. [17-30] a consistent relativistic 
energy approach combined with the relativistic 
many-body perturbation theory has been devel-
oped and applied to calculation of the energy and 
spectroscopic characteristics of heavy atoms and 
multicharged ions. This is the relativistic many-
body perturbation theory with the optimized 
Dirac-Fock (Dirac-Kohn-Sham) zeroth approxi-
mation and taking into account the nuclear, ra-
diation, exchange-correlation corrections.  It is 
worth to remind that this approach has been suc-
cessfully used to calculate the b-decay parameters 
for a number of allowed (super allowed) transi-
tions and study the chemical bond effect on b-
decay parameters [29]. This approach  has been 
used in our work  to generate a basis of relativis-
tic orbiltals for heavy atoms.  Besides, the correct 
procedures of accounting for the many-body ex-
change-correlation effects and relativistic orbital 
basis optimization (in order to provide a perfor-
mance of the gauge-invariant principle) as well as 
accounting for the highly excited and continuum 
states have been used. 

Earlier it was shown [21-30] that an adequate 
description of the energy and spectral characteris-
tics of the multi-electron atomic systems requires 
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using the optimized basis of wave functions. In 
Ref. [31] a new ab initio optimization procedure 
for construction of the optimized basis had been 
proposed and based on the principle of minimi-
zation of the gauge dependent multielectron con-
tribution ImdEninv  of the lowest QED perturba-
tion theory corrections to the radiation widths of 
atomic levels. The minimization of the functional 
ImdEninv leads to the Dirac-Kohn-Sham-like equa-
tions for the electron density that are numerically 
solved. This procedure has been implemented 
into our approach. In result, the numerical data on 
the hyperfine line collision shifts and broadening 
for some alkali (Rb, Cs), thallium and ytterbium 
atoms in atmosphere of the inert gas (such as He, 
Ke, Xe) are presented and compared with avail-
able theoretical and experimental data (see, for 
example, [1-12]). Besides, new data on the van 
der Waals constavts and other parameters for the 
studied two-atomic systems are presented too. 

2 Optimized atomic perturbation theory 
and kinetic theory of spectral lines

In order to calculate a collision shift of the 
hyperfine structure spectral lines one can use the 
following expression known in the kinetic theory 
of spectral lines shape (see Refs. [6,7,11,12]): 

                                                               (1a)
      

(1b)

Here U(R) is an effective potential of intera-
tomic interaction, which has the central symme-
try in a case of the systems A—B (in our case, 
for example,  A=Rb,Cs; B=He); T is a tem-
perature, w0 is a frequency of the hyperfine 
structure transition in an isolated active atom; 
dw(R)=Dw(R)/w0 is a relative local shift of the 
hyperfine structure line; ( ( )1 g R+ ) is a tempera-
ture form-factor. 

The local shift is caused due to the disposition 
of the active atoms (say, the alkali atom and he-
lium He) at the distance R. In order to calculate an 
effective potential of the interatomic interaction 

further we use the exchange perturbation theory 
formalism (the modified version ЕL-НАV) [9]). 

Since we are interested by the alkali (this atom 
can be treated as a  one-quasiparticle systems, i.e. 
an atomic system with a single valence electron 
above a core of the closed shells) and the rare-
earth atoms (here speech is about an one-, two- or 
even three-quasiparticle system), we use the clas-
sical model for their consideration. The interaction 
of alkali (A) atoms with a buffer (B) gas atom is 
treated in the adiabatic approximation and the 
approximation of the rigid cores. Here it is worth 
to remind very successful model potential simu-
lations of the studied systems (see, for example, 
Refs. [32-41]). 

In the hyperfine interaction Hamiltonian one 
should formally consider as a magnetic dipole 
interaction of moments of the electron and the 
nucleus of an active atom as an electric quadru-
pole interaction (however, let us remind that, as 
a rule, the moments of nuclei of the most (buffer) 
inert gas isotopes equal to zero) [6].

The necessity of the strict treating relativ-
istic effects causes using the following ex-
pression for a hyperfine interaction operator 
HHF (see, eg., [1,5]): 
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Next, in order to determine a local shift 
within the consistent theory it should be used 
the expression obtained in one of versions of 
the exchange perturbation theory, in particular, 
EL-HAV version (see [1-5,8,9]). The relative 
local shift of the hyperfine structure line is de-
fined with up to the second order in the po-
tential V of the Coulomb interaction of the 
valence electrons and the cores of atoms as 
follows:
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Here S0 is the overlapping integral; С6 is the 
van der Waals coefficient; I is the potential of ion-
ization; Е1a,b is the energy of excitation to the  first 
(low-lying) level of the corresponding  atom. The 
values W1, W2 in Eq. (3a) are the first order non-
exchange and exchange non-perturbation sums 
correspondingly. These values are defined as fol-
lows:  

                
                                                                 (4a)

                                                                  (4b)

where '
HFÍ  = 

3
1

1][
r

ra z× is the transformed op-
erator of the hyperfine interaction;  zra ][ 1×  is 
Z component of the vector product; Z - quanti-
zation axis directed along the axis of the quasi-
molecule; N is the total  number of electrons, 
which are taken into account in the calculation;  
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bkakk 211 '' ϕ=Φ  are an energy and a non-
symmetrized wave function of state k ={ka,,kb} 
for the isolated atoms A and B. 

The non-exchange matrix element of the 
Coulomb interatomic interaction is as:
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ment is as follows:
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The operator V (i)  (for example, in a case 
of the system Rb(a)-Не(b)) can be presented as 
follows:
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where USCF(r)  is the self-conjunctive field, cre-
ated by an active atom core. 

The useful expressions for approximating the in-
teraction potential and shift are presented in Refs. 
[11,12]:
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where the overlap integrals S0А-B are determined 

by the standard expressions, and the potential ex
B-AU  

is calculated in the framework of the exchange per-
turbation theory [12]: 

                  Uex=(V00 - U00)/(1-S0).                (9)

It should also be noted that as a rule, in the al-
ternative non-relativistic theories of [6-9]  the com-
mutator technique [11] is used when calculating 
the sums of the type (4). Earlier the reason of us-
ing actually approximate non-relativistic methods 
was the lack of reliable information on the wave 
functions of the excited states of the complex at-
oms. Starting approximations in alternative theo-
ries [11,12] were rather simple approximations 
for the electronic wave functions of both active 
and passive atoms. In particular, in Refs. [11] the 
electronic wave functions were approximated by 
simple Slater expression (the approximation of 
the effective charge = Z-approximation ) or sim-
ple analytical approximation formulas by Löwdin 
(L- approximation) and Clementi-Roothaan (C 
- approximation) [42] in studying the shift and 
broadening the hyperfine lines for such atoms as 
He, Rb, Cs etc. In Refs. [12]  the wave functions 
had been determined within the Dirac-Fock ap-
proximation, however, these authors had used 
the approximate non-relativistic expressions to  
describe the interatomic interaction potential. 
Besides, determination of the polarizabilities and 
the van der Waals constants has been performed 
with using the following London’s expressions 
[6,12]: 

magnetons. Of course, the summation in 
(2) is over all states of the electrons of 
the system, not belonging to the cores. 
The introduced model of consideration of 
the active atoms is important to describe 
an  effective interatomic interaction po-
tential (an active atom – an passive 
atom), which is centrally symmetric 
(JА=1/2) in our case (the interaction of an 
alkali atom with an inert gas atom).  
Let us underline that such an approxima-
tion is also acceptable in the case system 
―thallium atom – an inert gas atom‖ and 
some rare-earth atoms, in spite of the 
presence of p-electrons in the thallium (in 
the case of rare-earth atoms, the situation 
is more complicated). 
Next, in order to determine a local shift 
within the consistent theory it should be 
used the expression obtained in one of 
versions of the exchange perturbation 
theory, in particular, EL-HAV version 
(see [1-5,8,9]). The relative local shift of 
the hyperfine structure line is defined with 
up to the second order in the potential V 
of the Coulomb interaction of the valence 
electrons and the cores of atoms as fol-
lows: 
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 Here S0 is the overlapping integral; С6 is the 
van der Waals coefficient; I is the potential of 
ionization; Е1a,b is the energy of excitation to 
the  first (low-lying) level of the corresponding  
atom. The values 1, 2 in Eq. (3a) are the 
first order non-exchange and exchange non-
perturbation sums correspondingly. These 
values are defined as follows:   
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where '
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operator of the hyperfine interaction;  
zra ][ 1  is Z component of the vector prod-

uct; Z - quantization axis directed along the 
axis of the quasi-molecule; N is the total  
number of electrons, which are taken into 
account in the calculation;  Ek, 
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where the overlap integrals S0А-B are deter-
mined by the standard expressions, and the po-
tential ex

B-AU  is calculated in the framework of 
the exchange perturbation theory [12]:  
 
              Uex=(V00 - U00)/(1-S0).                (9) 
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(2) is over all states of the electrons of 
the system, not belonging to the cores. 
The introduced model of consideration of 
the active atoms is important to describe 
an  effective interatomic interaction po-
tential (an active atom – an passive 
atom), which is centrally symmetric 
(JА=1/2) in our case (the interaction of an 
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of the Coulomb interaction of the valence 
electrons and the cores of atoms as fol-
lows: 
   

  ,12
1 6

6
21

0

0















Baa EEER
C

S
SR                                       

                  2,1,, babab EIE  .            (3)                             
 Here S0 is the overlapping integral; С6 is the 
van der Waals coefficient; I is the potential of 
ionization; Е1a,b is the energy of excitation to 
the  first (low-lying) level of the corresponding  
atom. The values 1, 2 in Eq. (3a) are the 
first order non-exchange and exchange non-
perturbation sums correspondingly. These 
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the exchange perturbation theory [12]:  
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(2) is over all states of the electrons of 
the system, not belonging to the cores. 
The introduced model of consideration of 
the active atoms is important to describe 
an  effective interatomic interaction po-
tential (an active atom – an passive 
atom), which is centrally symmetric 
(JА=1/2) in our case (the interaction of an 
alkali atom with an inert gas atom).  
Let us underline that such an approxima-
tion is also acceptable in the case system 
―thallium atom – an inert gas atom‖ and 
some rare-earth atoms, in spite of the 
presence of p-electrons in the thallium (in 
the case of rare-earth atoms, the situation 
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Next, in order to determine a local shift 
within the consistent theory it should be 
used the expression obtained in one of 
versions of the exchange perturbation 
theory, in particular, EL-HAV version 
(see [1-5,8,9]). The relative local shift of 
the hyperfine structure line is defined with 
up to the second order in the potential V 
of the Coulomb interaction of the valence 
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 Here S0 is the overlapping integral; С6 is the 
van der Waals coefficient; I is the potential of 
ionization; Е1a,b is the energy of excitation to 
the  first (low-lying) level of the corresponding  
atom. The values 1, 2 in Eq. (3a) are the 
first order non-exchange and exchange non-
perturbation sums correspondingly. These 
values are defined as follows:   
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number of electrons, which are taken into 
account in the calculation;  Ek, 
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the exchange perturbation theory [12]:  
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where  f is the oscillator strength, other nota-

tions are the standard. However, sufficiently large 
error in definition of the van der Waals constants 
could provide a low accuracy of calculating the in-
teratomic potentials. It  is worth to note that the 
authors of the cited works indicate on the suffi-
ciently large error (~ 50% ) in the calculation of 
the collision shifts.  

Let us return to consideration of the van der 
Waals coefficient С6 for the interatomic A-B inter-
action. The van der Waals coefficient may be writ-
ten as  [13,43,44]:

                                                                           (10)

where C6,0 (L) is the isotropic component of 
the interaction and C6,2 (L) is the component cor-
responding to the P2(cosq) term in the expansion 
of the interaction in Legendre polynomials, where 
the angle specifies the orientation in the space-
fixed frame. 

The dispersion coefficients C6,0 (L) and C6,2 (L) 
may be expressed in terms of the scalar and tensor 
polarizabilities );(0 iwLα  and  ) (2 L; iwα evaluated 
at imaginary frequencies [13]. In particular, one 
may write in the helium case as follows:

             
                                                        (11)

where            is the dynamic polarizability of 
He. The polarizabilities at imaginary frequencies 
are defined in atomic units by the following for-
mula:

          
                                                        (12)

where  Eg is the energy of the electronically 
excited state |LgMg > and the z axis lies along the 
internuclear axis. 

Obviously, generally speaking, the calculation 
of the dynamic polarizability and the resulting 
van der Waals constants is connected with a sum-
mation over infinite number of intermediate states 
(the states of the discrete spectrum and integrat-
ing over the states of the continuous spectrum). 

On the other hand, it is known that the space 
of functions of the atomic states can be stretched 
over the space of the Sturm orbitals, which is both 
discrete and countable [6,35,43]. Thus, it allows 
to eliminate a problem of accounting the continu-
ous spectrum within the formally exact approach. 

Naturally, the set of Sturm orbitals should be 
introduced with specially prescribed asymptotics 
that is crucial for the convergence of the spectral 
expansion, including a spectral expansion of the 
corresponding Green’s functions.

3 Relativistic many-body perturbation 
theory with the Kohn-Sham zeroth 
approximation and the Dirac-Sturm method

3.1 Relativistic many-body perturbation 
theory with the Kohn-Sham zeroth 
approximation

As it is well known (see also Refs. [1,7]), the 
non-relativistic Hartree-Fock method is mostly 
used for calculating the corresponding wave func-
tions. More sophisticated approach is based on 
using the relativistic Dirac-Fock wave functions 
(first variant) [15,16]. Another variant is using 
the relativistic wave functions as the solutions of 
the Dirac equations with the corresponding den-
sity functional, i.e within the Dirac-Kohn-Sham 
theory [45-48]. In fact, the theoretical models in-
volved the use of different consistency level ap-
proximations led to results at quite considerable 
variance. 

It is obvious that more sophisticated relativis-
tic many-body methods should be used for cor-
rect treating relativistic, exchange-correlation 
and even nuclear effects in heavy atoms. (includ-
ing the many-body correlation effects, intershell 
correlations, possibly the continuum pressure etc 
[21-30]).  In our calculation we have used the 
relativistic functions, which are generated by the 

 
It should also be noted that as a rule, in the al-
ternative non-relativistic theories of [6-9]  the 
commutator technique [11] is used when calcu-
lating the sums of the type (4). Earlier the rea-
son of using actually approximate non-
relativistic methods was the lack of reliable in-
formation on the wave functions of the excited 
states of the complex atoms. Starting approx-
imations in alternative theories [11,12] were 
rather simple approximations for the elec-
tronic wave functions of both active and pas-
sive atoms. In particular, in Refs. [11] the 
electronic wave functions were approximated 
by simple Slater expression (the approxima-
tion of the effective charge = Z-
approximation ) or simple analytical approx-
imation formulas by Löwdin (L- approxima-
tion) and Clementi-Roothaan (C - approxi-
mation) [42] in studying the shift and 
broadening the hyperfine lines for such 
atoms as He , Rb, Cs etc. In Refs. [12]  the 
wave functions had been determined within 
the Dirac-Fock approximation, however, 
these authors had used the approximate non-
relativistic expressions to  describe the inte-
ratomic interaction potential. Besides, deter-
mination of the polarizabilities and the van 
der Waals constants has been performed with 
using the following London‘s expressions 
[6,12]:  
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where  f is the oscillator strength, other nota-
tions are the standard. However, sufficiently 
large error in definition of the van der Waals 
constants could provide a low accuracy of cal-
culating the interatomic potentials. It  is worth 

to note that the authors of the cited works in-
dicate on the sufficiently large error (~ 50% ) 
in the calculation of the collision shifts.   
Let us return to consideration of the van der 
Waals coefficient С6 for the interatomic A-B 
interaction. The van der Waals coefficient 
may be written as  [13,43,44]: 
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where C6,0 (L) is the isotropic component of 
the interaction and C6,2 (L) is the component 
corresponding to the P2(cos) term in the ex-
pansion of the interaction in Legendre poly-
nomials, where the angle specifies the orienta-
tion in the space-fixed frame.  
The dispersion coefficients C6,0 (L) and C6,2 
(L) may be expressed in terms of the scalar 
and tensor polarizabilities );(0 iwL  and 

 ) (2 L; iw evaluated at imaginary frequencies 
[13]. In particular, one may write in the he-
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where He is the dynamic polarizability of 
He. The polarizabilities at imaginary fre-
quencies are defined in atomic units by the 
following formula: 
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where  E is the energy of the electronically 
excited state |LM > and the z axis lies along 
the internuclear axis.  
Obviously, generally speaking, the calcula-
tion of the dynamic polarizability and the re-
sulting van der Waals constants is connected 
with a summation over infinite number of in-
termediate states (the states of the discrete 
spectrum and integrating over the states of 
the continuous spectrum).  
On the other hand, it is known that the space 
of functions of the atomic states can be 
stretched over the space of the Sturm orbit-
als, which is both discrete and countable 
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large error in definition of the van der Waals 
constants could provide a low accuracy of cal-
culating the interatomic potentials. It  is worth 
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in the calculation of the collision shifts.   
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the interaction and C6,2 (L) is the component 
corresponding to the P2(cos) term in the ex-
pansion of the interaction in Legendre poly-
nomials, where the angle specifies the orienta-
tion in the space-fixed frame.  
The dispersion coefficients C6,0 (L) and C6,2 
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where  E is the energy of the electronically 
excited state |LM > and the z axis lies along 
the internuclear axis.  
Obviously, generally speaking, the calcula-
tion of the dynamic polarizability and the re-
sulting van der Waals constants is connected 
with a summation over infinite number of in-
termediate states (the states of the discrete 
spectrum and integrating over the states of 
the continuous spectrum).  
On the other hand, it is known that the space 
of functions of the atomic states can be 
stretched over the space of the Sturm orbit-
als, which is both discrete and countable 
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where  f is the oscillator strength, other nota-
tions are the standard. However, sufficiently 
large error in definition of the van der Waals 
constants could provide a low accuracy of cal-
culating the interatomic potentials. It  is worth 

to note that the authors of the cited works in-
dicate on the sufficiently large error (~ 50% ) 
in the calculation of the collision shifts.   
Let us return to consideration of the van der 
Waals coefficient С6 for the interatomic A-B 
interaction. The van der Waals coefficient 
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where C6,0 (L) is the isotropic component of 
the interaction and C6,2 (L) is the component 
corresponding to the P2(cos) term in the ex-
pansion of the interaction in Legendre poly-
nomials, where the angle specifies the orienta-
tion in the space-fixed frame.  
The dispersion coefficients C6,0 (L) and C6,2 
(L) may be expressed in terms of the scalar 
and tensor polarizabilities );(0 iwL  and 

 ) (2 L; iw evaluated at imaginary frequencies 
[13]. In particular, one may write in the he-
lium case as follows: 
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where He is the dynamic polarizability of 
He. The polarizabilities at imaginary fre-
quencies are defined in atomic units by the 
following formula: 
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where  E is the energy of the electronically 
excited state |LM > and the z axis lies along 
the internuclear axis.  
Obviously, generally speaking, the calcula-
tion of the dynamic polarizability and the re-
sulting van der Waals constants is connected 
with a summation over infinite number of in-
termediate states (the states of the discrete 
spectrum and integrating over the states of 
the continuous spectrum).  
On the other hand, it is known that the space 
of functions of the atomic states can be 
stretched over the space of the Sturm orbit-
als, which is both discrete and countable 
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Dirac-Kohn-Sham Hamiltonian [18,27-30]. In a 
number of papers it has been rigorously shown 
that using the optimized basis in calculating the 
atomic electron density dependent properties has 
a decisive role. This topic is in details discussed in 
many Refs. (see, for example, [6,15,28-32,49]). 

As usual, a multielectron atom is described 
by the Dirac relativistic Hamiltonian (the atomic 
units are used):

( ).i i j
i i j

H h(r ) V r r
>

= +∑ ∑                                  
                                                                 (13)

Here, h(r) is one-particle Dirac Hamiltonian 
for electron in a field of the finite size nucleus and 
V is potential of the inter-electron interaction. In 
order to take into account the retarding effect and 
magnetic interaction in the lowest order on pa-
rameter a2 (the fine structure constant) one could 
write [18]:  

                            
                                                                 (14)

where wij is the transition frequency; ai ,aj are 
the Dirac matrices. The Dirac equation potential 
includes the electric potential of a nucleus and 
electron shells and the exchange-correlation po-
tentials. The standard KS exchange potential is as 
follows [45]:    

               
2 1/3( ) (1/ )[3 ( )] .KS

XV r rπ π ρ= −            (15)

In the local density approximation the relativ-
istic potential is [45]:

                   
[ ( )]

[ ( ), ] ,
( )

X
X

E rV r r
r

δ ρ
ρ

δρ
=              (16)

where [ ( )]XE rρ is the exchange energy of the mul-
tielectron system corresponding to the homoge-
neous density ( )rρ , The corresponding correla-
tion functional is [6, 28]:

1/3[ ( ), ] 0.0333 ln[1 18.3768 ( ) ]CV r r b rρ ρ= − ⋅ ⋅ + ⋅ ,      (17)

where b is the optimization parameter (for de-
tails see Refs. [6,31,32]). 

As it has been underlined, an adequate de-
scription of the multielectron atom characteris-
tics requires using the optimized basis of wave 
functions. In our work it has been used ab initio 

optimization procedure for construction of the 
optimized basis of the relativistic orbitals. It is 
reduced to minimization of the gauge dependent 
multielectron contribution ImdEninv of the lowest 
QED perturbation theory corrections to the radia-
tion widths of atomic levels. 

The minimization of the functional ImdEninv 
leads to the Dirac-Kohn Sham-like equations for 
the electron density that are numerically solved. 
According to Refs. [31], the gauge dependent 
multielectron contribution can be expressed as 
functional, which contains the multi-electron 
exchange-correlation ones. From the other side, 
using these functionals within relativistic many-
body perturbation theory allows effectively to 
take into account the second –order atomic per-
turbation theory (fourth-order QED perturbation 
theory) corrections. In our work the correspond-
ing functionals of Ref. [34] have been used. As a 
result one can get the optimal perturbation the-
ory one-electron basis. In concrete calculations 
it is sufficient to use more simplified procedure, 
which is reduced to the functional minimization 
using the variation of the correlation potential pa-
rameter b in Eq. (16).  

     The differential equations for the radial 
functions F and G (components of the Dirac 
spinor) are:

( ) ( )1 0,F F m V G
r r

χ ε∂
+ + − + − =

∂

( ) ( )1 0,G G m V F
r r

χ ε∂
+ − + − − =

∂

                            
                                                                 (18)

where F, G are the large and small components 
respectively; c is the quantum number. 

At large c, the functions F and G vary rapidly at 
the origin; we have ( ) ( ) 1 2 2 2, ,  F r G r r zγ γ χ α−≈ = −
. This creates difficulties in numerical integration 
of the equations in the region r → 0. To prevent 
the integration step from becoming too small it 
is usually convenient to turn to new functions 
isolating the main power dependence: 1f Fr χ−=
, 1g Gr χ−= . The Dirac equations for F and G com-
ponents are transformed as follows [18]:

' ( | |) / ( 2 / ) ,nf f r ZVg ZE Z gχχ χ α α α= − + − − +

' ( | |) / .ng g r ZVf ZE fχχ χ α α= − − +             (19)

[6,35,43]. Thus, it allows to eliminate a prob-
lem of accounting the continuous spectrum 
within the formally exact approach.  
Naturally, the set of Sturm orbitals should be 
introduced with specially prescribed asymp-
totics that is crucial for the convergence of 
the spectral expansion, including a spectral 
expansion of the corresponding Green's func-
tions. 
 
3 Relativistic many-body perturbation 
theory with the Kohn-Sham zeroth 
approximation and the Dirac-Sturm 
method 
3.1 Relativistic many-body perturbation 
theory with the Kohn-Sham zeroth 
approximation 
 
As it is well known (see also Refs. [1,7]), the 
non-relativistic Hartree-Fock method is 
mostly used for calculating the corresponding 
wave functions. More sophisticated approach 
is based on using the relativistic Dirac-Fock 
wave functions (first variant) [15,16]. Anoth-
er variant is using the relativistic wave func-
tions as the solutions of the Dirac equations 
with the corresponding density functional, i.e 
within the Dirac-Kohn-Sham theory [45-48]. 
In fact, the theoretical models involved the 
use of different consistency level approxima-
tions led to results at quite considerable vari-
ance.  
It is obvious that more sophisticated relativis-
tic many-body methods should be used for 
correct treating relativistic, exchange-
correlation and even nuclear effects in heavy 
atoms. (including the many-body correlation 
effects, intershell correlations, possibly the 
continuum pressure etc [21-30]).  In our cal-
culation we have used the relativistic func-
tions, which are generated by the Dirac-
Kohn-Sham Hamiltonian [18,27-30]. In a 
number of papers it has been rigorously 
shown that using the optimized basis in cal-
culating the atomic electron density depen-
dent properties has a decisive role. This topic 
is in details discussed in many Refs. (see, for 
example, [6,15,28-32,49]).  
As usual, a multielectron atom is described 
by the Dirac relativistic Hamiltonian (the 

atomic units are used): 
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where ij is the transition frequency; i ,j 
are the Dirac matrices. The Dirac equation 
potential includes the electric potential of a 
nucleus and electron shells and the exchange-
correlation potentials. The standard KS ex-
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where [ ( )]XE r is the exchange energy of the 
multielectron system corresponding to the 
homogeneous density ( )r , The correspond-
ing correlation functional is [6, 28]: 
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where b is the optimization parameter (for 
details see Refs. [6,31,32]).  
As it has been underlined, an adequate de-
scription of the multielectron atom character-
istics requires using the optimized basis of 
wave functions. In our work it has been used 
ab initio optimization procedure for construc-
tion of the optimized basis of the relativistic 
orbitals. It is reduced to minimization of the 
gauge dependent multielectron contribution 
ImEninv of the lowest QED perturbation 
theory corrections to the radiation widths of 
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Here Enc is one-electron energy without the 
rest energy. The boundary values are defined by 
the first terms of the Taylor expansion:

( )( ) ( )0 2 1 ; 1ng V E r Z fχ α χ= − + =  at  
0χ < ,         

( )( )2 20 2 ; 1nf V E Z Z gχ α α= − − =
 at                  

                              
0χ >

.                           (20)

The condition f, g®0 at r® ∞  determines the 
quantified energies of the state  Enc. The system 
of equations (19) is numerically solved by the 
Runge-Kutta method. The details can be found in 
Refs. [21-30].

2.2 The Dirac-Sturm approach

The basic idea of the Dirac-Sturm  approach is 
as follows [6,9,35,43]. In the usual formulation as 
basis functions used system of eigenfunctions of 
the generalized eigenvalue problem for the family 
of operators:

             νννε ΦΛ=Φ− gH )( 0 ,                (21)

where  Н0 – unperturbed Hamiltonian of a system, 
g  is a weighting operator, generally speaking, do 
not commute with the operator Н0;  νν ΦΛ , - ei-
genvalues   and eigenfunctions of equation (21). A 
weighting operator in Eq. (21) is usually chosen so 
that unlike a spectrum of H0, the spectrum of (21) 
is a purely discrete.  Using the orthogonality and 
completeness conditions, it is easy to show that 
the Green operator of the unperturbed problem is 
diagonal in a representation, defined by  a set of 
functions νΦ  and the corresponding expansion is 
as follows: 

            
( ) ( )∑ ΛΦ><Φ=

ν
ννν εε /||0G           (22)

and contains only a single summation over the 
quantum numbers {n}. As the operator H0 we use 
the Dirac-Kohn-Sham Hamiltonian.  The Dirac-
Kohn-Sham equation can be written in the next 
general form [9]:

          0)(])([ =− xuxh nnDKS ε          (23)                        

Along with discrete spectrum (e=en£eF) 
there is a continuous spectrum of the eigen-
values (e>eF), corresponding to the Dirac-
Kohn-Sham virtual orbitals. In the Sturmian 
formulation of the problem one should search 
for the eigen-values   and eigen-functions of 
the equation:

          ννν ϕρλϕε )(])([ xxhDKS =−       (24)
where                                  
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When e<0   equation (24) has a purely dis-
crete spectrum eigenvalues ln=ln(e).

As the weight of the operator there are 
commonly used operators, proportional to 
a part or even all potential energy in the 
Hamiltonian Н0. Further, it is easily to under-
stand that the Fourier-image of the one-particle 
Green’s function in the Dirac-Kohn-Sham ap-
proximation can be represented as an expansion 
on the eigenfunctions of (24) [6,9]:
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where )(~ xνϕ is the Sturm designed function:
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In the case of the single-particle perturbed op-
erator, say,

                        W(x)=∑
=

N

a
a xw

1
)(                (28)

the second-order correction to an energy of the 
atom is determined by the standard expression of 
the following type: 

        
              

                                                                (29)

and it actually contains only the summation over 
the occupied states (core) and virtual orbitals of 
the Dirac-Kohn-Sham-Sturm type relating to a 
purely discrete spectrum. 

If the operator )(xwa  is an interaction with an 
external electric field, the expression (29) deter-
mines the many-electron atom polarizability. Let 
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and it actually contains only the summation 
over the occupied states (core) and virtual 
orbitals of the Dirac-Kohn-Sham-Sturm type 
relating to a purely discrete spectrum.  
If the operator )(xwa  is an interaction with 
an external electric field, the expression (29) 
determines the many-electron atom polariza-
bility. Let us illustrate the specific numerical 
implementation of relativistic method of the 
Sturm expansions on the example of the ru-
bidium atom. Calculation of the static polari-
zability is actually reduced to two stages. In 
the first stage one should  solve the system of 
relativistic Dirac-Kohn-Sham equations with 
respect to the Dirac radial functions and the 
Lagrange diagonal parameters 5s,4p, 4s  etc. 
In the second stage of the calculation proce-
dure the system of equations equivalent to 
(24) is solved numerically:   
 

0))|()()((  iiiXCiN brVrVrVci 
                                                                 (30) 
where, as above, VN  is the potential of the 
electron-nuclear interaction, VС is a  mean-
field potential generated by the other elec-
trons; VХ is the Kohn-Sham potential.  
Two parameters i  ,  i  correspond to each 
orbital ―i‖ of a real or Sturmian state. The pa-
rameter  i  =1 for orbitals of the real states. It 
is also important to emphasize that all orbit-
als of the Sturmian supplement of the Eq. 
(26) have an exponential asymptotic behavior 
as r, which coincides with the asymptotic 
behavior of the last real state orbitals in the 
corresponding basis of the real state orbitals. 
In each case, the functions of the accounted 
real states represent a reduced spectral ex-
pansion of the Green's function G. The resi-
dual  part decreases as exp[-r(-2)1/2]  for 
r (  is the eigen energy of the explicitly 
accounted last real state). All orbitals of the 
Sturm supplement have absolutely the same 
asymptotic in the corresponding basis. This 
fact is very significant in terms of conver-
gence of the method. Number of explicitly 
accounted real state functions is determined 
by concrete numerical application of  method 
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us illustrate the specific numerical implementation 
of relativistic method of the Sturm expansions on 
the example of the rubidium atom. Calculation of 
the static polarizability is actually reduced to two 
stages. In the first stage one should  solve the sys-
tem of relativistic Dirac-Kohn-Sham equations 
with respect to the Dirac radial functions and the 
Lagrange diagonal parameters e5s,e4p, e4s  etc. In 
the second stage of the calculation procedure the 
system of equations equivalent to (24) is solved 
numerically:  

0))|()()(( =−+++∇− iiiXCiN brVrVrVci ϕεδα                                                                   
                                                                         (30)
where, as above, VN  is the potential of the elec-
tron-nuclear interaction, VС is a  mean-field po-
tential generated by the other electrons; VХ is the 
Kohn-Sham potential. 

Two parameters ei  , d i  correspond to each or-
bital “i” of a real or Sturmian state. The param-
eter d i  =1 for orbitals of the real states. It is also 
important to emphasize that all orbitals of the 
Sturmian supplement of the Eq. (26) have an ex-
ponential asymptotic behavior as r®¥, which co-
incides with the asymptotic behavior of the last 
real state orbitals in the corresponding basis of 
the real state orbitals. In each case, the functions 
of the accounted real states represent a reduced 
spectral expansion of the Green's function G. The 
residual  part decreases as exp[-r(-2e)1/2]  for r®¥ 
(e  is the eigen energy of the explicitly accounted 
last real state). All orbitals of the Sturm supple-
ment have absolutely the same asymptotic in the 
corresponding basis. This fact is very significant 
in terms of convergence of the method. Number 
of explicitly accounted real state functions is de-
termined by concrete numerical application of  
method to computing studied atomic characteris-
tics. Other details can be found in Refs. [6,9,35].

4 Shift and broadening of the hyperfine 
spectral line for multielectron atoms in an 
atmosphere of the buffer gas

4.1 Shift and broadening of the thallium and 
ytterbium hyperfine line in an atmosphere of 
the inert gas

At first, let us consider the thallium atom in 
atmosphere of the inert gas. Its studying is of a 

great interest as this atom a sufficiently heavy. In 
contrast to more simple alkali atoms (look below) 
the thallium atom contains p-electrons outside 
closed shells and has a nuclear charge Z = 81. 
In Table 1 the theoretical values   of the van der 
Waals constants ( in atomic units ) respectively, 
for atom Tl (Tl - He, Kr, Xe) are listed. There are 
presented our results (*) obtained from our rela-
tivistic calculation by the optimized Dirac-Kohn-
Sham method combined with the Dirac-Sturm 
approach, the calculation results by Batygin et al, 
based on the approximation formulas (10a)-(10c), 
the Hartree-Fock data by Penkin et al, as well as 
experimental data (from refs. [8,9,10-13]). 

It is noteworthy sufficiently large error for 
values of   the van der Waals constants, obtained 
during calculating on basis of formula (10),  and 
standard Hartree-Fock method. 

Table 1  
Theoretical values   of the van der Waals 

constants ( in atomic units ) respectively, for atom 
Tl  (Tl - He, Kr, Xe); see explanations in the text.

TI – 
He

TI – 
Ar

TI- 
Kr

TI- 
Xe

С6
I  (10a)

С6
II   (10b)

С6
III  (10c)

С6  (Hartree-Fock)
С6  (our data a)*

С6  (our datab)*

С6 (experiment)

17.5
20.5
20.33
6.59
12.1
14.5

-

129
148
133
48
106
119
100

180
212
193
71
157
173
150

291
318
296
111
265
289
260

Note:a – calculation with optimization*; b – 
calculation without optimization;

The calculation shows the importance of the 
quality of the atomic wave functions (using an op-
timization and correct account for the exchange-
correlation effects and continuum “pressure” etc.) 
for an adequate description of the corresponding 
constants

In Table 2 there are listed the results of our 
calculation of the interatomic interaction poten-
tial U (R) and the values   of the local shift δω (R) 
( all values   are in atomic units ) of the thallium 
hyperfine spectral line for different values   of the 
internuclear distance in the system TI - He. For 
comparison, similar results of the calculation of 
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the potential U (R) and the local shift δω (R) with 
using the single-configuration Dirac-Fock meth-
od [12] are presented too. 

Table 2 
Local shift and interatomic interaction 

potential (in atomic units) for the pair TI - He.

Dirac-Fock method 
[12]

Our theory [8,9]

R dw(R)•102 U (R)•103 dw(R)•102 U (R) • 
103

5 4.22 7.6 3,92 6.93
6 1.34 2.0 1,21 1.76
7 0.329 0.44 0.27 0.38
8 0.0788 0.099 0.070 0.085
9 0.0032 0.024 0.0025 0.020
10 -0.0145 -0.076 -0.0131 - 0.067
11 - 0.0119 -0.008

In Table 3 we list the results of our calculation 
(as all values   are given in atomic units) interatom-
ic interaction potential U (R) and the values   of the 
local shift δω (R) for pairs TI-Kr, TI-Xe. 

Table 3 
Local shift and interatomic interaction potential 

(in atomic units) for the pair TI – Kr, Xe (see text)

Т1-Kr (Our theory) Т1-Xe  (Our theory)

R dw(R)•102 U(R)•103 dw(R)•102 U(R)•103

5 -14.30 13.24 -19,05 18.31
6 -2.88 6.10 -8.22 5.95
7 -1.44 1.72 -2.67 2.04
8 -0.67 0.49 -1.52 0.65
9 -0.48 0.06 -0.74 0.01
10 -0.35 -0.03 -0.48 - 0.08
11 -0.24 - 0.04 - 0.37 -0.09

Further in Table 4 we present our theoretical 
values   (theory C) for the thallium atom hyperfine 
line collisional shift at the temperature T = 700K 
for a number of the diatomic systems, in particu-
lar, the pairs of TI - He, TI - Kr, Tl-Xe. 

Table 4 
The collisional shift fr (in Hz/Torr) of the thal-

lium hyperfine line for pairs  TI - He, TI - Kr, Tl-
Xe at T = 700oK ;  Experiment and the qualitative 
estimate by Choron-Scheps-Galagher (Virginia 
group); Theory: A- single-configuration Dirac-
Fock method; B – the optimized Dirac-Fock 
method; C- our theory (see text). 

System Т1-Не Т1-Kr Т1-Xe

Experiment 130 ± 30 -490±20 -1000±80

 Qualitative estimate - - -5500

Theory A 155.0 -850.0 -1420 .0

Theory B 139.0 - -

Theory C 137.2 -504 -1052

In Table 5 we present the theoretical data on the 
collisional shift fr (in Hz/Torr) the thallium atom 
hyperfine line at different temperatures (T0K) 
for the systems TI - He, TI - Kr, Tl-Xe: Theory 
A - the single-configuration Dirac-Fock method 
Batygina DF et al. [12]; C- our theory [8,9]. 

As can be seen from the presented data, our 
theory provides a physically reasonable agree-
ment with experimental data on the hyperfine line 
collisional shifts for the pairs of TI-He, TI-Kr, Tl-
Xe.  

Table 5 
The temperature dependence of the colli-

sional shift fr (in Hz/Torr) for pairs  TI - He, TI 
- Kr, Tl-Xe ;  Theory: A- single-configuration 
Dirac-Fock method; C- our theory; 

Pair Т1—Не Т1—Не Т1—Kr Т1—Xe
T, K Theory A Theory C Theory C Theory C 

700 155 137,2 -504 -1052
750 153.0 135,3 -461 -964
800 151 134,1 -422 -899

850 149 133,3 -391 -841

900 147.5 131,4 -362 -794
950 146 129,1 -330 -751

1000 143 126,2 -308 -713
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For comparison, in this table there are also 
listed the results of calculation on the basis of the 
single-configuration Dirac-Fock method Batygina 
DF et al. [12] (theory A), the optimized DF-like 
method [8] (theory B), as well as experimen-
tal data Choron-Scheps-Galagher ( the Virginia 
group) . The qualitative estimate from Ref. [10] 
has been listed as well. In Table 6 we present our 
calculated values  for  adiabatic broadening  Га/р 
(in Hz / Torr) of the thallium atom hyperfine line 
at different temperatures for the TI – He pair: C 
- our theory; A theory [12]. In Table 7 we list the 
similar theoretical data on the Tlatom hyperfine 
line adiabatic broadening of Га/р (in Hz / Torr) for 
the pairs TI - Kr, TI-Xe. 

Table 6  
Adiabatic broadening Га/р (in Hz / Torr) 

for the TI - He: Theory A- single-configura-
tion Dirac-Fock method; C- our theory.

Т, К TI – He
Theory A

TI – He
Theory C

700
800
900
1000

2.83
2.86
2.90
2.89

2.51
2.54
2.58
2.56

Table 7  
Adiabatic broadening Га/р (in Hz / Torr) 

for the TI – Kr, Yl-Xe (our theory).

Т, К TI- Kr TI- Xe

700
800
900
1000

      6.81
      5.89
      5.26
      5.24

      17.3
      14.6
      12.9
      11.5

It is easily to estimate that the ratio values  
  ( Га/р) / fр ~ 1/50 for the system TI - He,  
  ( Га/р) / fр ~ 1/70 for the system TI - Kr and    
( Га/р) / fр ~ 1/60 for the TI-Xe. These estimates 
(at first it had been noted in Ref.[12] ) show that 
well-known in the theory of optical range spec-
tral line broadening Foley law Га ~|∆| ( see, for 
example, [6] ) is incorrect for the spectral lines of 
transitions between components of the hyperfine 

structure. At least this fact is absolutely obvious 
for the thallium atom. 

In any case we suppose that more detailed 
experimental studying are to be very actual and 
important especially a light of availability of the 
theoretical data on temperature dependences of 
the thallium hyperfine line collisional shift and 
broadening.  Obviously, this is also very actual 
from the point of view of the construction the 
thallium quantum frequency measure, as well as 
studying a role of the weak interactions in atomic 
physics and physics of collisions (see, for exam-
ple, [6,10]).

Now let us consider the pair ‘Yb-He”. The 
ground configuration for the ytterbium atom is: 
[Xe]4f146s2 ( term: 1S).  Further we present our 
results for the scalar static polarizability a0 (in 
units of a0

3, a0 is the Bohr radius) and isotropic 
dispersion coefficient C6,0 (in units of  EH×a0

6 

, EH is the Hartree unit of energy). Our data are 
as follows [9]: C6,0= 45.2 and a0=169.3. For com-
parison let us present the corresponding data by 
Dalgarno et al [13]: C6,0= 39.4,  a0=157.3 and by 
Buchachenko et al [44]: C6,0= 44.5. 

In table 8 we present our calculation results 
for the observed fr (in Hz/Torr) shift for the sys-
tem of Yb-Не. 

Table 8 
The observed fr (in, Hz/Torr) shift for the 

system Yb-He (see text)

T, K fr

700 148.1

750 146.0

800 143.8

850 141.5

900 138.9

It is obvious that the pair Yb-He is more com-
plicated system in comparison with the pair of Tl-
He or “alkali atom-He”. Until now there are no 
any experimental or theoretical data for this 
system. So, we believe that our data may be 
considered as the first useful reference
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4.2 Shift and broadening of the alkali atom 
hyperfine line in an atmosphere of the inert gas

Here we present the results of our studying 
hyperfine line collisional shift for  alkali atoms 
(rubidium and caesium) in the atmosphere of the 
helium gas. In Table 9 we present our data on the 
van der Waals constants in the interaction poten-
tial for alkali Rb, Cs atoms with inert gas atoms  
Ne, Kr, Xe, and also available in the literature ex-
perimental data [10,11]. In Table 10 we list the 
results of our calculating (in atomic units) inter-
atomic potentials, local shifts dw(R) for the pair 
Cs-He. Noteworthy is the fact that an accuracy of 
the experimental data for the van der Waals con-
stants does not exceed 10 % for heavy alkali at-
oms. Calculation has shown that the optimization 
of the relativistic orbitals basis and accounting for 
the exchange-correlation effects seem to be very 
important for obtaining adequate accuracy of the 
description of the constants. 

Table 9  
The van der Waals constants (in atomic 

units.) for alkali atoms, interacting with inert 
gas atoms Ne, Kr, Xe (see text).

Pair of atoms Our theory Experiment
Rb-He 42 41
Rb –Kr 484 470
Rb –Xe 758 -
Cs-He 52 50
Cs-Kr 582 570
Cs-Xe 905 -

Table 10.  The interatomic potential (105) 
and local δω(R) shift (105) for Cs-He pair (in 
atomic units; see text)

R δω(R) U (R)
8 4280 610
9 2845 336
10 1890 169
11 955 77
12 482 32
13 251 12.8
14 113 4.1
15 59 1.9

In Table 11 and 12 we present our theoretical 
results for the hyperfine line observed shift fp (1/
Torr) in a case of the Rb-He and Cs-He pairs. The 
experimental and alternative theoretical results by 
Batygin et al [11] for fp are listed too. At present 
time there are no precise experimental data for a 
wide interval of temperatures in the literature. 

Table 11  
The observed fr (10-9 1/Torr) shifts for the 

systems of the Cs-He and corresponding theo-
retical data (see text).

T, K Experi-
ment

Our 
theory

Theory a 
[11]

Theory b
[11]

Theory c
[11]

223 - 178 164 142 169

323 135 137 126 109 129

423 - 123 111 96 114

523 - 112 100 85 103

623 - 105 94 78 96

723 - 98 - - -

823 - 92 - - -
Note:a –calculation with using the He wave 

functions in the Clementi-Rothaane approxima-
tion; b – calculation with using the He wave 
functions in the Z-approximation; 

c –calculation with using the He wave func-
tions in the Löwdin approximation;

Table 12 
The observed fr (10-9 1/Torr) shifts for the 

systems of Rb-Не and corresponding theo-
retical data (see text).

T, K Experi-
ment

Our  
theory

Theory 
a

 [11]

Theory 
b

[11]

Theory 
c

[11]

223 - 113 79 67 81
323 105 101 73 56 75
423 - 89 62 48 64
523 - 80 55 43 56
623 - 73 50 38 50
723 - 71 47 36 47
823 - 69 - - -
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Note:a –calculation with using the He wave 
functions in the Clementi-Rothaane approxima-
tion; b – calculation with using the He wave 
functions in the Z-approximation; 

c –calculation with using the He wave func-
tions in the Löwdin approximation;

The theoretical data from Refs. [11] are ob-
tained on the basis of calculation within the ex-
change perturbation theory with using the He 
wave functions in the Clementi-Rothaane ap-
proximation [42] (column: Theorya),  and in the 
Z-approximation (column: Theoryb), and in the 
Löwdin approximation (column: Theoryc). 

The important feature of the developed opti-
mized perturbation theory approach is using the 
optimized relativistic orbitals basis, an accurate 
accounting for the exchange-correlation and con-
tinuum pressure effects with using the effective 
functionals [18,34]. 

The difference between the obtained theoreti-
cal data and other alternative calculation results 
can be explained by using different perturbation 
theory schemes and different approximations for 
calculating the electron wave functions of heavy 
atoms. It is obvious that the correct account for 
the relativistic and exchange-correlation and con-
tinuum pressure effects will be necessary for an 
adequate description of the energetic and spectral 
properties of the heavy atoms in an atmosphere of 
the heavy inert gases (for example, such as Xe).

  
5 Conclusion

In this chapter a brief review of the experi-
mental and theoretical works on the hyperfine 
structure line collision shifts for heavy atoms in 
an atmosphere of the buffer inert gases is given. 
A new, consistent relativistic perturbation theory 
combined with the exchange perturbation the-
ory, is presented and applied to calculating the 
interatomic potentials, van der Waals constants, 
hyperfine line collision shift and broadening for 
some heavy atoms in an atmosphere of the buffer 
inert gases. It should be noted that the presented 
approach can be naturally generalized in order to 
describe the energy and spectral characteristics of 
other atomic systems and buffer mediums. 

The calculation results on the hyperfine line 
collision shift and broadening for the alkali (Rb, 

Cs), thallium, and ytterbium atoms in an atmo-
sphere of the inert gas (He, Kr, Xe) are listed and 
compared with available alternative theoretical 
and experimental results. The obtained data for 
the   ( Га/р) / fр ratio allowed to confirm that the 
well-known Foley law Га ~ fр in the theory of op-
tical range spectral line broadening is incorrect 
for the spectral lines of transitions between com-
ponents of the hyperfine structure of the heavy 
multielectron atoms.  

The studying hyperfine structure line collision 
shifts and widths for different heavy atomic sys-
tems in the buffer gases opens new prospects in 
the bridging of quantum chemistry and atomic and 
molecular spectroscopy and physics of collisions. 
These possibilities are significantly strengthened 
by a modern experimental laser and other tech-
nologies [10,50-56]. Really, new experimental 
technologies in physics of collisions may provide 
a measurement of the atomic and molecular colli-
sion spectral parameters with very high accuracy.
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OPTIMIZED PERTURBATION THEORY TO CALCULATING THE HYPERFINE LINE SHIFT AND 
BROADENING FOR HEAVY ATOMS IN THE BUFFER GAS

Abstract
It is presented review of a new consistent relativistic approach to determination of collisional 

shift and broadening hyperfine lines for heavy atoms in an atmosphere of the buffer inert gas. It is 
based on the atomic gauge-invariant relativistic perturbation theory and the exchange perturbation 
theory. As illustration, consistent approach is applied to calculating the interatomic potentials, hyper-
fine structure line collision shift and broadening for heavy atoms, in particular, atoms of alkali ele-
ments – rubidium, caesium, and thallium, ytterbium, in an atmosphere of the buffer inert gas.
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ОПТИМИЗИРОВАННЯ ТЕОРИЯ ВОЗМУЩЕНИЙ ДЛЯ ОПРЕДЕЛЕНИЯ СДВИГА И  УШИРЕНИЯ 
ЛИНИЙ СВЕРХТОНКОЙ СТРУКТУРЫ В ТЯЖЕЛЫХ АТОМАХ  В БУФЕРНЫХ ГАЗАХ

Резюме
Представлен обзор нового последовательного релятивистского подхода к определению 

столкновительного сдвига и уширения линии сверхтонкой структуры тяжелых  атомов в атмос-
фере буферных инертных газов. Метод основан на атомной калибровочно-инвариантной тео-
рии возмущений и обменной теории возмущений. В качестве иллюстрации приведен пример 
расчета межатомных потенциалов, столкновительного сдвига и уширения сверхтонких линий 
для тяжелых атомов, в частности, атомов щелочных элементов, таллия, иттербия в атмосфере 
буферных инертных газов.  

Ключевые слова:  релятивистская теория возмущений, столкновительный сдвиг линий 
сверхтонкой структуры
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СТРУКТУРИ У ВАЖКИХ АТОМАХ  В БУФЕРНИХ ГАЗАХ

Резюме
Представлено огляд нового послідовного релятивістського підходу до визначення зсуву та 

уширення лінії надтонкої структури важкого атома в атмосфері буферних інертних газів. Метод 
базується на атомній калібрувально-інваріантній теорії збурень та обмінній теорії збурень. Як 
ілюстрація наведено приклад розрахунку міжатомних потенціалів, зсуву та уширення за ра-
хунок зіткнень надтонких ліній для важких атомів, зокрема, атомів лужних елементів, таллія, 
іттербія в атмосфері буферних інертних газів.  
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SPECTROSCOPY OF ATOM AND NUCLEUS IN A STRONG LASER FIELD: 
STARK EFFECT AND MULTIPHOTON RESONANCES

The consistent relativistic energy approach to atom in a strong realistic laser field, based on 
the Gell-Mann and Low S-matrix formalism, is applied to studying the resonant multiphoton 
ionization of krypton by intense uv laser radiation and calculating the multiphoton resonances 
shift and width in krypton. An approach to treating the multiphoton resonances in nuclei is 
outlined on example of the 57Fe nucleus.

1.  Introduction

At the present time a physics of multiphoton 
phenomena in atoms, molecules ets has a great 
progress that is stimulated by development of 
new laser technologies (see Refs. [1-10]). The 
appearance of the powerful laser sources allow-
ing to obtain the radiation field amplitude of the 
order of atomic field in the wide range of wave-
lengths results to systematic investigations of the 
nonlinear interaction of radiation with atomic and 
molecular systems [1-14]. At the same time a di-
rect laser-nucleus interactions traditionally have 
been dismissed because of the well known effect 
of small interaction matrix elements [9-11]. Some 
exceptions such as an interaction of x-ray laser 
fields with nuclei in relation to alpha, beta-decay 
and x-ray-driven gamma emission of nuclei have 
been earlier considered. With the advent of new 
coherent x-ray laser sources in the near future, 
however, these conclusions have to be reconsid-
ered. From the design report (look table II in Ref.
[10]) for SASE 1 at TESLA XFEL and param-
eters for current and future ion beam sources, the 
signal rate due to spontaneous emission after real 
excitations of the nuclei can be estimated. For 
nuclei accelerated with an energy resolution of 
0.1% such that 12.4 keV photons produced by 
SASE 1 become resonant with the E1 transition 

in a whole number of nuclei (for example, 153Sm, 
181Ta,  223Ra, 225Ac , 227Th etc). It means that  the 
resonance condition (w~De, where De is a typical 
level spacing, w is a laser frequency) is fulfilled 
[10]. The coherence of the laser light expected 
from new sources ( TESLA XFEL at DESY) may 
allow to access the extended coherence or inter-
ference phenomena. In particular, in conjunction 
with moderate acceleration of the target nuclei it 
allows principally to achieve realization of  multi-
photon phenomena, nuclear Rabi oscillations  or  
more  advanced  quantum  optical schemes in nu-
clei.

The interaction of atoms with the external 
alternating fields, in particular, laser fields, has 
been the subject of intensive experimental and 
theoretical studied (see, for example, Refs. [1-
8, 12-24]). A definition of the k-photon emission 
and absorption probabilities and atomic levels 
shifts, study of dynamical stabilization and field 
ionization etc are the most actual problems to be 
solved. At present time, a progress is achieved in 
the description of the processes of interaction at-
oms with the harmonic emission field [1,12-14]. 
But in the realistic laser field the according pro-
cesses are in significant degree differ from ones 
in the harmonic field. It has been proved a sig-
nificant role of the photon-correlation effects and 
influence of the laser pulse multi-modity. Surely, 
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a number of different theoretical approached has 
been developed in order to give a adequate de-
scription of the atoms in a strong laser field. Here 
one could mention such approaches as the stand-
ard perturbation theory (surely for low laser filed 
intensities), Green function method, the density-
matrix formalism, time-dependent density func-
tional formalism, direct numerical solution of the 
Schrödinger (Dirac) equation, multi-body multi-
photon approach, the time-independent Floquet 
formalism etc (see [1-8,12-24] and Refs. therein). 
The effects of the different laser line shape on 
the intensity and spectrum of resonance fluores-
cence from a two-level atom are studied in Refs.
[1-5,15-17,19-23]. Earlier the relativistic energy 
approach to studying the interaction  of atom with 
a  realistic strong laser  field, based  on  the Gell-
Mann and Low S-matrix formalism, has been de-
veloped. Originally, Ivanov has proposed an idea 
to describe quantitatively a behaviour of an atom 
in a realistic laser field by means studying the ra-
diation emission and absorption lines and further 
the theory of interaction of an atom with the Lor-
enz laser pulse and calculating the corresponding 
lines moments has been in details developed in 
Ref. [19-25]. It has been checked in numerical 
simulation of the multiphoton resonances shifts 
and widths in the hydrogen and caesium. Theo-
ry of interaction of an atom with the Gauss and 
soliton-like laser pulses and calculating the cor-
responding lines moments has been in details 
presented in Refs. [23,26,27]. Here we apply this 
approach to studying the resonant multiphoton 
ionization of krypton by intense uv laser radiation 
and calculating the multiphoton resonances shift 
and width. Besides, at first we also outline the 
corresponding scheme to treating the multiphoton 
resonances in nuclei on example of 57Fe nucleus. 

2.  Relativistic energy approach to atom in 
a strong laser field: Multiphoton resonances

The relativistic energy approach in the differ-
ent realizations and the radiation lines moments 
technique is in details presented in Refs. [19-30]. 
So, here we are limited only by presenting the 
master elements. In the theory of the non-relativ-
istic atom a convenient field procedure is known 

for calculating the energy shifts dE of degenerate 
states. This procedure is connected with the secu-
lar matrix M diagonalization. In constructing M, 
the Gell-Mann and Low adiabatic formula for dE 
is used [20-23,31]. In relativistic theory, the Gell-
Mann and Low formula dE is connected with 
electrodynamical scattering matrice, which in-
cludes interaction with as a laser field as a photon 
vacuum field. A case of interaction with photon 
vacuum is corresponding to standard theory of 
radiative decay of excited atomic states. Surely, 
in relativistic theory the secular matrix elements 
are already complex in the second perturbation 
theory (PT) order. Their imaginary parts are con-
nected with radiation decay possibility. The total 
energy shift is usually presented in the form [23]:

   (1)

where P is the level width (decay possibility). 
Spectroscopy of an atom in a laser field is fully 
defined by position and shape of the radiation 
emission and absorption lines. The lines moments 
mn are strongly dependent upon the laser pulse 
quality: intensity and mode constitution [15-23]. 
Let us describe the interaction “atom-laser field” 
by the Ivanov potential [21,23]:

(2)

Here w0 is the central laser radiation frequency, 
n is the whole number. The potential V represents 
the infinite duration of laser pulses with known 
frequency t. The function f(w) is a Fourier compo-
nent of the laser pulse. The condition òdwf2(w)=1 
normalizes potential V(rt) on the definite energy in 
the pulse. Let us consider the pulses with Lorentz 
shape (coherent 1-mode pulse): ¦(w) = b/(w2+D2), 
Gaussian one (multi-mode chaotic pulse): ¦(w) = 
bexp[ln2(w2/D2)]  and the soliton-like pulse: f(t) 
= b ch-1[t/D] (b -normalizing multiplier). A case 
of the Lorentz shape has been earlier studied [20-
23]. A case of the Gauss and soliton-like shape 
is considered in Refs.[23,26,27]. The master pro-
gram results in the calculating an imaginary part 
of energy shift ImdEa (w0) for any atomic level as 
the function of the central laser frequency w0. An 
according function has the shape of the resonance, 

mention such approaches as the standard 
perturbation theory (surely for low laser filed 
intensities), Green function method, the 
density-matrix formalism, time-dependent 
density functional formalism, direct 
numerical solution of the Schrödinger (Dirac) 
equation, multi-body multi-photon approach, 
the time-independent Floquet formalism etc 
(see [1-8,12-24] and Refs. therein). The 
effects of the different laser line shape on the 
intensity and spectrum of resonance 
fluorescence from a two-level atom are 
studied in Refs.[1-5,15-17,19-23]. Earlier the 
relativistic energy approach to studying the 
interaction  of atom with a  realistic strong 
laser  field, based  on  the Gell-Mann and 
Low S-matrix formalism, has been 
developed. Originally, Ivanov has proposed 
an idea to describe quantitatively a behaviour 
of an atom in a realistic laser field by means 
studying the radiation emission and 
absorption lines and further the theory of 
interaction of an atom with the Lorenz laser 
pulse and calculating the corresponding lines 
moments has been in details developed in 
Ref. [19-25]. It has been checked in 
numerical simulation of the multiphoton 
resonances shifts and widths in the hydrogen 
and caesium. Theory of interaction of an 
atom with the Gauss and soliton-like laser 
pulses and calculating the corresponding 
lines moments has been in details presented 
in Refs. [23,26,27]. Here we apply this 
approach to studying the resonant 
multiphoton ionization of krypton by intense 
uv laser radiation and calculating the 
multiphoton resonances shift and width. 
Besides, at first we also outline the 
corresponding scheme to treating the 
multiphoton resonances in nuclei on example 
of 57Fe nucleus.  

 
2.  Relativistic energy approach to atom in 

a strong laser field: Multiphoton 
resonances 

 
The relativistic energy approach in the 

different realizations and the radiation lines 
moments technique is in details presented in 
Refs. [19-30]. So, here we are limited only 

by presenting the master elements. In the 
theory of the non-relativistic atom a 
convenient field procedure is known for 
calculating the energy shifts E of degenerate 
states. This procedure is connected with the 
secular matrix M diagonalization. In 
constructing M, the Gell-Mann and Low 
adiabatic formula for E is used [20-23,31]. 
In relativistic theory, the Gell-Mann and Low 
formula E is connected with 
electrodynamical scattering matrice, which 
includes interaction with as a laser field as a 
photon vacuum field. A case of interaction 
with photon vacuum is corresponding to 
standard theory of radiative decay of excited 
atomic states. Surely, in relativistic theory 
the secular matrix elements are already 
complex in the second perturbation theory 
(PT) order. Their imaginary parts are 
connected with radiation decay possibility. 
The total energy shift is usually presented in 
the form [23]: 

 
E = ReE + i ImE ,  Im E = -P/2    (1) 

 
where P is the level width (decay 

possibility). Spectroscopy of an atom in a 
laser field is fully defined by position and 
shape of the radiation emission and 
absorption lines. The lines moments n are 
strongly dependent upon the laser pulse 
quality: intensity and mode constitution [15-
23]. Let us describe the interaction “atom-
laser field” by the Ivanov potential [21,23]: 

 

V(r,t)=V(r)df(0) cos
n



 [0t+0n]  (2) 

 
Here 0 is the central laser radiation 

frequency, n is the whole number. The 
potential V represents the infinite duration of 
laser pulses with known frequency . The 
function f() is a Fourier component of the 
laser pulse. The condition df2()=1 
normalizes potential V(rt) on the definite 
energy in the pulse. Let us consider the 
pulses with Lorentz shape (coherent 1-mode 
pulse): (2+2), Gaussian one 
(multi-mode chaotic pulse): 

mention such approaches as the standard 
perturbation theory (surely for low laser filed 
intensities), Green function method, the 
density-matrix formalism, time-dependent 
density functional formalism, direct 
numerical solution of the Schrödinger (Dirac) 
equation, multi-body multi-photon approach, 
the time-independent Floquet formalism etc 
(see [1-8,12-24] and Refs. therein). The 
effects of the different laser line shape on the 
intensity and spectrum of resonance 
fluorescence from a two-level atom are 
studied in Refs.[1-5,15-17,19-23]. Earlier the 
relativistic energy approach to studying the 
interaction  of atom with a  realistic strong 
laser  field, based  on  the Gell-Mann and 
Low S-matrix formalism, has been 
developed. Originally, Ivanov has proposed 
an idea to describe quantitatively a behaviour 
of an atom in a realistic laser field by means 
studying the radiation emission and 
absorption lines and further the theory of 
interaction of an atom with the Lorenz laser 
pulse and calculating the corresponding lines 
moments has been in details developed in 
Ref. [19-25]. It has been checked in 
numerical simulation of the multiphoton 
resonances shifts and widths in the hydrogen 
and caesium. Theory of interaction of an 
atom with the Gauss and soliton-like laser 
pulses and calculating the corresponding 
lines moments has been in details presented 
in Refs. [23,26,27]. Here we apply this 
approach to studying the resonant 
multiphoton ionization of krypton by intense 
uv laser radiation and calculating the 
multiphoton resonances shift and width. 
Besides, at first we also outline the 
corresponding scheme to treating the 
multiphoton resonances in nuclei on example 
of 57Fe nucleus.  

 
2.  Relativistic energy approach to atom in 

a strong laser field: Multiphoton 
resonances 

 
The relativistic energy approach in the 

different realizations and the radiation lines 
moments technique is in details presented in 
Refs. [19-30]. So, here we are limited only 

by presenting the master elements. In the 
theory of the non-relativistic atom a 
convenient field procedure is known for 
calculating the energy shifts E of degenerate 
states. This procedure is connected with the 
secular matrix M diagonalization. In 
constructing M, the Gell-Mann and Low 
adiabatic formula for E is used [20-23,31]. 
In relativistic theory, the Gell-Mann and Low 
formula E is connected with 
electrodynamical scattering matrice, which 
includes interaction with as a laser field as a 
photon vacuum field. A case of interaction 
with photon vacuum is corresponding to 
standard theory of radiative decay of excited 
atomic states. Surely, in relativistic theory 
the secular matrix elements are already 
complex in the second perturbation theory 
(PT) order. Their imaginary parts are 
connected with radiation decay possibility. 
The total energy shift is usually presented in 
the form [23]: 

 
E = ReE + i ImE ,  Im E = -P/2    (1) 

 
where P is the level width (decay 

possibility). Spectroscopy of an atom in a 
laser field is fully defined by position and 
shape of the radiation emission and 
absorption lines. The lines moments n are 
strongly dependent upon the laser pulse 
quality: intensity and mode constitution [15-
23]. Let us describe the interaction “atom-
laser field” by the Ivanov potential [21,23]: 

 

V(r,t)=V(r)df(0) cos
n



 [0t+0n]  (2) 

 
Here 0 is the central laser radiation 

frequency, n is the whole number. The 
potential V represents the infinite duration of 
laser pulses with known frequency . The 
function f() is a Fourier component of the 
laser pulse. The condition df2()=1 
normalizes potential V(rt) on the definite 
energy in the pulse. Let us consider the 
pulses with Lorentz shape (coherent 1-mode 
pulse): (2+2), Gaussian one 
(multi-mode chaotic pulse): 



40

which is connected with the transition a-p (a, p-
discrete levels) with absorption (or emission) of 
the “k” number of photons. For the resonance we 
calculate the following values [20-23]: 

 (3)

                       

where ò ¢dwImEa is the normalizing multiplier; 
wpa is position of the non-shifted line for  transi-
tion a-p, dw(pa|k)  is the line shift under k-photon 
absorption; vpa=wpa+ k×dw(pa|k). The first mo-
ments m1, m2 and m3 determine the atomic line 
centre shift, its dispersion and the asymmetry. To 
find mm, we need to get an expansion of Ea to PT 
series: Ea = å Ea

(2k) (w0).  One may use here the 
Gell-Mann and Low adiabatic formula for dEa :

                                                                   (4)

The representation of the S- matrix in the form 
of the PT series induces the expansion for dEa:

                                                                    (5)

          (6) 
                                                                    

  (7)

  (8)

Here H is the atomic hamiltonian, a (k1, k2,...,kn) 
are the numerical coefficients. The structure of 
matrix elements Sg

(m)  is in details described in 
[19-23].  Here we only note that one may to sim-
plify a consideration by account of the k-photon 
absorption contribution in the first two PT orders. 
Besides, summation on laser pulse is exchanged 
by integration. The corresponding (l+2k+1)-times 
integral on (l+2k) temporal variables and r (l=0,2) 
(integral Ig ) are calculated [19-23]. Finally, after 
some cumbersome transformations one can get 
the expressions for the line moments. The corre-
sponding expressions for the Gaussian laser pulse 
are as follows:

where

The summation in (10) is over all atomic states. 
Let us note that these formulas for the Gaussian 
pulse differ of the Lorenz shape laser pulse ex-
pressions [21-23]. For the soliton-like pulse it is 
necessary to carry out the numerical calculation 
or use some approximations to simplify the ex-
pressions [27]. In order to calculate (10),  we use 
an effective Ivanov-Ivanova technique [28,29] of 
calculating sums of the QED PT second order, 
which has been earlier applied by us in calcula-
tions of some atomic and mesoatomic parameters 
[26,27,30-32]. Finally the computational proce-
dure results in a solution of the ordinary differ-
ential equations system for above described func-
tions and integrals. In concrete numerical calcula-
tions the PC “Superatom-ISAN” package is used. 
The construction of the operator wave functions 
basises within the QED PT, the technique of cal-
culating the matrix elements in Egs. (9,10) and 
other details is are presented in Refs. [19-30]. 
The special features of treating the multiphoton 
resonances in a nucleus within the outlined ap-
proach are obviously connected with estimating 
the corresponding matrix elements on the basis 
of the nuclear wave functions and some other de-
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3.  Results and conclusions

Further we present the results of the numeri-
cal simulation for the three-photon resonant, 
four-photon ionization profile of atomic krypton 
(the 4p ® 5d[1/2]1 and 4p ® 4d[3/2]1 three pho-
ton Kr resonances are considered). In Ref. [18] 
it has been performed the experimental studying 
the resonant multiphoton ionization of krypton by 
intense uv (285-310 nm) laser radiation for the 
intensity range 3´1012-1014 W/cm2 . The experi-
ment consisted of the measurement of the number 
of singly charged Kr and Xe ions produced under 
collisionless conditions as a function of laser fre-
quency and intensity. The output of a dye-laser 
system operating at 2.5 Hz   is frequency dou-
bled in a 1-cm potassium dihydrogen phosphate 
(KDP) crystal to give a 0.5-mJ, 1.3-ps, transform-
limited  0.1-nm-bandwidth beam tunable between 
285 and 310 nm. There have been determined the 
corresponding parameters of the 4p ® 5d[1/2]1 (i) 
and 4p ® 4d[3/2]1  (ii) three photon Kr resonanc-
es. The resonance shift is proportional to intensity 
with a width dominated by lifetime broadening 
of the excited state. The corresponding shift and 
width have been found as follows: (i) the shift 
dw0(pa|3)=aI, aexp=3.9 meV/(Tw×cm-2); width 
bexp= 1.4 meV/(Tw×cm-2); (ii) shift dw0(pa|3)=aI, 
aexp=8.0 meV/(Tw×cm-2); width bexp=4 meV/(Tw× 
cm-2). The authors [18] have used quite simple 
model of an effective two-level atom with the as-
sumption of a rate limiting three-photon excita-
tion step followed by rapid one-photon ionization 
from the excited state. As expected, the three-pho-
ton resonances broaden and shift further as the la-
ser pulse intensity is increases. The important fea-
ture of the corresponding profiles is linked with 
available asymmetry [18]. Naturally, it is easy to 
understand that the asymmetric profile is typical 
of realistic laser pulses with the spatially and tem-
porally varying intensity. Besides, the authors of 
Ref. [18] have noticed that while all resonances 
are “blue” shifted, ac Stark shift calculations, 
which are difficult to perform for excited states 
lead to both “blue” and “ red” shifts. Our numeri-
cal simulation results for the 4p ® 5d[1/2]1 (i) and 
4p ® 4d[3/2]1  (ii) three photon Kr resonances are 
as follows: (i) the shift dw0(pa|3)=aI, aexp=3.95 

meV/(Tw×cm-2) and width bexp= 1.5 meV/
(Tw×cm-2); (ii) shift dw0(pa|3)=aI, aexp=8.1 meV/
(Tw×cm-2) and width bexp=4.2 meV/(Tw×cm-2). 
One could conclude that there is a physically 
reasonable agreement of the theoretical and ex-
perimental data.. Analysis shows that the shift 
and width of the multi-photon resonance line for 
the interaction “atom- multimode laser pulse” is 
greater than the corresponding shift and width for 
a case of the “atom- single-mode pulse” (the Lo-
renz pulse model) interaction. From the physical 
point of view it is obviously provided by action 
of the photon-correlation effects and influence 
of the laser pulse multi-modity. A great interest 
represents the possibility of the quantitative con-
struction of the corresponding resonances profiles 
with explanation of the asymmetric nature by 
means calculating sufficiently “large” number of 
the multiphoton transition line moments.  It is in-
teresting to note that such an approach easily ex-
plains the qualitative features of the multiphoton 
resonances lines in the 57Fe nucleus. According 
to Ref. [34], the nuclear multiphoton transitions 
are taking a place in 57Fe nucleus subjected to ra-
dio-frequency electromagnetic field w0=30MHz. 
This picture was experimentally observed in the 
Mössbauer spectra of 57Fe nuclei in Permalloy by 
Tittonen et al [35]. Really, the eight transitions 
are possible between the four hyperfine substates 
of the 14.4 keV excited level e and the two sub-
states of the ground state g in the radio-frequency 
magnetic field [34]. If the static magnetic hyper-
fine splitting of the ground and excited states are 
respectively wg>0 and we>0, the transition fre-
quencies corresponding to forbidden g-ray tran-
sitions are (Ee-Eg)/h±3wg/2±wg/2, where Ee, Eg  
are respectively the energies of the 14.4-keV and 
ground states of the 57Fe nucleus in an absence of 
any external field.   
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The consistent relativistic energy approach to atom in a strong realistic laser field, based on the 
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ЭФФЕКТ ШТАРКА И МНОГОФОТОННЫЕ РЕЗОНАНСЫ

Резюме
Последовательный релятивистский энергетический подход к атому в сильном реалистичном 

лазерном поле, основанный на S-матричном формализме Гелл-Манна и Лоу, применяется для 
изучения резонансной многофотонной ионизации криптона интенсивным ультрафиолетовым 
лазерным излучением и вычисление многофотонных резонансных смещений и ширины в 
криптоне. Подход к рассмотрению многофотонных резонансов в ядрах изложен на примере 
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ONE AND TWO-PHONON RAMAN SCATTERING FROM 
NANOSTRUCTURED SILICON

Raman scattering from highly/low resistive nanostructured silicon films prepared by metal-assisted chemical 
etching was investigated. Raman spectrum of obtained silicon nanostructures was measured. Interpretation 
of observed one and two-phonon Raman peaks are presented. First-order Raman peak has a redshift and 
broadening. This phenomenon is analyzed in the framework of the phonon confinement model taking into 
account mechanical stress effects. Second-order Raman peaks were found to be shifted and broadened in 
comparison to those in the bulk silicon. The peak shift and broadening of two-phonon Raman scattering relates 
to phonon confinement and disorder. A broad Raman peak between 900-1100 cm-1 corresponds to superposition 
of three transverse optical phonons ~2TO (X), 2TO (W) and 2TO (L). Influence of excitation wavelength on 
intensity redistribution of two-phonon Raman scattering components (2TO) is demonstrated and preliminary 
theoretical explanation of this observation is presented.

1. Introduction

Nanostructured silicon is presently of wide-
spread interest because Si is an extremely promis-
ing material not only for electronics but optoelec-
tronics, solar cells, sensors etc. Advanced nano-
silicon technologies require a detailed study of 
obtained structures. Therefore, new methods and 
approaches should be performed for nanosilicon 
study.

Raman scattering has become a standard tool 
to study the silicon and nanostructured silicon for 
many years [1-15]. Raman-scattering studies of 
nanomaterials give us information about energy 
dispersion, structure, bonding and disorder. The 
analysis of nanostructures is mainly based on the 
phonon confinement model in which the finite 
crystallite size is taken into account by weight-
ing the phonon-scattering efficiency [3-8]. Con-
finement effects in nanostructures lead to modi-
fications of the electronic, optical and vibrational 
properties. Unfortunately, if a first-order Raman 

spectrum of nanocrystalline silicon has been stud-
ied extensively, the second-order Raman scattering 
is investigated marginally [1-3].

In the second-order Raman scattering process, 
two phonons of equal and opposite momentum 
participate and produce either line or broad con-
tinuous spectrum. Zone edge phonons, which ap-
pear only in higher-order Raman scattering, cor-
respond to large wave vectors and are sensitive 
to short-range disorder. The nature of a material, 
such as crystalline or amorphous, can therefore be 
ascertained by analyzing the higher-order phonons 
as well. Study of second-order Raman scattering, 
in addition to first-order spectra, provides impor-
tant information on the vibrational modes, energy 
structure, and morphology of nanostructured ma-
terials. Besides, second-order Raman scattering 
exhibits a higher sensitivity to nanoparticles size 
than first-order scattering [3-5].

In this paper we present the one- and two-pho-
non Raman spectra of nanostructured silicon fab-



45

ricated by metal-assisted chemical etching. We 
have measured the Raman frequency shifts and 
line shapes at room temperature. We focused on 
the changes in the second-order Raman scatter-
ing. New effect dealing with second-order Raman 
scattering was found.

2 Experimental procedure

2.1 Nanostructured silicon fabrication
The nanostructured silicon samples were fab-

ricated using a metal-assisted chemical etching 
process (MACE) [16-18]. The MACE exhibits 
good process controllability to generate various 
nanostructured silicon surface morphologies. 
Similar to electrochemical etching to create po-
rous silicon, MACE acts as a localized electro-
chemical etching process in which local electro-
deless etching occurs at the metal/silicon inter-
face, each nanometer-sized metal particle acts as 
a local cathode and the silicon surface acts as an 
anode. The metal particles are critical in the pro-
cess to promote H2O2 decomposition and cause 
electron–hole injection into the silicon surface; 
silicon is dissolved by HF to create pits or other 
nanostructures on the surface.

Monocrystalline p-type Si samples with resis-
tivity of 0.005 Ohm cm (samples A, B) and with 
resistivity of 80 Ohm cm (samples C, D), after 
standard RCA cleaning, were cleaned with ace-
tone and deionized water via ultrasonic cleaning. 
A thin oxide layer was formed, and the surface be-
came hydrophilic. This oxide layer was removed 
by dipping the samples into a dilute HF solution. 
The silver particles, which act as catalysts to as-
sist the etching of silicon, were deposited on Si 
samples by immersion in 0.23 M HF and 10−3 M 
AgNO3 metallization aqueous solutions. The time 
of immersion was varied – 40 s. for samples A 
and sample C; and 200 s. for sample B and sample 
D. After the electroless metallization, the wafers 
were etched in aqueous solutions containing HF 
(40%), H2O2 (30%), and ultrapure H2O at ratio 
concentration - H2O2/H2O/HF=10/80/40, for 30 
minutes. After etching, the samples were etched in 
HNO3 solution to remove silver particles and then 
were cleaned with deionized water and blown dry 
with nitrogen. The etching and immersion proce-
dures were performed at room temperature.

2.2 Surface morphology characterization

Structural properties of porous silicon prepared 
by metal-assisted chemical etching have been 
investigated by Scanning Electron Microscopy 
(SEM) - Jeol 7001TTLS and Atomic Force Micro-
scope (Bruker company) BioScope Catalyst. AFM 
measurements were carried out in contact mode. 
Using AFM and SEM, we could characterize the 
shape and sizes of nanostructures, their distribu-
tion and other parameters of morphology. In or-
der to determine mechanical stresses of obtained 
structures we used X-ray diffraction analysis. . 
X-ray diffraction (XRD) data were collected using 
an Empyrean diffractometer using a copper X-ray 
source operating at 30 mA and 40 kV providing Kα 
radiation at a wavelength of 1.5408 Å. XRD data 
were collected in the range 20° to 80° 2θ with a 
step size of 0.013°. 

2.3 Raman measurement

Raman scattering measurements were per-
formed using a Renishaw micro-Raman spectrom-
eter equipped with a confocal microscope (Leica). 
The samples were measured in backscattering 
geometry with a spectral resolution better than 1.0 
cm-1. The incident light was not polarized; also the 
detection setup contained no polarization filters. 
The Raman scattering spectra were excited by 488 
nm, 514 nm and 633 nm. The beam was focused 
on the samples with a 50 x microscope objective 
with a numerical aperture of 0.4. The incident op-
tical power was changed by using neutral density 
filters in the beam path. The minimum power for 
which a signal could be measured was limited by 
the signal to noise resolution of the detector in the 
spectrometer. All measurements were performed at 
room temperature in ambient atmosphere.

3 Results and Discussions

3.1 Morphology study of nanostructured sili-
con

Figs. 1 (A)–(D) are the images of scanning 
electron microscopy, which show the surface 
morphology of nanostructured silicon samples 
fabricated by MACE. Samples A and B have 
mostly the porous structure. This morphology 
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shown in images indicates pores of different sizes 
depending on the chemical procedures. On the 
other hand, AFM studies of that samples show the 
presence of nanometer-sized pyramids (hillocks) 
between the macropores. These hillocks appar-
ently correspond to Si nanocrystallites, whereas 
the hollows between them correspond to the nar-
row (nanometer) pores on the surface. The lateral 
dimensions of the hillocks, which were deter-
mined from AFM images as their largest linear 
dimensions at a base, are in the range of 15–20 
nm. The sizes of hillocks increase down to the 
bottom of pores. It should be noted that the actual 
lateral dimensions of the elements of the structure 
are smaller than the dimensions of the AFM im-
ages by approximately the doubled radius of the 
probe tip.

 

Fig. 1 SEM images of nanostructured sili-
con (insets are AFM images): Ag particles were 
deposited on Si samples by immersion in 0.23 
M HF and 10−3 M AgNO3 metallization aque-
ous solutions. The time of immersion was var-
ied – 40 s. for samples (A) and sample (C); and 
200 s. for sample (B) and sample (D). Etching 
solution contained HF (40%), H2O2 (30%), and 
ultrapure H2O at ratio concentration - H2O2/
H2O/HF=10/80/40, for 30 minutes.

Samples C and D have mostly the “coral-like” 
structure similar to nanowires with different ori-
entation. Wires have approximate dimensions ly-
ing in the range of 10–25 nm. AFM shows mostly 
the cauliflower-like structure. This morphology 

shown in 2D images indicates several particles 
(granules) embedded in each grain (Fig.1(c) in-
set). However, the shapes, as well as arrangement 
of the grains, were found to be different.

All these results confirm that different mor-
phologies can be produced by varying either the 
dopant level and, of course, the type of etchant 
and deposition solution.

1.2 Raman scattering investigations of nano-
structured silicon

Under normal conditions (standard pressure 
and temperature), silicon crystallizes in a dia-
mond lattice structure, which belongs to the On

7 
space group. The diamond structure of silicon al-
lows only one first-order Raman active phonon of 
symmetry Γ25 located at the Brillouin zone (BZ) 
centre corresponding to a phonon wave vector 
520.0 ± 1.0 cm-1 with the full width at half maxi-
mum (FWHM) – 3.5 cm-1. In order to interpret 
other Raman peaks, the Table .1 shows more im-
portant phonon frequencies of silicon [1-15].

Table 1 
Silicon Phonon Frequencies

Physical property Phonon frequencies (cm- 1)

LTO (Γ) 517-519
TA (X3) 149-151

LAO (X1) 410-411
TO (X4) 460-464
TA (L3) 113-115
TA (Σ) 230

LA (L2) 377-379
LO (L1) 420
TO (L3) 490
TO (W) 470

Raman scattering spectra of samples 1-4 are 
shown in Fig.2, for an incident laser power of 
10 mW. For all samples one can notice the quite 
similar Raman spectrum. High peak at 518-519 
cm with the FWHM of 8.5-15 cm-1 can be seen 
in the Raman spectrum of nanostructured Si. The 
intensity of the first-order scattering which is due 
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to the optical phonons (TO, LO) at the center Γ 
point of the BZ, as was mentioned above, is much 
stronger in comparison with that from the initial 
Si wafer. In comparison with the first-order opti-
cal phonon peak of c-Si, the corresponding Ra-
man peak of nano-Si has very small frequency 
down-shifted, its linewidth broadened and its line 
shape becomes asymmetric with a little tail on the 
low-energy side extending to 470-480 cm-1

 for 
all samples what indicate on partial amorphous-
like structure. The first-order spectrum from bulk 
Si single crystal represents scattering by optical 
phonons with quasimomentum q=0 because of its 
conservation in an infinite lattice. Studies of the 
morphology and structure of nano - Si by SEM/
AFM has revealed the presence of nanostructures 
with dimensions on a nanometer scale (Fig. 1). 
The limitation of the translation symmetry leads 
to relaxation of this selection rule, and phonons 
with quasimomentum out of the region around 
the Γ point determined by the size of the crys-
tallite can contribute to the scattering. Due to 
the decrease in the frequency of optical phonons 
with q in the vicinity of the BZ center, the Raman 
line of a spectrum from nanocrystalline material 
is shifted to lower energies and broadened. But 
comparing our experimental data with references 
one should conclude that there are additional rea-
sons of the red-shifting and broadening. It is well 
known that effects of sample heating caused by la-
ser radiation, compressive stress and defects give 
rise to a frequency shift of the Raman peak [2, 5, 
9]. Therefore, it is necessary to take into account 
the relative contributions of different mechanisms 
to the Raman shift and broadening if one need to 
obtain more precise results for peak line shape.

Khorasaninejad et al. showed that the main 
reason of red-shifting, but not the peak broaden-
ing, is heating effect [22]. They also showed that 
if confinement effects take place the red-shifting 
would be approximately 1-2 cm-1 which corre-
sponds to our case. Regarding the impact of com-
pressive stress and defects we can estimate it tak-
ing into account the following equations [3] 

where δω  is the peak width, 
 

PSa  is the 
lattice constant of porous silicon (PS) nanostruc-

tures, and γ ≈1.0 is the Gruneisen constant. The 

derived values of strain 
0

0

a
aaPS −  can be 

estimated from X-Ray diffraction analysis. We 
have obtained this value and it turned out to be an 
order of 10-3 for different samples. 

Fig. 2 Normalized Raman spectrum of Si nano-
structures taken with a 514 nm laser. (A) – (D) 
– sample, respectively.

Campbell and Fauchet [23] developed a quan-
titative model that calculates the Raman spectrum 
of PS as depending on the size L and on the shape 
of the porous silicon crystallites. If PS is modeled 
as an assembly of quantum wires, the phonon con-
finement is assumed to be two dimensional, while 
if the PS is modeled as an assembly of quantum 
dots, the confinement is three dimensional. The 
Raman spectrum is given by: 

 
                                                                       (2)

Raman scattering spectra of samples 
1-4 are shown in Fig.2, for an incident laser 
power of 10 mW. For all samples one can 
notice the quite similar Raman spectrum. 
High peak at 518-519 cm with the FWHM 
of 8.5-15 cm-1 can be seen in the Raman 
spectrum of nanostructured Si. The intensity 
of the first-order scattering which is due to 
the optical phonons (TO, LO) at the center Γ 
point of the BZ, as was mentioned above, is 
much stronger in comparison with that from 
the initial Si wafer. In comparison with the 
first-order optical phonon peak of c-Si, the 
corresponding Raman peak of nano-Si has 
very small frequency down-shifted, its 
linewidth broadened and its line shape 
becomes asymmetric with a little tail on the 
low-energy side extending to 470-480 cm-1

 
for all samples what indicate on partial 
amorphous-like structure. The first-order 
spectrum from bulk Si single crystal 
represents scattering by optical phonons 
with quasimomentum q=0 because of its 
conservation in an infinite lattice. Studies of 
the morphology and structure of nano - Si by 
SEM/AFM has revealed the presence of 
nanostructures with dimensions on a 
nanometer scale (Fig. 1). The limitation of 
the translation symmetry leads to relaxation 
of this selection rule, and phonons with 
quasimomentum out of the region around 
the Γ point determined by the size of the 
crystallite can contribute to the scattering. 
Due to the decrease in the frequency of 
optical phonons with q in the vicinity of the 
BZ center, the Raman line of a spectrum 
from nanocrystalline material is shifted to 
lower energies and broadened. But 
comparing our experimental data with 
references one should conclude that there 
are additional reasons of the red-shifting and 
broadening. It is well known that effects of 
sample heating caused by laser radiation, 
compressive stress and defects give rise to a 
frequency shift of the Raman peak [2, 5, 9]. 
Therefore, it is necessary to take into 
account the relative contributions of 
different mechanisms to the Raman shift and 
broadening if one need to obtain more 
precise results for peak line shape. 

Khorasaninejad et al. showed that the 
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a quantitative model that calculates the 
Raman spectrum of PS as depending on the 
size L and on the shape of the porous silicon 
crystallites. If PS is modeled as an assembly 
of quantum wires, the phonon confinement 
is assumed to be two dimensional, while if 
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The first-order Raman spectrum I(ω) 
is thus given by: 
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where Γ0 is the natural linewidth for c-Si at 
room temperature but we should add to this 
value linewidth corresponding to 
compressive stress   and ω(q) is the 
dispersion relation for optical phonons in c-
Si. This expression can be taken as [23]: 
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Here, ω0 is the position of the c-Si 
Raman peak. By specifying the size of the 
silicon nanocrystallites, from eqs. (4) and (5) 
the relation between the peak shift and the 
linewidth in the framework of the phonon 
confinement model can be determined. 
Taking into account the impact of 
compressive stress and confinement effects 
we reconstructed the Raman spectrum. The 
results of calculations are presented in Fig. 
3. It can be noticed that values of 
nanocrystallites sizes obtained from 
calculations are smaller than from SEM. 
That can be explained by the limited 
resolution of the electron microscope. 

In contrast to c-Si, one can see the 
first-order scattering from acoustical 
phonons at 150 cm-1 and optical phonon at 
430 cm-1. These peaks correspond to TA 
phonon at X critical points – TA (X) and to 
LO phonon at L critical points –LO (L), 
respectively (Table 1). The last peak 
suggests that nanostructured silicon in some 
extent is in amorphous form [7, 15]. 

 

 
 
Fig. 3 Experimental and calculated curves of 
nanostructured silicon surface (sample A, B). 

 
A strong enhancement of multiphonon 

features occurs for nanostructured silicon. 
The second order spectrum is much weaker 
than the first-order peak LTO (Γ) with 
features ranging from 100–1100 cm-1. The 
second-order spectrum of transverse 2TA 
acoustical phonons is clearly observed near 
300 cm-1. Some authors suggest this peak is 
corresponding to LA modes [11, 13] but 
there is not accurately confirmation of this 
fact. Probably we observe the superposition 
of transverse and longitudinal acoustic 
modes. Comparing the peak position with 
the values in the Table 1, we can assume 
that this peak corresponds to TA overtones 
at X critical points – 2TA (X). We can also 
observed few little two-phonon peaks - 2TA 
(L) at 230 cm-1 and 2LO (L) at 830 cm-1. 
Some authors explain the 2LO (L) by some 
kind of disorder but it still is open question. 
In addition, we also found two obvious 
peaks of Si nanocrystallines at 630 and 670 
cm-1 which can be ascribed to the quantum 
confinement effect of Si. These peaks are 
composed of contributions from 
combinations and also from overtones of 
transverse optical and acoustical modes of 
different critical points. The peak at 630 cm-

1 probably corresponds to the combination 
TO (X) +TA (X) modes and weaker peak 
corresponds to TO (Σ) +TA (Σ) [5, 9]. 
Probably, longitudinal modes are also taking 
part in these combinations as indicated in 
some publications [4, 11]. And finally, there 
is a broad peak between 900-1100 cm-1 
which is from the scattering of few 
transverse optical phonons ~2TO phonons. 
A more detailed discussion of this peak will 
be further.  
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where 

The first-order Raman spectrum I(ω) is thus 
given by:

where Γ0 is the natural linewidth for c-Si at room 
temperature but we should add to this value line-
width corresponding to compressive stress δω  
and ω(q) is the dispersion relation for optical pho-
nons in c-Si. This expression can be taken as [23]:

                                                                  
    (5)

Here, ω0 is the position of the c-Si Raman peak. 
By specifying the size of the silicon nanocrystal-
lites, from eqs. (4) and (5) the relation between 
the peak shift and the linewidth in the framework 
of the phonon confinement model can be deter-
mined. Taking into account the impact of com-
pressive stress and confinement effects we recon-
structed the Raman spectrum. The results of cal-
culations are presented in Fig. 3. It can be noticed 
that values of nanocrystallites sizes obtained from 
calculations are smaller than from SEM. That can 
be explained by the limited resolution of the elec-
tron microscope.

In contrast to c-Si, one can see the first-order 
scattering from acoustical phonons at 150 cm-1 

and optical phonon at 430 cm-1. These peaks cor-
respond to TA phonon at X critical points – TA 
(X) and to LO phonon at L critical points –LO 
(L), respectively (Table 1). The last peak suggests 
that nanostructured silicon in some extent is in 
amorphous form [7, 15].

Fig. 3 Experimental and calculated curves of 
nanostructured silicon surface (sample A, B).

A strong enhancement of multiphonon features 
occurs for nanostructured silicon. The second or-
der spectrum is much weaker than the first-order 
peak LTO (Γ) with features ranging from 100–
1100 cm-1. The second-order spectrum of trans-
verse 2TA acoustical phonons is clearly observed 
near 300 cm-1. Some authors suggest this peak is 
corresponding to LA modes [11, 13] but there is 
not accurately confirmation of this fact. Probably 
we observe the superposition of transverse and 
longitudinal acoustic modes. Comparing the peak 
position with the values in the Table 1, we can as-
sume that this peak corresponds to TA overtones 
at X critical points – 2TA (X). We can also ob-
served few little two-phonon peaks - 2TA (L) at 
230 cm-1 and 2LO (L) at 830 cm-1. Some authors 
explain the 2LO (L) by some kind of disorder 
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Since fundamental phonon modes are shifted 
and broadened, the second-order modes of nano-
structured silicon are also shifted and broadened. 
In addition to the peaks which can be attributed to 
the scattering from crystalline material, all spectra 
of our nanostructured silicon samples, although to 
different extents, exhibit broadband.

1.3 Wavelengths effect of two-phonon Raman 
scattering

For second-order scattering, the two phonons 
involved must have equal but opposite wave vec-
tor in order to fulfill momentum conservation. 
Therefore, the strongest scattered signal is due 
to phonons where the density of states (DOS) is 
highest [19]. The intensity of the second order 
Raman signal strongly depends on the scattering 
geometry due to symmetry reasons. Our results for 
second-order Raman scattering are shown in Fig.4. 
One can see the Raman spectrum of sample A. The 
laser power for different wavelengths had approxi-
mately the same values less than 10 mW to pre-
vent heating effects. We can see a broad peak be-
tween 900-1100 cm-1 which is from the scattering 
of few transverse optical phonons ~2TO phonons 
for different wavelength of the excitation light. 
To date, there is no consensus about the origin of 
the broad peak. Some authors argue that this peak 
is formed by the superposition of two or more 
optical modes [1-5, 19-21]. It can be seen that 
shape line has a kind of complexity. The Raman 
peak was split onto separate peaks. The peaks, lo-
cated at 930-940, 950-960 and 980-985 cm-1 have 
been found. As discussed above, the scattering in 
second-order reflects the phonon DOS. For bulk 
silicon, the DOS features few strong singularities 
due to TO phonon at the X-point, the W-point and 
the L-point. The shoulder at 930-940 cm-1, which 
is identified as two-TO-phonon overtone at zone-
edge point X, emerges at 930 cm-1 – 2TO (X). 
The peak at 945-955 cm-1, which is identified as 
two-TO-phonon overtone at zone-edge point W, 
emerges at 940 cm-1 – 2TO (W). Furthermore, the 
peak at 980 cm-1 corresponding to 2TO-phonon 
overtone scattering from the critical point L, ap-
pears at 980 cm-1 – 2TO (L). It was noticed that the 
2TO peaks narrow as the size of the nanostructures 
become larger. It is clear from these results that 

the 2TO band is affected by confinement effects 
and shifts towards lower frequency and becomes 
broader as the dimension of the nanocrystals de-
creases.

Exploring the patterns of change in this peak, 
depending on the wavelength of the excitation 
light (λexc) we found an interesting effect. Chang-
ing the λexc leads to an intensity redistribution of 
Raman scattering components. One can notice that 
for λexc=488 nm and λexc=514 nm the peaks of 2TO 
(L) and 2TO (W) prevail over the 2TO (X) mode. 
For the λexc=633 nm 2TO (X) phonon overtone 
comes maximum and the left shoulder of the broad 
peak becomes much higher than right shoulder. 
We compared this result with other publications 
[1-5, 9-10, 13, 15-16]. Indeed, in other publication 
one can notice, although to different extents, the 
same effect. Unfortunately, no one paid attention 
to this experimental observation.

In order to explain this effect we considered 
following assumptions: increasing in the intensity 
of the second-order Raman scattering depends 
on Raman tensor and effective Raman scattering 
cross-section. On the other hand, the Raman ten-
sor depends on the probability of interband optical 
transitions [20-21]. Photons with energies corre-
sponding to the absorption edge for a certain zone-
edge point of BZ should have a higher probability 
of optical transitions and thereby the intensity of 
Raman peak for certain zone-edge point would 
increase or decrease its value.

The intensity of second-order spectra, I2(ω), 
is related to that of first-order scattering, I1(ω), 
through [21]
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resonantly enhanced. The function describing the 
dependence of the second-order Raman scattering 
intensity on the ratio of laser beam energy to band 
gap width can be written as [21]
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It is well known, that the band gap energy in-
creasing with the decreasing of nanostructures size 

and it results in a growth of )(
g

if
ω
ω


  function. 

Fig. 4 Normalized Raman two-phonon scat-
tering for three different laser wavelengths 
for sample A. The calculated separate second-
order modes are indicated by solid green line 
curve and the experimental data are plotted as 
colored bold line.

Thus, calculation of second-order Raman spec-
tra intensity allows one to estimate the optical 
energy gap. As far as the intensity of 2TO is con-
cerned, estimated calculations shows that if we use 

red laser instead of blue one the intensity of 2TO 
(X) peak should increase the intensity approxi-
mately in 2.5 times. On the other hand, for peaks 
(2TO (L) and 2TO (W)), their intensities should 
increase approximately in 1.3-1.5 times, that we 
observed in the experiment. However, the pres-
ent explanations are tentative, and require further 
theoretical proof.

Conclusions

One- and two-phonon Raman scattering char-
acteristics of nanostructured silicon fabricated by 
metal-assisted chemical etching were investigated 
and the results are summarized. First-order Ra-
man peak has a small redshift and broadening 
compared with bulk silicon as predicted by the 
phenomenological phonon confinement effect for 
nanostructures. In addition to the fundamental 
phonon modes, overtone and combinations of 
modes were also observed and analyzed. Second-
order Raman peaks were found to be shifted and 
broadened in comparison to those in the bulk sili-
con. A broad peak between 900-1100 cm-1 corre-
sponds to superposition of three transverse optical 
phonons ~2TO (X), 2TO (W) and 2TO (L). It 
was observed the anomalous behavior of the 2TO 
peaks depending on the wavelength of the excita-
tion light. Our findings are important for charac-
terizing of nanostructures by Raman scattering.
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ONE AND TWO-PHONON RAMAN SCATTERING FROM NANOSTRUCTURED 
SILICON

Abstract          
Raman scattering from highly/low resistive nanostructured silicon films prepared by metal-assisted 

chemical etching was investigated. Raman spectrum of obtained silicon nanostructures was measured. 
Interpretation of observed one and two-phonon Raman peaks are presented. First-order Raman peak has 
a redshift and broadening. This phenomenon is analyzed in the framework of the phonon confinement 
model taking into account mechanical stress effects. Second-order Raman peaks were found to be 
shifted and broadened in comparison to those in the bulk silicon. The peak shift and broadening 
of two-phonon Raman scattering relates to phonon confinement and disorder. A broad Raman peak 
between 900-1100 cm-1 corresponds to superposition of three transverse optical phonons ~2TO (X), 
2TO (W) and 2TO (L). Influence of excitation wavelength on intensity redistribution of two-phonon 
Raman scattering components (2TO) is demonstrated and preliminary theoretical explanation of this 
observation is presented.

Key words: porous silicon, Raman scattering, metal-assisted chemical etching.
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ОДНО И ДВУХФОНОННОЕ РАМАНОВСКОЕ РАССЕЯНИЕ 
НАНОСТРУКТУРИРОВАННОГО КРЕМНИЯ

Резюме
В работе представлено исследование комбинационного рассеяния (КРС) наноструктуриро-

ванного кремния полученного методом химического неэлектролитического травления. Пред-
ставлена интерпретация наблюдаемых одно и двухфононных пиков КРС. Было выявлено, что 
пики КРС первого и второго порядка смещаются и уширяются относительно пика объемного 
кремния. Данное явление анализируется в рамках фононного конфайнмента с учетом механи-
ческих напряжений. Широкий пик КРС второго порядка в области 900-1100 см-1 соответствует 
суперпозиции трех поперечных оптических фононов ~ 2ТО (X), 2ТО (W) и 2ТО (L). 

Ключевые слова: пористый кремний, Рамановское рассеяние, неэлектролитическое трав-
ление.
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ОДНО ТА ДФОХФОНОНЕ РАМАНІВСЬКЕ РОЗСІЯННЯ НАНОСТРУКТУРОВАНОГО 
КРЕМНІЮ

Резюме
У роботі представлено дослідження комбінаційного розсіяння (КРС) наноструктурованого 

кремнію отриманого методом хімічного неелектролітіческіх травлення. Представлена 
інтерпретація спостережуваних одне і двухфононних піків КРС. Було виявлено, що піки КРС 
першого і другого порядку зміщуються і розширюються щодо піка об’ємного кремнію. Дане 
явище аналізується в рамках фононного конфайнмента з урахуванням механічних напружень. 
Широкий пік ВРХ другого порядку в області 900-1100 см-1 відповідає суперпозиції трьох 
поперечних оптичних фононів ~ 2ТО (X), 2ТО (W) і 2ТО (L). 

Ключові слова: поруватий кремній, Раманівське розсіяння, неелектролітичне травлення.
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THE GREEN’S FUNCTIONS AND DENSITY FUNCTIONAL APPROACH TO 
VIBRATIONAL STRUCTURE IN THE PHOTOELECTRON SPECTRA OF 
 MOLECULES: REVIEW OF METHOD

We present the basis’s of the new combined theoretical approach to vibrational structure 
in photoelectron spectra of molecules. The approach is based on the Green’s function 
method, which generalizes the Cederbaum-Domske formalism, and quasiparticle density 
functional theory. It generalizes the known Green’s function approach by It is presented a 
new procedure for determination of the  density of states, which describe the vibrational 
structure in molecular photoelectron spectra

I. Introduction

A number of phenomena, provided by interac-
tion of electrons with vibrations of the atomic 
nuclei in molecules or solids under availability of 
of the electron states degeneration is usually called 
as the Jahn-Teller effect. This interaction may 
lead to  local deformations, which are the reason 
of the structural phase transitions in the solids 
(statical Jahn-Teller effect)or appearance of the 
connected electron-vibrational  states (a dynami-
cal Jahn-Teller effect) [1-4]. Indeed, the physics of 
the interaction of electrons with vibrations of the 
atomic nuclei in molecules or solids is more rich-
er (c.f.[1-111]). One could mention here a great 
field of the resonant collisions of electrons with 
molecules, which are one of the most efficient 
pathways for the transfer of energy from elec-
tronic to nuclear motion. While the correspond-
ing  theory has been refined over the years with 
sophisticated and elaborate non-local treatments 
of the reaction dynamics, such studies have for 
the most part treated the nuclear dynamics in one 
dimension. This situation has resulted from the 
fact that, as the field of electron-molecule scatter-
ing developed, both experimentally and theoreti-
cally, the phenomena of vibrational excitation and 
dissociative attachment were first understood for 
diatomics, and it seemed natural to extend that un-
derstanding to polyatomic molecules using 1-D or 

single-mode models of nuclear motion. However 
a series of experimental measurements of these 
phenomena in small polyatomic molecules have 
proven to be uninterpretable in terms of atomic 
motion with single degree of freedom. Reader 
can find more details about this topic in the recent 
paper by Rescigno et al [4]. 

In last several decades quantum chemistry 
methods has been refined with a sophisticated 
and comprehensive approaches of the correct in-
terelectron correlations and electron-nuclear dy-
namics treatments [9-49]. Very interesting quote 
has been indicated by Bartlett and Musiał and 
earlier by Wilson: “Ab initio quantum chemistry is 
an emerging computational area that is fifty years 
ahead of lattice gauge theory and a rich source of 
new ideas and new approaches to the computation 
of many fermion systems” [26]. Following to ref. 
[26] we repeat that driving these developments 
are the types of problems addressed by quantum 
chemists, as shown in Fig. 1.  Primary among 
these are potential-energy surfaces (PES) which 
describe the behavior of the electronic energy with 
respect to the locations of the nuclei, subject to the 
underlying Born-Oppenheimer or clamped nuclei 
approximation. From the ground- and excited-state 
wave functions one could in principle obtain all 
properties that arise from a solution to vibrational 
Schrödinger equation that gives the frequencies 
and with  derivatives of the dipole moment, the 
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infrared intensities [26-39]. Electronic excited 
states are also accessible along with electronic 
and photo-electron spectra. The properties that 
arise from the one-particle density matrix, such 
as dipole moments, hyperfine coupling constants, 
and electric-field gradients, are readily available.

Figure 1. The nature of quantum chemical 
problems (from ref. [26]).

From even higher-order electric-field deriva-
tives, one obtains hyperpolarizabilities, which 
determine nonlinear optical behavior. From de-
rivatives relative to atomic displacements in mol-
ecules, one obtains anharmonic effects on vibra-
tional-rotational spectra. In result , one could men-
tion that a main objective is an accurate solution of 
the Schrödinger equation for molecules composed 
of comparatively light elements. 

As it is often takes a place, the old multi-body 
quantum theoretical approaches, which have been 
primarily developed in a theory of superfluity and 
superconductivity, and generally speaking in a 
theory of solids, became by the powerful tools for 
developing new conceptions in molecular calcu-
lations [50-65]. Many of them offers a synthesis 
of cluster expansions, Brueckner’s summation 
of ladder diagrams, the summation of ring dia-
grams Gell-Mann and an infinite-order general-
ization of many-body perturbation theory MBPT 
(Kelly, 1969; Bartlett and Silver, 1974a, 1976. 
Using quantum-field methods in molecular theory 
allowed to obtain a very powerful approach for 

correlation in many-electron systems. Only with 
this property are applications to polymers, sol-
ids, or the electron gas possible, and, even for 
small molecules, its effects are numerically quite 
significant. Configuration interaction methods, 
long the focus of the correlation problem in quan-
tum chemistry Shavitt, 1998, do not, in general, 
have this property which is responsible for the 
emphasis on the coupled cluster theory and its 
multi-body perturbation theory approximations 
(Kelly, 1969; Bartlett and Silver, 1974a, 1974b; 
Pople et al., 1976) in chemistry. For more details, 
the history of coupled cluster theory is best told 
from the viewpoint of some of its principal devel-
opers (look review [26]). 

The Green’s method is very well known in a 
quantum theory of field, quantum electrodynamics 
, quantum theory of solids (c.f.[61-63]). Naturally, 
an attractive idea was to use it in the molecular 
calculations. Returning to problem of description 
of the vibrational structure in photoelectron spec-
tra of molecules, it is easily understand that this 
approach has great perspective as it was shown 
by Cederbaum et al (c.f.[65-68]).  One could note 
that the experimental photoelectron (PE) spectra 
usually show a pronounced vibrational structure. 
Many papers have been devoted to treatment of 
the vibrational spectra by construction of potential 
curves for the reference molecule (the molecule 
which is to be ionized) and the molecular ion. 
Usually the electronic Green’s function is defined 
for fixed position of the nuclei. As result, only 
vertical ionization potentials (V.I.P.’s) can be cal-
culated [65]. The cited method, however, requires 
as input data the geometries, frequencies, and 
potential functions of the initial and final states. 
Since in most cases at least a part of these data are 
unavailable, the calculations have been carried 
out with the objective of determining the missing 
data by comparison with experiment. Naturally, 
the Franck-Condon factors are functions of the 
derivatives of the difference between the potential 
curves of the initial and final states with respect to 
the normal coordinates. One could agree here that 
highly accurate calculations are necessary to ob-
tain good results with the above methods. To avoid 
this difficulty and to gain additional information 
about the ionization process, Cederbaum et al [65-
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68] extended the Green’s functions approach to 
include the vibrational effects and showed that 
the Green’s functions method allowed the ab ini-
tio calculation of the intensity distribution of the 
vibrational lines, of the vibrational frequencies of 
the reference molecule and its ions, and of geome-
try shifts due to ionization and particle attachment. 
Besides, a great advancement here is connected 
with a possibility of the quite exact calculation 
of ionization potentials (I.P.’s) for molecules. Ac-
cording to ref.[65], starting from Hartree-Fock 
(HF) calculation [71,72] the electronic Green’s 
functions have been calculated applying a many-
body perturbation expansion. In this method the 
Koopmans’ defect, i.e., the difference between 
the I.P. and the value derived from the Koopmans’ 
theorem, is calculated directly, avoiding the usual 
subtraction of large numbers of roughly equal 
magnitude. 

Further let us remember that for larger mol-
ecules and solids, far more approximate but more 
easily applied methods such as density-functional 
theory (DFT) [40-42] or from the wave-function 
world the simplest correlated model MBPT are 
preferred. Indeed, in the last decades DFT theory 
became by a great, quickly developing field of 
the modern quantum computational chemistry of 
atoms, molecules, solids. Naturally, this approach 
does not allow to reach a spectroscopic accuracy 
in description of the different molecular proper-
ties, nevertheless, the key idea is very attractive 
and can be used in new combined theoretical ap-
proaches. 

 Here we present the basis’s of the new 
combined theoretical approach to vibrational 
structure in photoelectron spectra of molecules. 
The approach is based on the Green’s function 
method and Fermi-liquid DFT formalism [80-
86]. It generalizes the known Green’s function 
approach by Cederbaum-Domcke (we use this 
version as a starting basis). The density of states, 
which describe the vibrational structure in mo-
lecular photoelectron spectra, is calculated with 
the help of combined DFT-Green’s-functions ap-
proach. In addition to exact solution of one-bode 
problem different approaches to calculate reor-
ganization and many-body effects are presented. 
In all cases no data about the molecular ion are 

needed and all transitions except those between 
linear and bent configurations are included. The 
density of states is well approximated by using 
only the first order coupling constants in the one-
particle approximation. It is important that the 
calculational procedure is significantly simplified 
with using the quasiparticle DFT formalism Thus 
quite simple calculation becomes a powerful tool 
in interpreting the vibrational structure of photo-
electron spectra for different molecular systems.

2. The combined Green’s functions and 
density functional approach

2.1 The Hamiltonian of the system. The 
density of states in one –body solution

According to [65], the quantity which contains 
the information about the ionization potentials and 
the molecular vibrational structure due to quick 
ionization is the density of occupied states9:

                                                                     (1)

where 〉Ψ0  is the exact ground state wavefunc-

tion of the reference molecule and  )(tak is an 
electron destruction operator, both in the Heisen-
berg picture. For particle attachment the quantity 
of interest is the density of unoccupied states:

                                                                      (2)

 Usually in order to calculate the value (1) 
states for photon absorption one should express 
the Hamiltonian of the molecule in the second 
quantization formalism. The corresponding Ham-
iltonian is as follows:

),()/()/( XxUXTxTH +∂∂+∂∂= ΝΕ ,            (3)
where ΕT is the kinetic energy operator for the 

electrons, ΝT  is the kinetic energy operator for the 
nuclei, and U represents the interaction
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where x denotes electron coordinates, X denotes 
nuclear coordinates, ΕΕU represents  the Coulomb 
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low to original version of the Cederbaum-Domske 
approach to vibrational structure of the molecular 
spectra. Further the following field operator is 
usually introduced:

),(),,(),,( θθφθ RaRxxR ii
i

∑=Ψ
          

         (5)

where the фi are Hartre-Forck (HF) one–particle 
functions and the ai are destruction operators for a 
HF particle in the state described by the subscript 

i. Fixing )( 0θθθ = , the Hamiltonian in the oc-
cupation number representation is given by [65]

                               
                                                                     (6)
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where M is the number of normal coordinates.
Choosing R0 as the equilibrium geometry on 

the HF level and introducing dimensionless nor-
mal coordinates Qs one can write the following 
Hamiltonian (the subscript 0 stands for R0):

                                                                     (9)

where the index set v1 means that at least  kφ  and 

lφ or iφ  and jφ are unoccupied, v2 that at most one 

of the orbitals is unoccupied, and  v3  that  kφ  and 

jφ or lφ and  jφ  are unoccupied.  Besides, here for 
simplicity all terms leading to anharmonicities are 

neglected. The sω are the HF frequencies and the 

sb   and t
sb  are destruction and creation operators 

for vibrational quanta defined by

                                                                   (10)
  

The interpretation of the above Hamiltonian 
is given in ref. [3]. The first term EH  describes 
the electronic motion for nuclei fixed at the HF 

ground state geometry. The second term  NH de-
scribes the motion of the nuclei in the harmonic 
HF potential (the extension to anharmonic terms 

can easily be done). )1(
ENH  represents the coupling 

of the HF particles with the nuclear motion. The 
coupling constants are the normal coordinate de-
rivatives of the HF one-particle energies. The first 

the Coulomb interaction between electrons, 
etc.Below we follow to original version of the 
Cederbaum-Domske approach to vibrational 
structure of the molecular spectra. Further the 
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where the index set v1 means that at least  k  
and l or i  and j are unoccupied, v2 that at 
most one of the orbitals is unoccupied, and  v3  
that  k  and j or l and  j  are unoccupied.  
Besides, here for simplicity all terms leading 
to anharmonicities are neglected. The s are 
the HF frequencies and the sb   and t

sb  are 
destruction and creation operators for 
vibrational quanta defined by 
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where the index set v1 means that at least  k  
and l or i  and j are unoccupied, v2 that at 
most one of the orbitals is unoccupied, and  v3  
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ground state geometry. The second term 
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where the index set v1 means that at least  k  
and l or i  and j are unoccupied, v2 that at 
most one of the orbitals is unoccupied, and  v3  
that  k  and j or l and  j  are unoccupied.  
Besides, here for simplicity all terms leading 
to anharmonicities are neglected. The s are 
the HF frequencies and the sb   and t

sb  are 
destruction and creation operators for 
vibrational quanta defined by 
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The interpretation of the above Hamiltonian is 
given in ref. [3]. The first term EH  describes 
the electronic motion for nuclei fixed at the HF 
ground state geometry. The second term 

 NH describes the motion of the nuclei in the 
harmonic HF potential (the extension to 
anharmonic terms can easily be done). )1(
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etc.Below we follow to original version of the 
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where M is the number of normal coordinates. 

Choosing R0 as the equilibrium geometry on 
the HF level and introducing dimensionless 
normal coordinates Qs one can write the 
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where the index set v1 means that at least  k  
and l or i  and j are unoccupied, v2 that at 
most one of the orbitals is unoccupied, and  v3  
that  k  and j or l and  j  are unoccupied.  
Besides, here for simplicity all terms leading 
to anharmonicities are neglected. The s are 
the HF frequencies and the sb   and t

sb  are 
destruction and creation operators for 
vibrational quanta defined by 
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sss bbQ               (10) 
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The interpretation of the above Hamiltonian is 
given in ref. [3]. The first term EH  describes 
the electronic motion for nuclei fixed at the HF 
ground state geometry. The second term 

 NH describes the motion of the nuclei in the 
harmonic HF potential (the extension to 
anharmonic terms can easily be done). )1(
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sum in the expression for )1(
ENH  is responsible for 

the geometry shifts and the second one for the 
charge of  frequencies due to electronions. There 
is also a modification of the interaction between 
electrons through the coupling to the nuclear mo-

tion. The term )2(
ENH , which describes this modifi-

cation, is due to its nature less important than )1(
ENH

. The exact solution of the one-body HF problem 
has been given in ref.[65] too. The HF-single-

particle component 0H  of the Hamiltonian (9) is 
as follows:
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As a first step in the evaluation of Eg. (15) new 
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with real coefficients slsl
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represents the coupling of the HF particles 
with the nuclear motion. The coupling 
constants are the normal coordinate derivatives 
of the HF one-particle energies. The first sum 
in the expression for )1(

ENH  is responsible for 
the geometry shifts and the second one for the 
charge of  frequencies due to electronions. 
There is also a modification of the interaction 
between electrons through the coupling to the 
nuclear motion. The term )2(

ENH , which 
describes this modification, is due to its nature 
less important than )1(
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Equation (22) and (23) together with Egs. (18) 
and (19) constitute a system of 2M2 
independent equations for the  2M2 unknown 
coefficients slsl

21   ,  . Solution of this system 
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Equation (22) and (23) together with Egs. (18) 
and (19) constitute a system of 2M2 independent 
equations for the  2M2 unknown coefficients 

slsl
21   , λλ . Solution of this system yields the change 

in normal coordinates in terms of the coupling 

constants 'ssγ . Equations (24)-(26) determine the 

vibrational frequencies sω̂ of tion, the new cou-

pling parameters sĝ and the constant k.
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Further naturally the  δ  function in Eg. (31) 
contains the information about the adiabatic ion-
ization potential and the spacing of the vibra-
tional peaks, whereas the squared matrix element 

20ˆ 〉〈 Un  is the well-known Franck-Condon 
factor, which gives the intensity distribution of the 
vibrational spectrum. Following to ref. [65] one 

can decompose the matrix element 〉〈 0ˆ Un  as
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Here k
mL is the generalized Laguerre polynomi-

nal and lll gf ω̂/ˆ
= . A procedure for calculating 

the overlap integrals 〉〈 0m̂ wis described in ref. 
[65]. In order to reveal explicitly the connection 

between the quantities slsl
lf 21 ,, λλ and the geometry 

shifts and frequency changes it  is written as 
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where the vector Q denotes the normal coordi-
nates in the ground state of the reference molecule 

and Q̂  denotes the normal coordinates of the ion, 
both on the one-particle level. If  L and  L̂  are the 
transformation matrices from internal to normal 
coordinates in the initial and final states, respec-
tively, R is the change in equilibrium position 

yields the change in normal coordinates in 
terms of the coupling constants 'ss . Equations 
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ŝ of tion, the new coupling parameters sĝ and 
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Further naturally the    function in Eg. (31) 
contains the information about the adiabatic 
ionization potential and the spacing of the 
vibrational peaks, whereas the squared matrix 
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Franck-Condon factor, which gives the 
intensity distribution of the vibrational 
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Here k

mL is the generalized Laguerre 
polynominal and lll gf ̂/ˆ  . A procedure for 

calculating the overlap integrals  0m̂ wis 
described in ref. [65]. In order to reveal 
explicitly the connection between the 
quantities slsl

lf 21 ,,  and the geometry shifts 
and frequency changes it  is written as  

                           'ˆˆ KJQQ  ,              (35) 
where the vector Q denotes the normal 
coordinates in the ground state of the reference 
molecule and Q̂  denotes the normal 
coordinates of the ion, both on the one-particle 
level. If  L and  L̂  are the transformation 
matrices from internal to normal coordinates in 
the initial and final states, respectively, R is 
the change in equilibrium position and Г, Г̂ are 
the diagonal matrices of frequencies 
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-1/2-11/2 LL̂ˆJ  , 

                        RL̂ˆK̂ -11/2 .                   (36) 
The connection between transformation matrix 
J, ’s is given by sl

slsl J 21  , 1
21
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slsl J ; 

normal coordinate shift K̂  is related to lf  by 

ll Kf ˆ2 2/1  . The simplification of method is 

possible in case of diagonality of matrix 'ss of 
coupling constants.  
 
2.2  The Cederbaum-Domske approach to 

the many-body problem 
 
Below we give the Cederbaum-Domske 
perturbation theory approach to ab initio 
calculation of  frequencies, geometry shifts, 
and Franck-Condon factors starting from the 
one-particle picture discussed above. In a 
diagrammatic method in order  to obtain the 
function )(єNk  one should calculate the 
Green’s function )(' єGkk first: 
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where T is Wick’s time ordering operator and 
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Further naturally the    function in Eg. (31) 
contains the information about the adiabatic 
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Here k

mL is the generalized Laguerre 
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normal coordinate shift K̂  is related to lf  by 
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 /ˆ  ,/ ss ωω , then
-1/2-11/2 LL̂ˆJ ΓΓ= ,

                        RL̂ˆK̂ -11/2Γ= .                   (36)

The connection between transformation matrix 

J, λ ’s is given by sl
slsl J=+ 21 λλ , 1

21
−=− ls

slsl Jλλ

; normal coordinate shift K̂  is related to lf  by 

ll Kf ˆ2 2/1−=  . The simplification of method is 

possible in case of diagonality of matrix 'ssγ of 
coupling constants. 

2.2  The Cederbaum-Domske approach to 
the many-body problem

Below we give the Cederbaum-Domske pertur-
bation theory approach to ab initio calculation of  
frequencies, geometry shifts, and Franck-Condon 
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one finds for the corresponding Green’s func-
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The Dyson equation
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relates the Green’s functions to the free ones intro-

ducing a new function )('' ºkkΣ called the (proper) 

self-energy part. In in order to calculate 'kkΣ , a 
well-known diagrammatic method is used. It is 
useful to remind that the sum of Feynman dia-
grams leading to the self-energy part is shown in 
Fig. 1. All notations are standard. 

 
Fig. 1. The sum of diagrams contributing to the 
self-energy part. 

The one-body problem treated above results in 
the exact solution of the Dyson equation with the 
self-energy part given by the infinite number of 
diagrams shown in the first row of Fig. 1 and the 
cor responding Green’s function is as follows [65]:
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follows: 
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Fig. 2. Perturbation expansion of Фkk.
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grams appearing in Fig. 2 are written by a standard 
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Further naturally the    function in Eg. (31) 
contains the information about the adiabatic 
ionization potential and the spacing of the 
vibrational peaks, whereas the squared matrix 
element 20ˆ  Un  is the well-known 
Franck-Condon factor, which gives the 
intensity distribution of the vibrational 
spectrum. Following to ref. [65] one can 
decompose the matrix element  0ˆ Un  as 
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where  0m̂  is the overlap of unshifted wave 
functions of different frequency and  

 mUn ˆˆ  is the overlap integral between 
shifted oscillator wave functions of the same 
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Here k

mL is the generalized Laguerre 
polynominal and lll gf ̂/ˆ  . A procedure for 

calculating the overlap integrals  0m̂ wis 
described in ref. [65]. In order to reveal 
explicitly the connection between the 
quantities slsl

lf 21 ,,  and the geometry shifts 
and frequency changes it  is written as  
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where the vector Q denotes the normal 
coordinates in the ground state of the reference 
molecule and Q̂  denotes the normal 
coordinates of the ion, both on the one-particle 
level. If  L and  L̂  are the transformation 
matrices from internal to normal coordinates in 
the initial and final states, respectively, R is 
the change in equilibrium position and Г, Г̂ are 
the diagonal matrices of frequencies 
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The connection between transformation matrix 
J, ’s is given by sl

slsl J 21  , 1
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slsl J ; 

normal coordinate shift K̂  is related to lf  by 

ll Kf ˆ2 2/1  . The simplification of method is 

possible in case of diagonality of matrix 'ss of 
coupling constants.  
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and Franck-Condon factors starting from the 
one-particle picture discussed above. In a 
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Further naturally the    function in Eg. (31) 
contains the information about the adiabatic 
ionization potential and the spacing of the 
vibrational peaks, whereas the squared matrix 
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intensity distribution of the vibrational 
spectrum. Following to ref. [65] one can 
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where  0m̂  is the overlap of unshifted wave 
functions of different frequency and  
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shifted oscillator wave functions of the same 
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Here k

mL is the generalized Laguerre 
polynominal and lll gf ̂/ˆ  . A procedure for 
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the initial and final states, respectively, R is 
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normal coordinate shift K̂  is related to lf  by 

ll Kf ˆ2 2/1  . The simplification of method is 
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where T is Wick’s time ordering operator and 
the function )(єNk then follows from relation 
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The Dyson equation 

          
'''''

0

''

0
'' kkkkkk

k
kkkk GGGG          (45) 

relates the Green’s functions to the free ones 
introducing a new function )('' єkk called the 
(proper) self-energy part. In in order to 
calculate 'kk , a well-known diagrammatic 
method is used. It is useful to remind that the 
sum of Feynman diagrams leading to the self-
energy part is shown in Fig. 1. All notations 
are standard.  
 

 
Fig. 1. The sum of diagrams contributing to 

the self-energy part  
 
The one-body problem treated above results in 
the exact solution of the Dyson equation with 
the self-energy part given by the infinite 
number of diagrams shown in the first row of 
Fig. 1 and the corresponding Green's function 
is as follows [65]:  

    tinUntinitG kk
n

kkkkk
OB
kk  ˆexp0ˆexp)(

21  
 

                                                             
,     (47) 

The corresponding Dyson-like equation is as 
follows:  
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where kkÔ  , is equal to kk  , less the diagrams 
of the first row in Fig.1.   The perturbation 
expansion of Ф is shown in Fig. 2 where 

OB
kkiG  , is symbolized by a double solid line.    

 
Fig. 2. Perturbation expansion of Фkk 

The expression for the sum of the first two 
diagrams appearing in Fig. 2 are written by a 
standard way:  
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The direct method for calculation of Nk() as 
the imaginary part of the corresponding 
Green's function implicitly includes the 
determination of the V. I. P. s of the reference 
molecule and then of Nk   .  The zeros of the 
functions 
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where  kop  denotes the kth eigenvalue of 
the diagonal matrix of the one-particle 
energies added to the matrix of the self-energy 
part, are the negative V. I. P. 's for a given 
geometry.  Further it is easily to write:   
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Expanding the ionic energy 1N

kE about the 
equilibrium geometry of the reference 
molecule in a power series of the normal 
coordinates of this molecule: 
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leads to a set of linear equations in the 
unknown normal coordinate shifts δQS, 
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The direct method for calculation of Nk() as 
the imaginary part of the corresponding 
Green's function implicitly includes the 
determination of the V. I. P. s of the reference 
molecule and then of Nk   .  The zeros of the 
functions 
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kE about the 
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molecule in a power series of the normal 
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leads to a set of linear equations in the 
unknown normal coordinate shifts δQS, 
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relates the Green’s functions to the free ones 
introducing a new function )('' єkk called the 
(proper) self-energy part. In in order to 
calculate 'kk , a well-known diagrammatic 
method is used. It is useful to remind that the 
sum of Feynman diagrams leading to the self-
energy part is shown in Fig. 1. All notations 
are standard.  
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leads to a set of linear equations in the 
unknown normal coordinate shifts δQS, 
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The direct method for calculation of Nk() as 
the imaginary part of the corresponding 
Green's function implicitly includes the 
determination of the V. I. P. s of the reference 
molecule and then of Nk   .  The zeros of the 
functions 
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leads to a set of linear equations in the 
unknown normal coordinate shifts δQS, 
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The direct method for calculation of Nk(∈) as 
the imaginary part of the corresponding Green’s 
function implicitly includes the determination of 
the V. I. P. s of the reference molecule and then of 
Nk ( )∈ .  The zeros of the functions

                                                                    (50)

where ( )k
op Σ+∈ denotes the kth eigenvalue of the 

dia gonal matrix of the one-particle energies added 
to the matrix of the self-energy part, are the nega-
tive V. I. P. ‘s for a given geometry.  Further it is 
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leads to a set of linear equations in the un-
known normal coordinate shifts δQS,
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where sω  are frequencies of the reference mol-
ecule. The new coupling constants are then:
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Further it can be shown [65-67] that the cou-

pling constants lg  and lly ′  are calculated by the 
well-known perturbation expansion of the self-
energy part using the Hamiltonian HEN of Eq. (6).   
In second order one obtains:
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and the coupling constant gl, can be written as
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It is suitable to use further the pole strength of 

the corresponding Green’s function
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( )[ ],10 −+≈ kkkll qgg ρρ   lkl Qg ∂∈∂±= − /2 2/10                      
                                                                       (62)

Below we firstly give the DFT definition of the 
pole strength corresponding to V. I. P.’s and con-
firm earlier data [65]: pk≈0,8-0,95.   The closeness 
of  pk to 1 in fact means that a role of the multi-

body correlation effects is small ( 0
ll gg ≈ ). 

The above presented results can be usefully 
treated in the terms of the correlation and reor-
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relates the Green’s functions to the free ones 
introducing a new function )('' єkk called the 
(proper) self-energy part. In in order to 
calculate 'kk , a well-known diagrammatic 
method is used. It is useful to remind that the 
sum of Feynman diagrams leading to the self-
energy part is shown in Fig. 1. All notations 
are standard.  
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The corresponding Dyson-like equation is as 
follows:  
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where kkÔ  , is equal to kk  , less the diagrams 
of the first row in Fig.1.   The perturbation 
expansion of Ф is shown in Fig. 2 where 
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kkiG  , is symbolized by a double solid line.    
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The direct method for calculation of Nk() as 
the imaginary part of the corresponding 
Green's function implicitly includes the 
determination of the V. I. P. s of the reference 
molecule and then of Nk   .  The zeros of the 
functions 
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leads to a set of linear equations in the 
unknown normal coordinate shifts δQS, 
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The direct method for calculation of Nk() as 
the imaginary part of the corresponding 
Green's function implicitly includes the 
determination of the V. I. P. s of the reference 
molecule and then of Nk   .  The zeros of the 
functions 
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leads to a set of linear equations in the 
unknown normal coordinate shifts δQS, 
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ganization effects. Usually it is introduced the 
following expression for an I.P.:
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The first correction term is due to re-
organization, the remaining correction terms are 
due to correlation effects.  Then the coupling con-
stant gl, can be written as
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The second coupling constant can be written









∂
∂

+







= 0

0
0

0 2
4
1

l

l

l
l

l

l
llll g

g
Q

g
g
gγγ              (66)

0
llγ , is defined analogously 0

lg .   

3. Quasiparticle Fermi-liquid DFT

In this chapter we present the  quasiparticle 
Fermi-liquid version of the DFT theory, starting 
from the problem of searching for the optimal 
one-electron representation and following to refs. 
[60-68,111].  Two  decades  ago  Davidson  had  
pointed   the   principal disadvantages of the tradi-
tional representation based on the self-consistent 
field  approach  and  suggested  the  optimal  “nat-
ural orbitals”  representation   [22,23].   Neverthe-
less   there   remain insurmountable calculational 
difficulties in  the  realization  of the Davidson 
program.  One  of the  simplified  recipes  repre-
sents, for  example,   the   Kohn-Sham DFT theory 
[40-42].  In ref. [111] the QED DFT version, based  
on  the formally exact QED perturbation theory 
(PT), has been developed and a new approach to 
construction of the optimized one-quasiparticle 
representation has been proposed. In fact this ap-

proach is based on the energy approach, which is  
well known  in  the theory of radiative  and  non-
radiative  decay  of  the quasi-stationary states for  
multielectron systems. The energy approach uses 
the adiabatic Gell-Mann and Low formula [59] for 
the  energy shift dE with electrodynamic scattering  
matrices. In a modern theory of  molecules there is 
a number of tasks, where an accurate account for 
the complex exchange-correlation effects, includ-
ing the continuum pressure, energy dependence 
of a mass operator etc., is critically important. It 
includes also the calculation of the vibration struc-
ture for the molecular systems. In this case it can 
be very useful the quasiparticle DFT [60]. In order 
to get the master equations and construct an opti-

mal basis of the one-particle wave functions λϕ  
one could use the Green’s function method. Let us 
define the one-particle Hamiltonian for functions 

λϕ  so that the Greens’ function pole part in the 

( λϕ ) representation is diagonal on λ . Starting 
equation is the Dyson equation for multi-electron 
(for example atom or molecule): 

∫ ∑∑ −=−⋅+− )(),,(),,()/2/( ////2 xxxxdxxxGrZp δεεε αα
  

                                                                         (67)
where ),( srx =  are the spatial and spin variables, 

∑ is the mass operator; Z , as usually, a charge 
of a nucleus (nuclei) «α », G is the Green’s func-
tion. In the representation of auxiliary functions 

/
λϕ   the equation (67) has the following form:
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where 1λ  is an index of summation. It is natural to 

choose λϕ  so that the following expression will 
be diagonal:
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Then the Green’s function is diagonal on  : 
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and the functions /
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satisfy to equation as follows: : 
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One could introduce the mixed representation 
for a mass operator as follows:  
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(72) 

Then equation (71) with account for of the 
expression (72) can be written as follows:  
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operator etc., is critically important. It includes 
also the calculation of the vibration structure 
for the molecular systems. In this case it can 
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order to get the master equations and construct 
an optimal basis of the one-particle wave 
functions   one could use the Green’s 
function method. Let us define the one-particle 
Hamiltonian for functions   so that the 
Greens’ function pole part in the (  ) 
representation is diagonal on  . Starting 
equation is the Dyson equation for multi-
electron (for example atom or molecule):  
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complete definition of }{   it should be 
determined the values   /,/, 2

0 p . 
Naturally, the equations (77) can be obtained 
on the basis of the variational principle, if we 
start from a Lagrangian of a system  qL  
(density functional). It should be defined as a 
functional of the following quasiparticle 
densities:  

     




























].[)(

,|)(|)(

,|)(|)(

**
2

2
1

2
0

nr

rnr

rnr

   (78)                           

The densities 0  and 1  are similar to the HF 
electron density    ( a ) and kinetical 
energy density correspondingly; the density 

2  has no an analog in the HFock or standard 
Kohn-Sham theory and appears as result of 
account for the energy dependence of the mass 
operator  . Lagrangian qL   can be written 
as sum of a free Lagrangian and Lagrangian of 
interaction:  

int0
qqq LLL  , 

where a free Lagrangian 0
qL  has a standard 

form:  
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(79) 
And an interaction Lagrangian is defined in 
the form, which is characteristic for a standard 
(Kohn-Sham) density functional theory (as a 
sum of the Coulomb and exchange-correlation 
terms), however, it takes into account for the 
energy dependence of a mass operator : 
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(80) 
where ik  are some constants (look below), F 
is an effective potential of the exchange-
correlation interaction. Let us explain here the 
essence of the introduced constants. Indeed, in 
some degree they have the same essence as  
similar constants in well-known Landau Fermi  
liquid theory and  Migdal finite Fermi-systems 

theory. The Coulomb interaction part 
KL looks as follows:  

     
21212022

1012

||/)(])(

1)[()](1[
2
1

drdrrrrr

rrLK






 


               (81) 

 
where   /2

.  Regarding the exchange-
correlation potential F, it should be noted the 
there are many possible approximations 
(directly in the DFT and its modern 
generalizations). Earlier in our atomic and 
molecular theories we use the following form:  
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where X is the numerical coefficient. It has 
been obtained in the refs. [74-76] on the basis 
of calculating the Rayleigh-Schrödinger 
perturbation theory Feynman diagrams of the 
second and higher order (so called polarization 
diagrams) in the Thomas-Fermi 
approximation. The corresponding relativistic 
generalization of the potential (82) looks as 
follows [76]: 
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where 2/123/2)0(2 }/)](3[1{)( crr c  , c is 
the light velocity.  
Another alternative expression has been 
introduced by Victor- Laughlin-Taylor (c.f. 
refs. [24,25]): 
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where 1p are the Legander polynomials, 

)/(cos 212112 rrrr


 .  In the local density 
approximation in the density functional the 
potential F can be expressed through the 
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is an effective potential of the exchange-
correlation interaction. Let us explain here the 
essence of the introduced constants. Indeed, in 
some degree they have the same essence as  
similar constants in well-known Landau Fermi  
liquid theory and  Migdal finite Fermi-systems 

theory. The Coulomb interaction part 
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.  Regarding the exchange-
correlation potential F, it should be noted the 
there are many possible approximations 
(directly in the DFT and its modern 
generalizations). Earlier in our atomic and 
molecular theories we use the following form:  
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where X is the numerical coefficient. It has 
been obtained in the refs. [74-76] on the basis 
of calculating the Rayleigh-Schrödinger 
perturbation theory Feynman diagrams of the 
second and higher order (so called polarization 
diagrams) in the Thomas-Fermi 
approximation. The corresponding relativistic 
generalization of the potential (82) looks as 
follows [76]: 
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where 2/123/2)0(2 }/)](3[1{)( crr c  , c is 
the light velocity.  
Another alternative expression has been 
introduced by Victor- Laughlin-Taylor (c.f. 
refs. [24,25]): 
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where 1p are the Legander polynomials, 
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 .  In the local density 
approximation in the density functional the 
potential F can be expressed through the 

complete definition of }{   it should be 
determined the values   /,/, 2

0 p . 
Naturally, the equations (77) can be obtained 
on the basis of the variational principle, if we 
start from a Lagrangian of a system  qL  
(density functional). It should be defined as a 
functional of the following quasiparticle 
densities:  
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The densities 0  and 1  are similar to the HF 
electron density    ( a ) and kinetical 
energy density correspondingly; the density 

2  has no an analog in the HFock or standard 
Kohn-Sham theory and appears as result of 
account for the energy dependence of the mass 
operator  . Lagrangian qL   can be written 
as sum of a free Lagrangian and Lagrangian of 
interaction:  

int0
qqq LLL  , 

where a free Lagrangian 0
qL  has a standard 

form:  
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And an interaction Lagrangian is defined in 
the form, which is characteristic for a standard 
(Kohn-Sham) density functional theory (as a 
sum of the Coulomb and exchange-correlation 
terms), however, it takes into account for the 
energy dependence of a mass operator : 
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where ik  are some constants (look below), F 
is an effective potential of the exchange-
correlation interaction. Let us explain here the 
essence of the introduced constants. Indeed, in 
some degree they have the same essence as  
similar constants in well-known Landau Fermi  
liquid theory and  Migdal finite Fermi-systems 

theory. The Coulomb interaction part 
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where X is the numerical coefficient. It has 
been obtained in the refs. [74-76] on the basis 
of calculating the Rayleigh-Schrödinger 
perturbation theory Feynman diagrams of the 
second and higher order (so called polarization 
diagrams) in the Thomas-Fermi 
approximation. The corresponding relativistic 
generalization of the potential (82) looks as 
follows [76]: 
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where 2/123/2)0(2 }/)](3[1{)( crr c  , c is 
the light velocity.  
Another alternative expression has been 
introduced by Victor- Laughlin-Taylor (c.f. 
refs. [24,25]): 
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where 1p are the Legander polynomials, 

)/(cos 212112 rrrr


 .  In the local density 
approximation in the density functional the 
potential F can be expressed through the 

complete definition of }{   it should be 
determined the values   /,/, 2

0 p . 
Naturally, the equations (77) can be obtained 
on the basis of the variational principle, if we 
start from a Lagrangian of a system  qL  
(density functional). It should be defined as a 
functional of the following quasiparticle 
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The densities 0  and 1  are similar to the HF 
electron density    ( a ) and kinetical 
energy density correspondingly; the density 

2  has no an analog in the HFock or standard 
Kohn-Sham theory and appears as result of 
account for the energy dependence of the mass 
operator  . Lagrangian qL   can be written 
as sum of a free Lagrangian and Lagrangian of 
interaction:  

int0
qqq LLL  , 

where a free Lagrangian 0
qL  has a standard 

form:  
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(79) 
And an interaction Lagrangian is defined in 
the form, which is characteristic for a standard 
(Kohn-Sham) density functional theory (as a 
sum of the Coulomb and exchange-correlation 
terms), however, it takes into account for the 
energy dependence of a mass operator : 
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where ik  are some constants (look below), F 
is an effective potential of the exchange-
correlation interaction. Let us explain here the 
essence of the introduced constants. Indeed, in 
some degree they have the same essence as  
similar constants in well-known Landau Fermi  
liquid theory and  Migdal finite Fermi-systems 

theory. The Coulomb interaction part 
KL looks as follows:  
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correlation potential F, it should be noted the 
there are many possible approximations 
(directly in the DFT and its modern 
generalizations). Earlier in our atomic and 
molecular theories we use the following form:  
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where X is the numerical coefficient. It has 
been obtained in the refs. [74-76] on the basis 
of calculating the Rayleigh-Schrödinger 
perturbation theory Feynman diagrams of the 
second and higher order (so called polarization 
diagrams) in the Thomas-Fermi 
approximation. The corresponding relativistic 
generalization of the potential (82) looks as 
follows [76]: 
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where 2/123/2)0(2 }/)](3[1{)( crr c  , c is 
the light velocity.  
Another alternative expression has been 
introduced by Victor- Laughlin-Taylor (c.f. 
refs. [24,25]): 
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where 1p are the Legander polynomials, 
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potential F can be expressed through the 

complete definition of }{   it should be 
determined the values   /,/, 2

0 p . 
Naturally, the equations (77) can be obtained 
on the basis of the variational principle, if we 
start from a Lagrangian of a system  qL  
(density functional). It should be defined as a 
functional of the following quasiparticle 
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The densities 0  and 1  are similar to the HF 
electron density    ( a ) and kinetical 
energy density correspondingly; the density 

2  has no an analog in the HFock or standard 
Kohn-Sham theory and appears as result of 
account for the energy dependence of the mass 
operator  . Lagrangian qL   can be written 
as sum of a free Lagrangian and Lagrangian of 
interaction:  

int0
qqq LLL  , 

where a free Lagrangian 0
qL  has a standard 

form:  
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(79) 
And an interaction Lagrangian is defined in 
the form, which is characteristic for a standard 
(Kohn-Sham) density functional theory (as a 
sum of the Coulomb and exchange-correlation 
terms), however, it takes into account for the 
energy dependence of a mass operator : 
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where ik  are some constants (look below), F 
is an effective potential of the exchange-
correlation interaction. Let us explain here the 
essence of the introduced constants. Indeed, in 
some degree they have the same essence as  
similar constants in well-known Landau Fermi  
liquid theory and  Migdal finite Fermi-systems 

theory. The Coulomb interaction part 
KL looks as follows:  
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.  Regarding the exchange-
correlation potential F, it should be noted the 
there are many possible approximations 
(directly in the DFT and its modern 
generalizations). Earlier in our atomic and 
molecular theories we use the following form:  
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where X is the numerical coefficient. It has 
been obtained in the refs. [74-76] on the basis 
of calculating the Rayleigh-Schrödinger 
perturbation theory Feynman diagrams of the 
second and higher order (so called polarization 
diagrams) in the Thomas-Fermi 
approximation. The corresponding relativistic 
generalization of the potential (82) looks as 
follows [76]: 
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where 2/123/2)0(2 }/)](3[1{)( crr c  , c is 
the light velocity.  
Another alternative expression has been 
introduced by Victor- Laughlin-Taylor (c.f. 
refs. [24,25]): 

   

)/()/()(cos

)/()/()(cos1),(

0240141223
2

3
1

'

0230231212
2

2
112

21

rrwrrwp
rr

rrwrrwp
rrr

rrF

d

d












           

(84) 
where 1p are the Legander polynomials, 
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approximation in the density functional the 
potential F can be expressed through the 

complete definition of }{   it should be 
determined the values   /,/, 2

0 p . 
Naturally, the equations (77) can be obtained 
on the basis of the variational principle, if we 
start from a Lagrangian of a system  qL  
(density functional). It should be defined as a 
functional of the following quasiparticle 
densities:  
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The densities 0  and 1  are similar to the HF 
electron density    ( a ) and kinetical 
energy density correspondingly; the density 

2  has no an analog in the HFock or standard 
Kohn-Sham theory and appears as result of 
account for the energy dependence of the mass 
operator  . Lagrangian qL   can be written 
as sum of a free Lagrangian and Lagrangian of 
interaction:  

int0
qqq LLL  , 

where a free Lagrangian 0
qL  has a standard 

form:  
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(79) 
And an interaction Lagrangian is defined in 
the form, which is characteristic for a standard 
(Kohn-Sham) density functional theory (as a 
sum of the Coulomb and exchange-correlation 
terms), however, it takes into account for the 
energy dependence of a mass operator : 
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where ik  are some constants (look below), F 
is an effective potential of the exchange-
correlation interaction. Let us explain here the 
essence of the introduced constants. Indeed, in 
some degree they have the same essence as  
similar constants in well-known Landau Fermi  
liquid theory and  Migdal finite Fermi-systems 

theory. The Coulomb interaction part 
KL looks as follows:  

     
21212022

1012

||/)(])(

1)[()](1[
2
1

drdrrrrr

rrLK






 


               (81) 

 
where   /2

.  Regarding the exchange-
correlation potential F, it should be noted the 
there are many possible approximations 
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where X is the numerical coefficient. It has 
been obtained in the refs. [74-76] on the basis 
of calculating the Rayleigh-Schrödinger 
perturbation theory Feynman diagrams of the 
second and higher order (so called polarization 
diagrams) in the Thomas-Fermi 
approximation. The corresponding relativistic 
generalization of the potential (82) looks as 
follows [76]: 
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where 2/123/2)0(2 }/)](3[1{)( crr c  , c is 
the light velocity.  
Another alternative expression has been 
introduced by Victor- Laughlin-Taylor (c.f. 
refs. [24,25]): 
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where 1p are the Legander polynomials, 
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approximation in the density functional the 
potential F can be expressed through the 

complete definition of }{   it should be 
determined the values   /,/, 2

0 p . 
Naturally, the equations (77) can be obtained 
on the basis of the variational principle, if we 
start from a Lagrangian of a system  qL  
(density functional). It should be defined as a 
functional of the following quasiparticle 
densities:  
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The densities 0  and 1  are similar to the HF 
electron density    ( a ) and kinetical 
energy density correspondingly; the density 

2  has no an analog in the HFock or standard 
Kohn-Sham theory and appears as result of 
account for the energy dependence of the mass 
operator  . Lagrangian qL   can be written 
as sum of a free Lagrangian and Lagrangian of 
interaction:  

int0
qqq LLL  , 

where a free Lagrangian 0
qL  has a standard 

form:  
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(79) 
And an interaction Lagrangian is defined in 
the form, which is characteristic for a standard 
(Kohn-Sham) density functional theory (as a 
sum of the Coulomb and exchange-correlation 
terms), however, it takes into account for the 
energy dependence of a mass operator : 
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where ik  are some constants (look below), F 
is an effective potential of the exchange-
correlation interaction. Let us explain here the 
essence of the introduced constants. Indeed, in 
some degree they have the same essence as  
similar constants in well-known Landau Fermi  
liquid theory and  Migdal finite Fermi-systems 

theory. The Coulomb interaction part 
KL looks as follows:  
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there are many possible approximations 
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generalizations). Earlier in our atomic and 
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where X is the numerical coefficient. It has 
been obtained in the refs. [74-76] on the basis 
of calculating the Rayleigh-Schrödinger 
perturbation theory Feynman diagrams of the 
second and higher order (so called polarization 
diagrams) in the Thomas-Fermi 
approximation. The corresponding relativistic 
generalization of the potential (82) looks as 
follows [76]: 
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where 2/123/2)0(2 }/)](3[1{)( crr c  , c is 
the light velocity.  
Another alternative expression has been 
introduced by Victor- Laughlin-Taylor (c.f. 
refs. [24,25]): 
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where 1p are the Legander polynomials, 
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 .  In the local density 
approximation in the density functional the 
potential F can be expressed through the 

exchange-correlation pseudo-potential XCV  as 
follows [41,42]:  
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Further, one can get the following expressions 
for 
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(86) 
Here KV  is the Coulomb term  (look above), 

 ex
0  is the exchange term. Using the known 

canonical relationship: 

qqqq LLLH    // **  
after some transformations one can receive the 
expression for the quasiparticle Hamiltonian, 
which is corresponding to a Lagrangian qL : 
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(87) 
Further let us give the corresponding 
comments regarding the constants ik. First of 
all, it is obvious that the terms with constants 

22121101 ,,,   give omitted contribution 
to the energy functional (at least in the zeroth 
approximation in comparison with others), so 
they can be equal to zero. The value for a 
constant 00  in some degree is dependent 
upon the definition of the potential XCV . If as 

XCV  it is use one of the correct exchange-
correlation potentials from the standard 

density functional theory, then without losing 
a community of statement, the constant 00  
can be equal to 1. The constant 02  can be in 
principle calculated by analytical way, but it is 
very useful to remember its connection with a 
spectroscopic factor spF of atomic or 
molecular system (it is usually defined from 
the ionization cross-sections) [60]: 
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(88) 
The term  /  is defined above.  It is easily 
to understand the this definition is in fact 
corresponding to the pole strength of the 
corresponding Green's function [62].  
In further calculation as potential XCV  we use 
the exchange-correlation pseudo-potential 
which contains the correlation (Gunnarsson-
Lundqvist) potential and relativistic exchanger 
Kohn-Sham one [40-42]:  
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where         3/12 )](3)[/1( rVX    
 
is the Kohn-Sham exchange potential, 

c/]3[ 3/12  , and function )(f  is as 
follows: 

2/1])1(2/[])1(ln[3)( 2/122/12  f                
(90) 

Using the above written formula, one can 
simply define values (61), (88).  As example in 
table 1 we present our calculational data for 
spectroscopic factors of some atoms together 
with available experimental data and results, 
obtained in the Hartree-Fock theory plus 
random phase approximation. 
Further, let us give a short comment regarding 
an universality of the constants ik. From the 
point of view of the analogous universality of 
the constants in the  well-known Landau 
Fermi-liquid theory and Migdal finite Fermi-
systems theory [62]. Indeed, as we know now, 
the entire universality of the constants in the 
last theories is absent, though a range of its 
changing is quite little. Without a detailed 
explanation, we note here that the 
corresponding constants in our theory possess 
the same universality as ones in the Landau 

exchange-correlation pseudo-potential XCV  as 
follows [41,42]:  
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Here KV  is the Coulomb term  (look above), 

 ex
0  is the exchange term. Using the known 

canonical relationship: 

qqqq LLLH    // **  
after some transformations one can receive the 
expression for the quasiparticle Hamiltonian, 
which is corresponding to a Lagrangian qL : 
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Further let us give the corresponding 
comments regarding the constants ik. First of 
all, it is obvious that the terms with constants 

22121101 ,,,   give omitted contribution 
to the energy functional (at least in the zeroth 
approximation in comparison with others), so 
they can be equal to zero. The value for a 
constant 00  in some degree is dependent 
upon the definition of the potential XCV . If as 

XCV  it is use one of the correct exchange-
correlation potentials from the standard 

density functional theory, then without losing 
a community of statement, the constant 00  
can be equal to 1. The constant 02  can be in 
principle calculated by analytical way, but it is 
very useful to remember its connection with a 
spectroscopic factor spF of atomic or 
molecular system (it is usually defined from 
the ionization cross-sections) [60]: 
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The term  /  is defined above.  It is easily 
to understand the this definition is in fact 
corresponding to the pole strength of the 
corresponding Green's function [62].  
In further calculation as potential XCV  we use 
the exchange-correlation pseudo-potential 
which contains the correlation (Gunnarsson-
Lundqvist) potential and relativistic exchanger 
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simply define values (61), (88).  As example in 
table 1 we present our calculational data for 
spectroscopic factors of some atoms together 
with available experimental data and results, 
obtained in the Hartree-Fock theory plus 
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Further, let us give a short comment regarding 
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Fermi-liquid theory and Migdal finite Fermi-
systems theory [62]. Indeed, as we know now, 
the entire universality of the constants in the 
last theories is absent, though a range of its 
changing is quite little. Without a detailed 
explanation, we note here that the 
corresponding constants in our theory possess 
the same universality as ones in the Landau 

exchange-correlation pseudo-potential XCV  as 
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Here KV  is the Coulomb term  (look above), 

 ex
0  is the exchange term. Using the known 

canonical relationship: 

qqqq LLLH    // **  
after some transformations one can receive the 
expression for the quasiparticle Hamiltonian, 
which is corresponding to a Lagrangian qL : 

2
2022

2
101110001

2
0000

0int0

/
2
1

/
2
1/

/
2
1















XC

XCXC

XC

Kqqqq

V

VV

V

LHHHH

 

(87) 
Further let us give the corresponding 
comments regarding the constants ik. First of 
all, it is obvious that the terms with constants 

22121101 ,,,   give omitted contribution 
to the energy functional (at least in the zeroth 
approximation in comparison with others), so 
they can be equal to zero. The value for a 
constant 00  in some degree is dependent 
upon the definition of the potential XCV . If as 

XCV  it is use one of the correct exchange-
correlation potentials from the standard 

density functional theory, then without losing 
a community of statement, the constant 00  
can be equal to 1. The constant 02  can be in 
principle calculated by analytical way, but it is 
very useful to remember its connection with a 
spectroscopic factor spF of atomic or 
molecular system (it is usually defined from 
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  kkksp PIVF .)..(1                               

(88) 
The term  /  is defined above.  It is easily 
to understand the this definition is in fact 
corresponding to the pole strength of the 
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Using the above written formula, one can 
simply define values (61), (88).  As example in 
table 1 we present our calculational data for 
spectroscopic factors of some atoms together 
with available experimental data and results, 
obtained in the Hartree-Fock theory plus 
random phase approximation. 
Further, let us give a short comment regarding 
an universality of the constants ik. From the 
point of view of the analogous universality of 
the constants in the  well-known Landau 
Fermi-liquid theory and Migdal finite Fermi-
systems theory [62]. Indeed, as we know now, 
the entire universality of the constants in the 
last theories is absent, though a range of its 
changing is quite little. Without a detailed 
explanation, we note here that the 
corresponding constants in our theory possess 
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Here KV  is the Coulomb term  (look above), 

 ex
0  is the exchange term. Using the known 

canonical relationship: 
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expression for the quasiparticle Hamiltonian, 
which is corresponding to a Lagrangian qL : 
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Further let us give the corresponding 
comments regarding the constants ik. First of 
all, it is obvious that the terms with constants 

22121101 ,,,   give omitted contribution 
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approximation in comparison with others), so 
they can be equal to zero. The value for a 
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Here KV  is the Coulomb term  (look above), 

 ex
0  is the exchange term. Using the known 

canonical relationship: 

qqqq LLLH    // **  
after some transformations one can receive the 
expression for the quasiparticle Hamiltonian, 
which is corresponding to a Lagrangian qL : 
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Further let us give the corresponding 
comments regarding the constants ik. First of 
all, it is obvious that the terms with constants 

22121101 ,,,   give omitted contribution 
to the energy functional (at least in the zeroth 
approximation in comparison with others), so 
they can be equal to zero. The value for a 
constant 00  in some degree is dependent 
upon the definition of the potential XCV . If as 

XCV  it is use one of the correct exchange-
correlation potentials from the standard 

density functional theory, then without losing 
a community of statement, the constant 00  
can be equal to 1. The constant 02  can be in 
principle calculated by analytical way, but it is 
very useful to remember its connection with a 
spectroscopic factor spF of atomic or 
molecular system (it is usually defined from 
the ionization cross-sections) [60]: 
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corresponding to the pole strength of the 
corresponding Green's function [62].  
In further calculation as potential XCV  we use 
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table 1 we present our calculational data for 
spectroscopic factors of some atoms together 
with available experimental data and results, 
obtained in the Hartree-Fock theory plus 
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point of view of the analogous universality of 
the constants in the  well-known Landau 
Fermi-liquid theory and Migdal finite Fermi-
systems theory [62]. Indeed, as we know now, 
the entire universality of the constants in the 
last theories is absent, though a range of its 
changing is quite little. Without a detailed 
explanation, we note here that the 
corresponding constants in our theory possess 
the same universality as ones in the Landau 
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Here KV  is the Coulomb term  (look above), 

 ex
0  is the exchange term. Using the known 

canonical relationship: 

qqqq LLLH    // **  
after some transformations one can receive the 
expression for the quasiparticle Hamiltonian, 
which is corresponding to a Lagrangian qL : 
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Further let us give the corresponding 
comments regarding the constants ik. First of 
all, it is obvious that the terms with constants 

22121101 ,,,   give omitted contribution 
to the energy functional (at least in the zeroth 
approximation in comparison with others), so 
they can be equal to zero. The value for a 
constant 00  in some degree is dependent 
upon the definition of the potential XCV . If as 

XCV  it is use one of the correct exchange-
correlation potentials from the standard 

density functional theory, then without losing 
a community of statement, the constant 00  
can be equal to 1. The constant 02  can be in 
principle calculated by analytical way, but it is 
very useful to remember its connection with a 
spectroscopic factor spF of atomic or 
molecular system (it is usually defined from 
the ionization cross-sections) [60]: 
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The term  /  is defined above.  It is easily 
to understand the this definition is in fact 
corresponding to the pole strength of the 
corresponding Green's function [62].  
In further calculation as potential XCV  we use 
the exchange-correlation pseudo-potential 
which contains the correlation (Gunnarsson-
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systems theory [62]. Indeed, as we know now, 
the entire universality of the constants in the 
last theories is absent, though a range of its 
changing is quite little. Without a detailed 
explanation, we note here that the 
corresponding constants in our theory possess 
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Here KV  is the Coulomb term  (look above), 

 ex
0  is the exchange term. Using the known 

canonical relationship: 

qqqq LLLH    // **  
after some transformations one can receive the 
expression for the quasiparticle Hamiltonian, 
which is corresponding to a Lagrangian qL : 
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Further let us give the corresponding 
comments regarding the constants ik. First of 
all, it is obvious that the terms with constants 

22121101 ,,,   give omitted contribution 
to the energy functional (at least in the zeroth 
approximation in comparison with others), so 
they can be equal to zero. The value for a 
constant 00  in some degree is dependent 
upon the definition of the potential XCV . If as 

XCV  it is use one of the correct exchange-
correlation potentials from the standard 

density functional theory, then without losing 
a community of statement, the constant 00  
can be equal to 1. The constant 02  can be in 
principle calculated by analytical way, but it is 
very useful to remember its connection with a 
spectroscopic factor spF of atomic or 
molecular system (it is usually defined from 
the ionization cross-sections) [60]: 
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The term  /  is defined above.  It is easily 
to understand the this definition is in fact 
corresponding to the pole strength of the 
corresponding Green's function [62].  
In further calculation as potential XCV  we use 
the exchange-correlation pseudo-potential 
which contains the correlation (Gunnarsson-
Lundqvist) potential and relativistic exchanger 
Kohn-Sham one [40-42]:  
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simply define values (61), (88).  As example in 
table 1 we present our calculational data for 
spectroscopic factors of some atoms together 
with available experimental data and results, 
obtained in the Hartree-Fock theory plus 
random phase approximation. 
Further, let us give a short comment regarding 
an universality of the constants ik. From the 
point of view of the analogous universality of 
the constants in the  well-known Landau 
Fermi-liquid theory and Migdal finite Fermi-
systems theory [62]. Indeed, as we know now, 
the entire universality of the constants in the 
last theories is absent, though a range of its 
changing is quite little. Without a detailed 
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corresponding constants in our theory possess 
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Here KV  is the Coulomb term  (look above), 

 ex
0  is the exchange term. Using the known 

canonical relationship: 
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after some transformations one can receive the 
expression for the quasiparticle Hamiltonian, 
which is corresponding to a Lagrangian qL : 
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Further let us give the corresponding 
comments regarding the constants ik. First of 
all, it is obvious that the terms with constants 

22121101 ,,,   give omitted contribution 
to the energy functional (at least in the zeroth 
approximation in comparison with others), so 
they can be equal to zero. The value for a 
constant 00  in some degree is dependent 
upon the definition of the potential XCV . If as 

XCV  it is use one of the correct exchange-
correlation potentials from the standard 

density functional theory, then without losing 
a community of statement, the constant 00  
can be equal to 1. The constant 02  can be in 
principle calculated by analytical way, but it is 
very useful to remember its connection with a 
spectroscopic factor spF of atomic or 
molecular system (it is usually defined from 
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  kkksp PIVF .)..(1                               

(88) 
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which contains the correlation (Gunnarsson-
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spectroscopic factors of some atoms together 
with available experimental data and results, 
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last theories is absent, though a range of its 
changing is quite little. Without a detailed 
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Here KV  is the Coulomb term  (look above), 

 ex
0  is the exchange term. Using the known 

canonical relationship: 

qqqq LLLH    // **  
after some transformations one can receive the 
expression for the quasiparticle Hamiltonian, 
which is corresponding to a Lagrangian qL : 
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Further let us give the corresponding 
comments regarding the constants ik. First of 
all, it is obvious that the terms with constants 

22121101 ,,,   give omitted contribution 
to the energy functional (at least in the zeroth 
approximation in comparison with others), so 
they can be equal to zero. The value for a 
constant 00  in some degree is dependent 
upon the definition of the potential XCV . If as 

XCV  it is use one of the correct exchange-
correlation potentials from the standard 

density functional theory, then without losing 
a community of statement, the constant 00  
can be equal to 1. The constant 02  can be in 
principle calculated by analytical way, but it is 
very useful to remember its connection with a 
spectroscopic factor spF of atomic or 
molecular system (it is usually defined from 
the ionization cross-sections) [60]: 

 






 




  kkksp PIVF .)..(1                               

(88) 
The term  /  is defined above.  It is easily 
to understand the this definition is in fact 
corresponding to the pole strength of the 
corresponding Green's function [62].  
In further calculation as potential XCV  we use 
the exchange-correlation pseudo-potential 
which contains the correlation (Gunnarsson-
Lundqvist) potential and relativistic exchanger 
Kohn-Sham one [40-42]:  
 

)](376,181ln[0333,0)()()( 3/1 rrVfrV XXC  
        (89) 

where         3/12 )](3)[/1( rVX    
 
is the Kohn-Sham exchange potential, 

c/]3[ 3/12  , and function )(f  is as 
follows: 

2/1])1(2/[])1(ln[3)( 2/122/12  f                
(90) 

Using the above written formula, one can 
simply define values (61), (88).  As example in 
table 1 we present our calculational data for 
spectroscopic factors of some atoms together 
with available experimental data and results, 
obtained in the Hartree-Fock theory plus 
random phase approximation. 
Further, let us give a short comment regarding 
an universality of the constants ik. From the 
point of view of the analogous universality of 
the constants in the  well-known Landau 
Fermi-liquid theory and Migdal finite Fermi-
systems theory [62]. Indeed, as we know now, 
the entire universality of the constants in the 
last theories is absent, though a range of its 
changing is quite little. Without a detailed 
explanation, we note here that the 
corresponding constants in our theory possess 
the same universality as ones in the Landau 

β00

Vxc

Vxc

β00

β02
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Table 1
Spectroscopic factors of the external ns2 

shells of some atoms and ions

Atom,
ion

Терм N Fsp *
expF

RPAF~

Ar 1S 3 0,60 0,56
0,70

TI (IV) 1S 3 0,50 0,34
0,60

Xe 1S 5 0,36
TI 2P 6 0,36
Pb+ 2P 6 0,33
Pb 3P 6 0,34
Pb 1D 6 0,34
Pb 1S 6 0,34
Bi+ 3P 6 0,32
Bi 4S 6 0,33
Bi 2D 6 0,33
Bi 2P 6 0,33
Po+ 4S 6 0,31
Po 3P 6 0,31
Po 1D 6 0,31
Po S    1 6 0,31
As+ 3P 6 0,30
As 2P 6 0,30
As- 1S 6 0,31
Rn+ 2P 6 0,29
Rn 1S 6 0,29
Fr+ 1S 6 0,28
Fr 2S 6 0,28
Ra 1S 7 0,43
Ac 2D 7 0,41
Ac 2F 7 0,42
Th 3H 7 0,41
Th 3F 7 0,42
Pa 4I 7 0,42
U 5L 7 0,42

with similar basises of other 1-particle representa-
tions (HF, Hatree-Fock-Slater, Kohn-Sham etc.). 
Naturally, this advancement can be manifested 

during studying those properties of the multi-elec-
tron systems, when accurate account for complex 
exchange-correlation effects, including continuum 
pressure, energy dependence of mass operator etc., 
is critically important.

 
4. The application of the combined Green’s 

function method and quasiparticle DFT approach 
to diatomics

We choose the diatomic molecules of N2, CO 
(and some others) for application of the combined  
Green’s function method and quasiparticle DFT 
approach. In ref. [65] it has been shown that the 
diatomics spectra can be in principle reproduced 
by applying a one-particle theory with account 
of the correlation and reorganiza tion effects. The 
corresponding coupling constants depend on the 
balance of these effects.   The nitrogen molecule 
has been naturally discussed in many papers. 
The valence V. I. P. ‘s of N2 have been calculated 
[61,62,65] by the method of Green’s functions and 
there fore the pole strengths pk are known and the 
mean values qk can be estimated.

In should be reminded that the N2 molecule 
is the classical example where the known Koop-
mans’ theorem even fails in reproducing the se-
quence of the V. I. P. ‘s in the PE spectrum.   From 
the calculation of Cade et al.[71,72] one finds that 
including reorganization the V. I. P. ‘s assigned 
by gσ and uσ improve while for the π V. I. P. the 
good agreement between the Koopmans value and 
the experimental one is lost, leading to the same 
sequence as given by Koopmans’ theorem.   The 
above-mentioned Green’s functions calculation 
which takes account of reorganization and corre-
lation effects leads to the experimental sequence 
of V. I. P.’s.  In Table 2 the experimental V. I. P. 
‘s (a), the one-particle HF energies (b), the V. I. 
P. ‘s calculated by Koopmans’ theorem plus the 
contribution of reorganization (c), the V. I. P. ‘s 
calculated with Green’s functions method (d), the 
combined Green’s functions and DFT approach (e) 
and corresponding pole strengths (d,e) are listed.  
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Table 2 
The experimental and calculated V. I. P.’s 

(in eV) of N2. Rk is the contribution of reorga-
nization; pk stands for pole strength.

O
rbital

Exp
VIP
a - b

k∈
( )c

kk R+∈−

Calcd

V.I.P.,s d
kρ

Calce

V.I.P.,s e
kρ

  
3

gσ

15,6 17,4 16,0 15,5 0,9 15,5 0,9

  
1

uπ

16,9 17,1 15,7 16,8 0,9 16,8 0,9

  
2

uσ

18,8 20,9 19,9 18,6 0,9 18,6 0,8

Therefore, the results, obtained within the 
Green functions approach and combined method 
are very much close. Taking into account a simpli-
fication of the calculational procedure within the 
DFT approach, the generalized Cederbaum et al 
theory  looks more attractive else.  As it’s known, 
of the three bands in the experimental low-energy 
spectrum of N2 molecule  (Fig. 3), only the lπu 
band exhibits a strong vibrational structure.

When a change of frequency due to ionization 
is small, the densi ty of states can be well approxi-
mated using only one pa rameter g:

                       
                                                                    

In case the frequencies change considerably, 
the intensi ty distribution of the most intensive 
lines can analogously be well approximated by 
an effective parameter S. In fig.3 the experimen-
tal and calculated photoelectron spectra for the 
N2.molecule are presented. The uppermost spec-
trum is calculated with S0 (i.e. the constant S cal-
culated with g0 ) and Eq. (70) [13]. The middle 
spectrum is calculated with values of S from Eq. 
(62).  

It is important to note that the original Green’s 
functions and combined Green functions +DFT 

approach coincide in the scale of the figure. In 
a whole the agreement between the calculated 
spectrum (corrected g ) and the experimental one 
is improved. As another example, the molecule 
CO can be considered.

The experimental and calculated photoelectron 
spectra for CO molecule are listed in Fig.4. One 
can see quite physically reasonable agreement be-
tween experiment and theory. The original Green’s 
functions [13] and combined Green’s functions 
+DFT approach practically coincide. On inclusion 
of the anharmonicites it should be mentioned that 
a theory can be generalized by means a standard 
normal coordinate expansion of Hamiltonian to 
third and higher orders and correspondingly the 
theory of the density of states functions Nk devel-
oped above can easily be generalized too.

Figure 3. Experimental [65]and calculated PE 
spectra N2; Uppermost spectrum is calculated 
with S0 and Eq. (70). The middle spectrum is 
calculated with S values from (62) (see text). 

's calculated with Green's functions method 
(d), the combined Green’s functions and DFT 
approach (e) and corresponding pole strengths 
(d,e) are listed.   
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three bands in the experimental low-energy 
spectrum of N2 molecule  (Fig. 3), only the lπu 
band exhibits a strong vibrational structure. 
When a change of frequency due to ionization 
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In case the frequencies change considerably, 
the intensity distribution of the most intensive 
lines can analogously be well approximated by 
an effective parameter S. In fig.3 the 
experimental and calculated photoelectron 
spectra for the N2.molecule are presented. The 
uppermost spectrum is calculated with S0 (i.e. 
the constant S calculated with g0 ) and Eq. (70) 
[13]. The middle spectrum is calculated with 
values of S from Eq. (62).   
It is important to note that the original Green’s 
functions and combined Green functions 
+DFT approach coincide in the scale of the 
figure. In a whole the agreement between the 
calculated spectrum (corrected g ) and the 
experimental one is improved. As another 
example, the molecule CO can be considered. 

 
Figure 3. Experimental [65]and calculated PE 
spectra N2; Uppermost spectrum is calculated 
with S0 and Eq. (70). The middle spectrum is 
calculated with S values from (62) (see text).  

 
The experimental and calculated photoelectron 
spectra for CO molecule are listed in Fig.4. 
One can see quite physically reasonable 
agreement between experiment and theory. 
The original Green’s functions [13] and 
combined Green’s functions +DFT approach 
practically coincide. On inclusion of the 
anharmonicites it should be mentioned that a 
theory can be generalized by means a standard 
normal coordinate expansion of Hamiltonian 
to third and higher orders and correspondingly 
the theory of the density of states functions Nk 
developed above can easily be generalized too. 
 

5.  Summary 
We present a new combined theoretical 
approach to vibrational structure in photo-
electron spectra of molecules, which  is based 
on the Green’s function method and DFT. 
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5.  Summary

We present a new combined theoretical ap-
proach to vibrational structure in photo-electron 
spectra of molecules, which  is based on the 
Green’s function method and DFT.

In fact approach presented generalizes the 
standard Green’s function approach [65-68]. The 
density of states, which describe the vibrational 
structure in molecular photoelectron spectra, 
is calculated with the help of combined DFT-
Green’s-functions approach. It is important that 
the calculational procedure is significantly sim-
plified with using the quasiparticle DFT formal-
ism.  

Figure 4. The experimental [65] and calculated 
photoelectron spectra of CO. The upper spec-
trum is calculated with S0 and Eq. (70) (see text).
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Резюме
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бательной структуры в фотоэлектронных спектрах молекул. Подход основан на квазичастич-
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The second reason for the use of diazonium 
salts is the fact that they have CN- bond, which is 
characteristic of type Xe-O. As result, the SD has 
a high photochemical activity. This type of bond 
is present in the excited molecules of resazurin 
(NO- bond), on which it was found photochemical 
activityin the  rezazuryne. 

In this paper we present the results of experi-
mental and theoretical studying the photoelectric 
properties of a system “polymer – SD”. As bind-
ing polymer we have taken the polyvinyl alco-
hol (PVA) (I), polyvinyl-pyrrolidone (PVP) (II), 
poliviniletylal (PVE) (III) and polyvinyl acetate 
(PVA) (IV). Diazo-components were choosen as 
the tetrafluoroboraties of the para-dietylamino-
fenildiazonium (DEAFD) and para-metoksy-fe-
nildiazonium (MFD). Device for measuring pho-
tovoltaic properties of polymer layers described 
in Refs. [2-4]. It is worth mentioning that in the 
manufacture of plastic layers from solution on a 
horizontal quartz surface they are heterogeneous 
in thickness: about denser layers of the substrate 
and on the free surface loosened. Therefore, we 
can find only the average parameters describing 
photoconductivity of polymer layers. 

2. Quantum-chemical studying
For the theoretical description of the experi-

mental data we used methods of formal kinetics 
of photoprocesses in layers and known quantum-
chemical methods of research (the method of mo-
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PHOTOCONDUCTIVITY OF POLIMERIC LAYERS WITH DIAZONY 
SALTS 

It has been performed the experimental and theoretical (with using the quantum-
chemical calculation methods: methods MNDO/d and AM1) studying the photoelectric 
properties of the polymeric layers with diazony salts (SD). In particular, it is studied the hole 
photoconductivity in the matrix, the photocurrent kinetics for different concentrations of the 
studied diazony salts in the polymer  matrix, other photoelectric properties.

1. Introduction

To present time there are carried out  numerous 
experimental and theoretical works data showing 
that the excitation relaxation processes in poly-
meric materials with different complex salts do 
not prevent leakage of important science and prac-
tice processes in the highly excited states such as 
generation of carriers, photochemical and radia-
tion-chemical processes. For example, studying a 
photoconductivity of the polyacene linear crystals 
(anthracene, tetracene, pentatsen) [2] showed that 
its high quantum efficiency is observed only un-
der  irradiation of the highly excited molecules 
when there is possible a birth of holes and free 
electrons. During the process of relaxation from 
the highly excited state a molecule can stay at 
an intermediate state corresponding to electron 
transfer between the molecule and the crystal. Let 
us remind that the processes of charge separation 
in the non-equilibrium relaxation of highly excit-
ed state are theoretically considered already in the 
works by Onsager [3].

We have earlier found that light-sensitive 
components are able to provide the reaction pho-
totransfer electron of these components in the ma-
trix and vice versa. Only diazonium salts (SD) 
(photosensitive components of diazonium type 
materials) provide only one-way process - from 
the matrix to the diazonium cation [2-6].
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lecular dynamics MM +, based on the method 
MM2 [2] and semi-empirical methods such as 
MNDO/d and AM1 [6-15].

For elucidation of the mechanism of elec-
tron transfer in the system matrix, we performed 
the MD calculations of energy in such a system 
without electron transfer, with transfer from the 
matrix to SD and vice versa, calculations of the 
energy structure of the SD in the undissociated 
and dissociated  states, an electron phototransfer 
excitation spectrum. 

Besides, we studied the opportunities of the 
electron dark transfer electrons in the system 
“matrix – photoproducts”, formed by dissociation 
diazonium cation. The calculation results are pre-
sented in Tables.1 and 2.

Table 1. 
Ionization potential (IG) and energy affin-

ity (EA) to electron matrix molecules and SD 
(in brackets - in the ground state).

Molecule IG еВ EA еВ
PVE 10,44 -3,03
PVP 8,72 -3,54
PVA 10,93 -0,61
PVS 10,67 -2,59
MFD∙BF4 10,48 3,15
DEAFD∙BF4 9,30 2,88
MFD 12,97 6,65 (10,61)
DEAFD 12,04 6,26 (9,52)

In table 2 we list the data on the energy re-
quired for charge transfer. These data do not take 
into account the Coulomb interaction between the 
charges after the charge transfer process. After 
the charge transfer, the geometric structure of the 
system turns non-optimized. Optimization signifi-
cantly reduces the energy system. It should be em-
phasized that this reduction exceeds the energy of 
the Coulomb interaction between the charges after 
charge transfer. Thus, the geometric optimization 
of molecular system influences on the distance 
of the holes and an appearance of photocurrent 
(photovoltage). As a result, we will see hole pho-

toconductivity in the matrix. The positions of the 
wavelength absorption band in the MFD - 3.96 eV, 
and DEAFD - 3.26 eV. 

According to Table .. V.2 in PvE is generation 
at E> 4,19 eV (MFA) and E> 4,43 eV (DEAFD). 
Similarly, in PVA - 4.35 and 4.60 eV, in PVP - 
3.96 and 4.20 eV. 

Table 2. 
The energy required for electron transfer (T) from the 

matrix (M) on SD and from the SD on the matrix.

T 
on 
SD

T
on 
M

Con-
dition Eopt

   
Content

7,30 13,51 nopt PVE + 
MFD∙BF4 4,19 10,85 opt  3,11

7,55 12,32 nopt PVE + 
DEAFD 
∙BF4 4,43 9,81 opt  3,12

5,73 13,99 nopt PVP + 
MFD ∙BF4 3,97 10,22 opt  1,76

5,32 12,84 nopt PVP + 
DEAFD 
∙BF4 4,24 9,22 opt  1,77

7,78 11,09 nopt PVA + 
MFD ∙BF4 4,35 9,95 opt  3,44

8,04 9,91 nopt PVA + 
DEAFD 
∙BF4 4,60 8,92 opt  3,45

Note: nopt – is corresponding to the electron 
transfer without changing the geometry of mol-
ecules (Kramers-Kronih process), opt - after opti-
mizing the geometry.

Thus, the use of the MFD  provide a photocon-
ductivity in the PVP during excitation in the long-
wavelength absorption band. In a case of the other 
polymers or using DEAFD it would be necessary 
excitation into higher states.

The SD photolysis leads to the formation of 
the aryl cation. It is important to know whether 
processes involving these cations may cause the 
phenomenon of photoconductivity. We calculated 
the energy balance for different transformations of 
the aryl cation. It turned out that the metoksyfenil 
cations in the dark conditions can capture an elec-
tron from the matrix, leading to hole conductivity. 
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At the same time the dietylaminofenil cations can 
not capture electrons (threshold value within 1,2 
÷ 1,6 eV).

Calculation has showed that both types of aryl 
cations can drag the hydrogen atom from the mac-
romolecule. In addition, both aryl cations readily 
react with the anion, resulting in formation of two 
neutral molecules. Thus, this reaction does not 
give a contribution to photoconductivity. How-
ever, it appears that in the presence of water vapor 
it is possible formation of the phenols and acid in 
the presence of water vapor 

                                                                   
and it can give a contribution to the slow compo-
nent of photoconductivity. 

3. Experimental results and discussion
In Figure 1 we present the photocurrent kinet-

ics for different concentrations of the studied SD 
in the PVA matrix during  the excitation switch-
ing on and off. From the figure it is clear that  the 
current increasing stops in over time t. So we can 
assume that all carriers have reached the opposite 
electrode and there is a dynamic equilibrium. In 
this case current increasing stops.  

Figure 1. The photocurrent kinetics for different 
concentrations of the studied SD in the PVA ma-
trix during  the excitation switching on and off.

Using data on photoconductivity of polymer 
layers, we calculated the average values   of the 
concentration of the charge carriers (generated by 
light) n upon the concentration of the molecules 
SD (Fig. 2). These values   show that the intro-
duction of SD into the PVA and PVP increases 

concentration of n, however introduction of the 
SD into  the PVE reduces it. As for the PVA ma-
trix, its reaction to the introduction of the MFD 
and DEAFD diametrically opposite. Really, the 
DEAFD increases value n and MDF decreases its 
value. 

The defective or uncontrolled impurities can 
be by reson of the above said fact. In fact, they 
provide adequate electrical conductivity. When 
one adds the low concentrations of the SD it is 
possible removing the defects and consequently 
reducing the photocurrent. 

Figure 2. The dependence of the carrier con-
centration upon the concentration of SD in 

layers: a - MFD; b-  DEAFD.

It is also understandable that the concentration 
of the photogenerated charge carriers for layers 
with MFD is more than for layers with DEAFD in 
all polymer matrices, with the exception of PVA. 
This picture is explainable when one compares 
the energy structure of SD (look Table 1) and pol-
ymer matrices used in the experiment. 
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From the data of the EPR spectroscopy at low 
temperatures (77 K) [5] and the results of photo-
chemical studies at the room temperature [5,62] 
it is known  that the quantum phototransfer yield 
of  an electron on the MFD is more than on the 
DEAFD, i.e. its energy levels are lying lower than 
in DEAFD. Thus, the electron is much easier to 
go from the matrix on the MFD in comparison 
with the DEAFD. This conclusion is confirmed 
by the results of quantum-chemical calculations 
are presented in Table1.

Availability phototransfer electron in the sys-
tem “SD-matrix” according to the reaction: 

SD +M → νh
 SD− + M+

can be determined by evaluating the heat of reac-
tion: 

If this value is less than zero, the electron 
transfer reaction proceeds exothermically. Other-
wise it is endothermic. 

Since the SD  is dissociated into ions in poly-
mer matrix, then the SD affinity energy to elec-
tron is reduced by more than 3 eV. Substituting 
the data of Table 1 in the formula for calculating 
the value of Q, we find that DEAFD •BF4

-  in the 
lower excited state may take one electron from 
the PVP (Q = -0,1 eV).

For other matrices, this value is greater than 1 
eV. Thus, electron transfer is possible only when 
excited into higher energy states or from impuri-
ties in the polymer matrix. 

In the case of the MFD•BF4 electron transfer 
is possible from all matrices on SD. The value of 
Q is -1.05 eV in PVP and does not exceed 0.3 eV 
in other matrices (heat and electric field are able 
to overcome such barriers) .Thus, the largest en-
ergy barrier exists between the lower free energy 
state of the  excited cation DEAFD and top em-
ployed state of the PVS and PVA matrices. The 
value of the photocurrent in these cases should be 
minimal, that is observed experimentally. How-
ever, the integral absorption of MFD is less than 
DEAFD. This leads to the fact that value of the 
photocurrent in the PVA with the MFD is almost 
two times lower than with DEAFD. 

Author would like to thank Professor  P.A. 
Kondratenko for useful advises and discussion.
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other photoelectric properties.

Key words: polymer layers with diazonium salts, photoelectric properties
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ФОТОПРОВОДИМОСТЬ ПОЛИМЕРНЫХ СЛОЕВ С СОЛЯМИ ДИАЗОНИЯ 

Резюме
Проведено экспериментальное и теоретическое (с помощью квантово-химических методов 

расчета типа методов MNDO/d, АМ1) изучение фотоэлектрических свойств полимерных слоев 
с солями диазония. В частности, изучена дырочная фотопроводимость в матрице, кинетика 
фототока для различных концентраций рассмотренных солей диазония в полимерной матрице, 
другие фотоэлектрические свойства. 

Ключевые слова: полимерные слои с солями диазония, фотоэлектрические свойства
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ФОТОПРОВІДНІСТЬ ПОЛІМЕРНИХ ШАРІВ З СОЛЯМИ ДІАЗОНІЮ 

Резюме 
Проведене експериментальне і теоретичне (за допомогою квантово-хімічних методів 

розрахунку: типу методів MNDO/d , АМ1) вивчення фотоелектричних властивостей полімерних 
шарів з солями діазонію. Зокрема, вивчена дирочна фотопроводимість в матриці, кінетика 
фотоструму для різних концентрацій розглянутих солей діазонію в полімерній матриці, інші 
фотоелектричні властивості.  

Ключові слова: полімерних шарів з солями діазонію, фотоелектричні властивості



79

UDC 621.315.592

Yu. F. Vaksman, Yu. A. Nitsuk

I. I. Mechnikov Odessa National University
e-mail: nitsuk@onu.edu.ua

PHOTOLUMINESCENCE AND PHOTOCONDUCTIVITY OF ZnS:Ti SINGLE CRYSTALS

The photoconductivity and photoluminescence of ZnS:Ti crystals in the visible 
spectra region are studied. The scheme of optical transitions within Ti2+ impurity centers 
is established. It is shown that the high-temperature photoconductivity of ZnS:Ti crystals 
is controlled by optical transitions of electrons from the 3А2(F) ground state to the higher 
levels of excited states of Ti2+ ions, with subsequent thermal activation of the electrons to 
the conduction band. Efficient excitation of intracenter luminescence of ZnS:Ti crystals is 
attained with light corresponding to the region of intrinsic absorption in Ti2+ ions.

INTRODUCTION

The zinc sulphide single crystals, doped with 
transitional metals ions are promising materials 
for use as laser media. At present lasing in such 
crystals in the mid-infrared (IR) region is being 
extensively studied. On the basis of ZnS:Cr 
crystals, lasers tunable in the wavelength range 
of 2.35 mkm have already been fabricated [1]. in 
the spectral region were fabricated based on the 
ZnS:Cr crystals [1]. In [2] it was reported about 
creation of impulsive laser based on ZnS:Fe 
crystal with continuous tuning of the laser 
wavelength within the range  of  3.49-4.65 mkm. 
At the same time, essentially nothing is known 
about possibility of infrared laser radiation 
realization using ZnS:Ti crystals. 

The transition elements, among them titanium, 
are thought to form centers that suppress 
luminescence in the visible spectral region. For 
this reason, the number of studies concerned with 
the effect of titanium ions on the optical properties 
of ZnS in the visible region is rather limited. At 
the same time, the calculation of energy states 
of titanium impurity centers in ZnS [3] suggests 
that radiative transitions with the photon energy 
close to the band gap of the semiconductor can 
really occur. In this context, the study of optical 
properties of ZnS:Ti crystals in the visible spectral 

region presents a topical problem. In previous 
studies of optical absorption in the range 0.4–3.6 
eV [4], we detected absorption bands defined by 
intracenter transitions in Ti2+ ions.

In this study, we analyze and identify 
the structure of the photoconductivity and 
photoluminescence (PL) spectra of ZnS:Ti 
crystals in the visible and IR spectral region. The 
photoconductivity and PL bands associated with 
transitions within titanium ions are observed.

The purpose of this study is to identify the 
photoconductivity and PL spectra in ZnS:Ti 
crystals.

EXPERIMENTAL

The samples to be studied were fabricated by 
diffusion doping of initially pure ZnS crystals 
with the Ti impurity. The undoped crystals were 
obtained by the technique of free growth on 
single-crystal ZnS substrate oriented in the (111) 
plane. The advantage of diffusion doping is that 
it is possible to vary the impurity concentration 
and profile. The procedure of doping and the 
studies of optical absorption in the crystals are 
described in detail elsewhere [4]. The titanium 
content in the crystals was determined from the 
change in the band gap as a function of the dopant 
concentration.
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The photoconductivity spectra were recorded 
with the use of an MUM-2 monochromator. For 
the source of excitation light, we used a halogen 
lamp. The power of the light flux was kept 
constant by controlling the filament current of the 
lamp. For the photoconductivity measurements, 
ohmic indium contacts were deposited onto the 
crystals. The indium contacts were fired-in at the 
temperature 600 K. This was done with the use of 
a VUP-4 vacuum setup.

The PL spectra were recorded with the use of an 
ISP-51 prism spectrograph. The emission signal 
was detected with an FEU-100 photoelectric 
multiplier.

The PL signal was excited with light-emitting 
diodes (LEDs), Edison Opto Corp., the emission 
peaks of which corresponded to the wavelengths 
400, 460, and 500 nm, and with an ILGI-503 
nitrogen pulse laser emitting at the wavelength 
337 nm.

ANALYSIS OF PHOTOCONDUCTIVITY 
SPECTRA

  
Figure 1 shows the photoconductivity spectra of the 
ZnS:Ti crystals with different Ti concentrations.
The photoconductivity spectrum of the undoped 
crystal is shown in Fig. 1 for comparison. 
The undoped crystals exhibit a single 
photoconductivity band with a peak at 3.64 eV 
at 300 K (Fig. 1, curve 1). This band is due to 
interband optical transitions. On doping of the 
crystals with titanium, the band shifts to lower 
energies. As the Ti concentration is increased, 
the shift increases and corresponds to the change 
in the band gap determined from the optical 
absorption spectra in [4].
Doping with titanium brings about the appearance 
of extra photoconductivity bands in the range of 
photon energies from 1.8 to 3.4 eV (Fig. 1, curves 
2, 3). As the Ti concentration is increased, the 
intensity of these bands increases. We observe 
well defined bands at 2.0, 2.13, 2.38, 2.52, 2.74, 
2.85, and 3.15 eV. The 3.15 eV photoconductivity 
band changes its position as the Ti concentration 
is changed. The positions of other bands do not 
vary with increasing degree of doping.
At the temperature T = 77 K, only one interband 
photoconductivity band is observed in all of the 

crystals under study (Fig. 2, curve 1). As the 
temperature is elevated from 77 to 350 K, the 
impurity photoconductivity makes a weightier 
contribution to the spectrum (Fig. 2). We 
observed a similar effect previously in studying 
the photoconductivity of ZnSe crystals doped 
with Fe and Ni [5,6].

Fig. 1. Photoconductivity spectra of (1) ZnS 
and (2,3) ZnS:Ti crystals. The Ti dopant 
concentrations are [Ti] = (2) 2 × 1019 and (3) 5 
× 1019 cm-3.

Fig. 2. Photoconductivity spectra of ZnS:Ti 
crystals at the temperatures (1) 77, (2) 300, and 
(3) 400 K. [Ti] = 5 ×1019 cm–3.
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Fig. 1. Photoconductivity spectra of (1) ZnS and 
(2,3) ZnS:Ti crystals. The Ti dopant 
concentrations are [Ti] = (2) 2 × 1019 and (3) 5 × 
1019 cm-3. 
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As the temperature is elevated from 300 to 400 K 
(Fig. 2, curves 2, 3), the 3.15 eV photoconductivity 
band shifts to lower photon energies by 80 meV. 
Such a shift corresponds to the temperature 
change in the band gap of ZnS. Other impurity 
photoconductivity bands do not change their 
position with temperature, suggesting that the 
corresponding transitions are of intracenter 
character. In addition, the position of the above-
mentioned bands agrees well with the position 
of optical absorption bands detected for these 
crystals previously. In [4] these absorption bands 
were attributed to intracenter optical transitions 
that occur within the Ti2+ ions. The above result 
suggests that these photoconductivity bands 
are due to the same optical transitions as those 
involved in optical absorption. The energies and 
identification of optical transitions are given 
in the table. The table summarizes the data 
obtained in studies of optical absorption [4], 
photoconductivity, and luminescence and in the 
calculations of energy states of the Ti2+ ions in 
ZnS [4].
The photoconductivity process in the crystals 
under study occurs in the manner briefly 
described below. The 3.15 eV photoconductivity 
band is associated with optical transitions 
from the 3А2(F) ground state of the Ti2+ ion 
into the conduction band. Comparison of the 
photon energy corresponding to the peak of this 
photoconductivity band with the energy position 
of the intrinsic photoconductivity peak for the 
crystals with the Ti concentration [Ti] = 5×1019 

cm–3 (3.15 eV) allows us to believe that the level 
of the ground state of the Ti2+ ion is 360 meV 
above the top of the valence band.
The other photoconductivity bands are formed 
in a two-stage process. Initially, the intracenter 
optical transitions of electrons from the 3А2(F) 
ground state to the higher excited states of the 
Ti2+ ions (table) occur; then thermally activated 
transitions of these electrons to the conduction 
band are observed. As a result the local centers 
transit to the Ti3+ charged state. Later the Ti3+ 
centers trap electrons and the centers transit to 
their initial Ti2+ state.
It should be noted that the results of studies of 
the thermoelectric power are indicative of the 
electron photoconductivity of the ZnS:Ti crystals.

ANALYSIS OF LUMINESCENCE 
PROPERTIES OF ZnS:Ti CRYSTALS

The PL spectra were studied in the temperature 
range from 77 to 300 K. The PL spectra of 
undoped crystals do not exhibit emission bands in 
the visible and IR spectral region.
Doping of the crystals with titanium brings about a 
series of visible emission lines with peaks at 1.98, 
2.06, 2.34, 2.50 and 2.72 eV (Fig. 3, curve 1). As 
the Ti concentration is increased, the intensity 
of these emission lines increases, whereas their 
position remains unchanged. 
As the temperature is elevated from 77 to 300 K, 
the intensity of all emission lines decreases, while 

 

 3 

intracenter optical transitions that occur within 
the Ti2+ ions. The above result suggests that 
these photoconductivity bands are due to the 
same optical transitions as those involved in 
optical absorption. The energies and 
identification of optical transitions are given in 
the table. The table summarizes the data 
obtained in studies of optical absorption [4], 
photoconductivity, and luminescence and in the 
calculations of energy states of the Ti2+ ions in 
ZnS [4]. 

The photoconductivity process in the crystals 
under study occurs in the manner briefly 
described below. The 3.15 eV photoconductivity 
band is associated with optical transitions from 
the 3А2(F) ground state of the Ti2+ ion into the 
conduction band. Comparison of the photon 
energy corresponding to the peak of this 
photoconductivity band with the energy position 
of the intrinsic photoconductivity peak for the 
crystals with the Ti concentration [Ti] = 5×1019 

cm–3 (3.15 eV) allows us to believe that the level 
of the ground state of the Ti2+ ion is 360 meV 
above the top of the valence band. 

The other photoconductivity bands are 
formed in a two-stage process. Initially, the 
intracenter optical transitions of electrons from 
the 3А2(F) ground state to the higher excited 
states of the Ti2+ ions (table) occur; then 
thermally activated transitions of these electrons 
to the conduction band are observed. As a result 
the local centers transit to the Ti3+ charged state. 
Later the Ti3+ centers trap electrons and the 
centers transit to their initial Ti2+ state. 

It should be noted that the results of studies of 
the thermoelectric power are indicative of the 
electron photoconductivity of the ZnS:Ti 
crystals. 

ANALYSIS OF LUMINESCENCE 
PROPERTIES OF ZnS:Ti CRYSTALS 

The PL spectra were studied in the 
temperature range from 77 to 300 K. The PL 
spectra of undoped crystals do not exhibit 
emission bands in the visible and IR spectral 
region. 

Doping of the crystals with titanium brings 
about a series of visible emission lines with 
peaks at 1.98, 2.06, 2.34, 2.50 and 2.72 eV (Fig. 
3, curve 1). As the Ti concentration is 
increased, the intensity of these emission lines 
increases, whereas their position remains 
unchanged.  

As the temperature is elevated from 77 to 
300 K, the intensity of all emission lines 
decreases, while the positions of the peaks 
remain unchanged (Fig. 3, curve 2). Similar 
temperature behavior was observed for the 
corresponding absorption lines. This suggests 
that the absorption and luminescence lines 
under study are due to intracenter optical 
transitions that occur within titanium  ions. 

Figure 3 (curve 3) shows the absorption 
spectrum of the ZnS:Ti crystals at T = 77 K. 
The spectrum involves lines that correlate with 
the emission lines observed in this study. As 
can be seen from the table, the Stokes shifts of 
the PL lines with respect to the corresponding 
absorption lines are in the range 20–60 meV. 
The inset in Fig. 3 shows the 0.72 eV IR-
emission band. 

It is established that the relative 
luminescence intensity of the ZnS:Ti crystals 
heavily depends on the photon energy of 
excitation light. 

Emission with the lowest intensity is excited 
with a nitrogen laser with the photon energy 
3.68 eV. The highest emission intensity is 
attained on excitation with LEDs with the 
photon energy in the emission peak 3.1 and 
2.69 eV. This suggests that the band-to-band 

Table 
Energies of optical transitions in ZnS:Ti crystals 

Line 
number 

Absorption Photoconduc-
tivity 

Luminescence Stokes shift 

E, eV[4] transition E, eV E, eV E, meV 
1 3.15 3A2(F)+hν→ 

2E(D)+e-
c.b.

 
3.15 --- --- 

2 2.85 3A2(F)→ 1T2(G) 2.87 --- --- 
3 2.75 3A2(F) →1E(G) 2.76 2.72 40 
4 2.52 3A2(F)→ 1T1(G) 2.55 2.50 50 
5 2.37 3A2(F)→ 1A1(G) 2.39 2.34 50 
6 2.13 3A2(F)→ 3Т1(P) 2.10 2.07 30 
7 2.0 3A2(F) →1T2(D) 1.98 1.98 20 
8 0.78 3A2(F)→3Т1(F) --- 0.72 60 
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intracenter optical transitions that occur within 
the Ti2+ ions. The above result suggests that 
these photoconductivity bands are due to the 
same optical transitions as those involved in 
optical absorption. The energies and 
identification of optical transitions are given in 
the table. The table summarizes the data 
obtained in studies of optical absorption [4], 
photoconductivity, and luminescence and in the 
calculations of energy states of the Ti2+ ions in 
ZnS [4]. 

The photoconductivity process in the crystals 
under study occurs in the manner briefly 
described below. The 3.15 eV photoconductivity 
band is associated with optical transitions from 
the 3А2(F) ground state of the Ti2+ ion into the 
conduction band. Comparison of the photon 
energy corresponding to the peak of this 
photoconductivity band with the energy position 
of the intrinsic photoconductivity peak for the 
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cm–3 (3.15 eV) allows us to believe that the level 
of the ground state of the Ti2+ ion is 360 meV 
above the top of the valence band. 

The other photoconductivity bands are 
formed in a two-stage process. Initially, the 
intracenter optical transitions of electrons from 
the 3А2(F) ground state to the higher excited 
states of the Ti2+ ions (table) occur; then 
thermally activated transitions of these electrons 
to the conduction band are observed. As a result 
the local centers transit to the Ti3+ charged state. 
Later the Ti3+ centers trap electrons and the 
centers transit to their initial Ti2+ state. 

It should be noted that the results of studies of 
the thermoelectric power are indicative of the 
electron photoconductivity of the ZnS:Ti 
crystals. 

ANALYSIS OF LUMINESCENCE 
PROPERTIES OF ZnS:Ti CRYSTALS 

The PL spectra were studied in the 
temperature range from 77 to 300 K. The PL 
spectra of undoped crystals do not exhibit 
emission bands in the visible and IR spectral 
region. 

Doping of the crystals with titanium brings 
about a series of visible emission lines with 
peaks at 1.98, 2.06, 2.34, 2.50 and 2.72 eV (Fig. 
3, curve 1). As the Ti concentration is 
increased, the intensity of these emission lines 
increases, whereas their position remains 
unchanged.  

As the temperature is elevated from 77 to 
300 K, the intensity of all emission lines 
decreases, while the positions of the peaks 
remain unchanged (Fig. 3, curve 2). Similar 
temperature behavior was observed for the 
corresponding absorption lines. This suggests 
that the absorption and luminescence lines 
under study are due to intracenter optical 
transitions that occur within titanium  ions. 

Figure 3 (curve 3) shows the absorption 
spectrum of the ZnS:Ti crystals at T = 77 K. 
The spectrum involves lines that correlate with 
the emission lines observed in this study. As 
can be seen from the table, the Stokes shifts of 
the PL lines with respect to the corresponding 
absorption lines are in the range 20–60 meV. 
The inset in Fig. 3 shows the 0.72 eV IR-
emission band. 

It is established that the relative 
luminescence intensity of the ZnS:Ti crystals 
heavily depends on the photon energy of 
excitation light. 

Emission with the lowest intensity is excited 
with a nitrogen laser with the photon energy 
3.68 eV. The highest emission intensity is 
attained on excitation with LEDs with the 
photon energy in the emission peak 3.1 and 
2.69 eV. This suggests that the band-to-band 
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the positions of the peaks remain unchanged (Fig. 
3, curve 2). Similar temperature behavior was 
observed for the corresponding absorption lines. 
This suggests that the absorption and luminescence 
lines under study are due to intracenter optical 
transitions that occur within titanium  ions.
Figure 3 (curve 3) shows the absorption spectrum 
of the ZnS:Ti crystals at T = 77 K. The spectrum 
involves lines that correlate with the emission 
lines observed in this study. As can be seen from 
the table, the Stokes shifts of the PL lines with 
respect to the corresponding absorption lines are 
in the range 20–60 meV. The inset in Fig. 3 shows 
the 0.72 eV IR-emission band.

Fig. 3. (1, 2) Photoluminescence and (3) 
absorption spectra of ZnS:Ti crystals. Inset: 
IR-emission band.

It is established that the relative luminescence 
intensity of the ZnS:Ti crystals heavily depends 
on the photon energy of excitation light.
Emission with the lowest intensity is excited 
with a nitrogen laser with the photon energy 3.68 
eV. The highest emission intensity is attained on 
excitation with LEDs with the photon energy 
in the emission peak 3.1 and 2.69 eV. This 
suggests that the band-to-band excitation of long-
wavelength luminescence of the ZnS:Ti crystals 
is inefficient. At the same time, under changes 

in the excitation photon energy, the position of 
emission peaks remains unchanged. It is also 
established that, as the excitation photon energy is 
lowered, the contribution of low energy bands to 
the luminescence spectrum increases. This effect 
is typical of intracenter luminescence.

CONCLUSIONS

The study allows a number of conclusions. 
These are as follows:

1. It is shown that the high-temperature long-
wavelength photoconductivity of the ZnS:Ti 
crystals is controlled by intracenter optical 
transitions within the Ti2+ ions and by subsequent 
thermally induced transitions of electrons from 
the levels of the excited Ti2+ states into the 
conduction band.

2. It is established that doping with iron gives 
rise to a series of emission lines in the visible 
spectral region. The luminescence bands detected 
for the ZnS:Ti crystals are attributed to intracenter 
transitions in the Ti2+ ions.

3. Efficient excitation in impurity related 
luminescence of the ZnS:Ti crystals is attained 
with light corresponding to the region of intrinsic 
absorption in the Ti2+ ions.
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studied. The scheme of optical transitions within Ti2+ impurity centers is established. It is shown that 
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ФОТОЛЮМИНЕСЦЕНЦИЯ И ФОТОПРОВОДИМОСТЬ МОНОКРИСТАЛЛОВ ZnS:Ti

Резюме
Исследована фотопроводимость и фотолюминесценция кристаллов ZnS:Ti в видимой обла-

сти спектра. Установлена схема оптических переходов, происходящих в пределах примесных 
центров Ti2+. Показано, что высокотемпературная фотопроводимость кристаллов ZnSe:Fe обу-
словлена оптическими переходами электронов из основного состояния 3А2(F) на более высокие 
возбужденные энергетические уровни иона Ti2+ с их последующей термической активацией в 
зону проводимости. Эффективное возбуждение внутрицентровой люминесценции кристаллов 
ZnS:Ti осуществляется светом из области собственного поглощения ионов Ti2+.

Ключевые слова: сульфид цинка, примесь титана, фотолюминесценция, фотопроводимость.



84

УДК 621.315.592

Ю. Ф. Ваксман, Ю. А. Ніцук

ФОТОЛЮМІНЕСЦЕНЦІЯ І ФОТОПРОВІДНІСТЬ МОНОКРИСТАЛІВ ZnS:Ti

Резюме
Досліджено фотопровідність і фотолюмінесценцію кристалів ZnS:Ti в видимій області 

спектру. Встановлено схему оптичних переходів, що протікають в межах домішкових центрів 
Ti2+. Показано, що високотемпературна фотопровідність кристалів ZnS:Ti обумовлена оптич-
ними переходами електронів з основного стану 3А2(F) на більш високі збуджені енергетичні 
рівні іону Ti2+ з їх подальшою термічною активацією в зону провідності. Ефективне збудження 
внутришньоцентрової люмінесценції кристалів ZnS:Ti здійснюється світлом з області  власно-
го поглинання іонів Ti2+.

Ключові слова: сульфід цинку, домішка титану, фотолюмінесценція, фотопровідність.
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SPECTROSCOPY OF AUTOIONIZATION RESONANCES IN 
SPECTRA OF BARIUM: NEW SPECTRAL DATA 

We applied a generalized energy approach (Gell-Mann and Low S-matrix 
formalism) combined with the relativistic multi-quasiparticle (QP) perturbation theory 
(PT) with the Dirac-Kohn-Sham zeroth approximation to studying  autoionization 
resonances (AR) in complex atoms and ions, in particular, energies for the Rydberg  
barium with accounting for the exchange-correlation, relativistic

1. Introduction

Here we continue our investigations of study-
ing the autoionization state and AR in spectra of 
complex atoms and ions. Let us note [1] that tradi-
tionally an investigation of spectra, spectral, radi-
ative and autoionization characteristics for  heavy 
and superheavy elements atoms and multicharged 
ions is of a great interest for further development 
atomic and nuclear theories and different appli-
cations in the plasma chemistry, astrophysics, la-
ser physics, etc. (look Refs. [1–10]). Theoretical 
methods of calculation of the spectroscopic char-
acteristics for heavy atoms and ions may be di-
vided into a few main groups [1-6]. First, the well 
known, classical multi-configuration Hartree-Fo-
ck method (as a rule, the relativistic effects are 
taken into account in the Pauli approximation 
or Breit hamiltonian etc.) allowed to get a great 
number of the useful spectral information about 
light and not heavy atomic systems, but in fact 
it provides only qualitative description of spec-
tra of the heavy and superheavy ions. Second, the 
multi-configuration Dirac-Fock (MCDF) method 
is the most reliable version of calculation for mul-
tielectron systems with a large nuclear charge. In 
these calculations the one- and two-particle rela-
tivistic effects are taken into account practically 
precisely. In this essence it should be given spe-
cial attention to two very general and important 

computer systems for relativistic and QED calcu-
lations of atomic and molecular properties devel-
oped in the Oxford group and known as GRASP 
(“GRASP”, “Dirac”; “BERTHA”, “QED”) (look 
[1-5] and refs. therein). In particular, the BER-
THA program embodies a new formulation of 
relativistic molecular structure theory within the 
framework of relativistic QED. This leads to a 
simple and transparent formulation of Dirac-
Hartree-Fock-Breit (DHFB) self-consistent field 
equations along with algorithms for molecular 
properties, electron correlation, and higher order 
QED effects. The DHFB equations are solved by 
a direct method based on a relativistic generaliza-
tion of the McMurchie-Davidson algorithm [4].

In this paper we applied a new relativistic ap-
proach [11-15] to relativistic studying the auto-
ionization characteristics of the barium atom. Let 
us note that new approach in optics and spectros-
copy of heavy atomic systems is the combined the 
generalized energy approach and the gauge-in-
variant QED many-QP PT with the Dirac-Kohn-
Sham (DKS) “0” approximation (optimized 1QP  
representation) and an accurate accounting for 
relativistic, correlation, nuclear, radiative effects. 
In refs. [11-15, 17-20]. It has been in etails pre-
sented, so here we give only the fundamental as-
pects. The generalized gauge-invariant version of 
the energy approach has been further developed 
in Refs. [12,13]. 
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2. Relativistic approach in autoionization 
spectroscopy of heavy atoms

In relativistic case the Gell-Mann and Low 
formula expressed an energy shift DE through the 
QED scattering matrix including the interaction 
with as the photon vacuum field as the laser field. 
The first case is corresponding to definition of the 
traditional radiative and autoionization character-
istics of multielectron atom. The wave function 
zeroth basis is found from the Dirac-Kohn-Sham 
equation with a potential, which includes the ab 
initio (the optimized model potential or DF po-
tentials, electric and polarization potentials of 
a nucleus; the Gaussian or Fermi forms of the 
charge distribution in a nucleus are usually used) 
[5]. Generally speaking, the majority of complex 
atomic systems possess a dense energy spectrum 
of interacting states with essentially relativis-
tic properties. Further one should realize a field 
procedure for calculating the energy shifts DE 
of degenerate states, which is connected with the 
secular matrix M diagonalization [8-12]. The sec-
ular matrix elements are already complex in the 
second order of the PT. Their imaginary parts are 
connected with a decay possibility. A total energy 
shift of the state is presented in the standard form:

                                           

Re Im Im 2E i E E∆Ε = ∆ + ∆ ∆ = −Γ ,(1)

where Γ is interpreted as the level width, and the 
decay possibility Ρ = Γ . The whole calculation 
of the energies and decay probabilities of a non-
degenerate excited state is reduced to the calcula-
tion and diagonalization of the M. The jj-coupling 
scheme is usually used. The complex  secular ma-
trix M is represented in the form [9,10]:  

( ) ( ) ( ) ( )0 1 2 3 .M M M M M= + + +
                                                                      (2)

where ( )0M  is the contribution of the vacuum dia-
grams of all order of PT, and ( )1M , ( )2M , ( )3M  
those of the one-, two- and three-QP diagrams 
respectively. ( )0M  is a real matrix, proportional 
to the unit matrix. It determines only the general 
level shift. We have assumed ( )0 0.M =  The di-

agonal matrix ( )1M  can be presented as a sum of 
the independent 1QP contributions. For simple 
systems (such as alkali atoms and ions) the 1QP 
energies can be taken from the experiment. Sub-
stituting these quantities into (2) one could have 
summarized  all the contributions of the 1QP di-
agrams of all orders of the formally exact QED 
PT. However, the necessary experimental quan-
tities are not often available. So, the optimized 
1-QP representation is the best one to determine 
the zeroth approximation. The correlation cor-
rections of the PT high orders are taken into ac-
count within the Green functions method (with 
the use of the Feynman diagram’s technique). All 
correlation corrections of the second order and 
dominated classes of the higher orders diagrams 
(electrons screening, polarization, particle-hole 
interaction, mass operator iterations) are taken 
into account [10-14].  In the second order, there 
are two important kinds of diagrams: polariza-
tion and ladder ones. Some of the ladder diagram 
contributions  as well as some of the 3QP dia-
gram contributions in all PT orders have  the same 
angular symmetry as the 2QP diagram contribu-
tions of the first order [10-12]. These contribu-
tions have been summarized by a modification of 
the central potential, which must now include the 
screening (anti-screening) of the core potential of 
each particle by two others. The additional poten-
tial modifies the 1QP orbitals and energies. Then 
the secular matrix is : ( ) ( )1 2M M M+ 


, where ( )1M  

is the modified 1QP matrix (diagonal), and ( )2M  
the modified 2QP one. ( )1M  is calculated by sub-
stituting the modified 1QP energies), and ( )2M  by 
means of the first PT order formulae for ( )2M , 
putting the modified radial functions of the 1QP 
states in the interaction radial  integrals. Let us 
remind that in the QED theory, the photon prop-
agator D(12) plays the role of this interaction. 
Naturally, an analytical form of D depends on 
the gauge, in which the electrodynamic potentials 
are written. In general, the results of all approxi-
mate calculations depended on the gauge. Natu-
rally the correct result must be gauge invariant. 
The gauge dependence of the amplitudes of the 
photoprocesses in the approximate calculations is 
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a well known fact and is in details investigated 
by Grant, Armstrong, Aymar-Luc-Koenig, Glush-
kov-Ivanov [1,2,5,9]. Grant has investigated the 
gauge connection with the limiting non-relativ-
istic form of the transition operator and has for-
mulated the conditions for approximate functions 
of the states, in which the amplitudes are gauge 
invariant. These results remain true in an energy 
approach as the final formulae for the probabili-
ties coincide in both approaches. In ref. [16] it has 
been developed a new version of the approach to 
conserve gauge invariance. Here we applied it to 
get the gauge-invariant procedure for generating 
the relativistic DKS orbital bases (abbreviator of 
our method: GIRPT). The autoionization width is 
defined by the square of interaction matrix ele-
ment [9]: 

                        

(3)
The real part of the interaction matrix element 

can be expanded in terms of Bessel functions 
[5,8]:

                               
(4)

The Coulomb part Qul
λQ  is expressed in the radi-

al integrals Rl , angular coefficients Sl  as follows:

                                                                                                                                                      
                                             (5)

where ReQl(1243) is as follows:  

(6)
where f is the large component of radial part 

of the 1QP state Dirac function and function Z is :                                                            

( ) [ ] ( ) ( )]2
3/[/2 13

2
1

2
1

13
1 +Γ=

+

+ λωααω λ
λ

λ
λ rrJZZ .

(7)
The angular coefficient is defined by standard 

way as above [3]. The calculation of radial inte-
grals ReRl(1243) is reduced to the solution of a 
system of  differential equations:  

                                              (8)

In addition,  у3(∞)=ReRl(1243), у1(∞)=Xl(13). 
The system of differential equations includes also 

equations for functions f/r|æ|-1, g/r|æ|-1, ( )1
λZ , ( )2

λZ . 
The formulas for the autoionization (Auger) decay 
probability include the radial integrals Ra(akgb), 
where one of the functions describes electron in 
the continuum state. When calculating this inte-
gral, the correct normalization of the function Yk 
is a problem. The correctly normalized function 
should have the following asymptotic at  r→0:

                                  (9)
When integrating the master system, the func-

tion is calculated simultaneously:      

                                             (10)
It can be shown that at r→∞, N(r)→Nk, where 

Nk is the normalization of functions  fk, gk of con-
tinuous spectrum satisfying the condition (9). 
Other details can be found in refs.[10-13,16-20].

3. Results and conclusions

In table 1 we present  the data for energies  
(cm-1) of the barium autoionization resonances 
4fnf, n = 15 (averaged over the fine structure) 
measured experimentally and calculated on the 
basis of our theory and multichannel quantum de-
fect method (MCQD) with the empirical fit (de 
Graaf et al) [2]. An analysis shows quite physical-
ly reasonable agreement between the theoretical 
and experimental results. But some difference, in 
our opinion, can be explained by different accu-
racy of estimates of the radial integrals, using the 
different type basises (gauge invariance conserva-
tion or a degree of accounting for the exchange-
correlation effects) and some other additional 
calculation approximations. In our theory there 
are used more optimized basises of the orbitals in 
comparison with the MCQD). 

In ref. [14] (see also [5,12]) it has been predict-
ed a new spectroscopy  effect of the giant chang-
ing of the AS ROD width in a sufficiently weak 
electric field (for two pairs of the Tm, Gd AR). 
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In addition,  у3()=ReR(1243), у1()=X(13). 
The system of differential equations includes 
also equations for functions f/ræ-1, g/ræ-
1,  1

Z ,  2
Z . The formulas for the autoionization 

(Auger) decay probability include the radial 
integrals R(k), where one of the functions 
describes electron in the continuum state. When 
calculating this integral, the correct 
normalization of the function k is a problem. 

The correctly normalized function should have 
the following asymptotic at  r0: 
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It can be shown that at r, N(r)Nk, where 
Nk is the normalization of functions  fk, gk of 
continuous spectrum satisfying the condition 
(9). Other details can be found in refs.[10-13,16-
20]. 
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The angular coefficient is defined by standard 
way as above [3]. The calculation of radial 
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In addition,  у3()=ReR(1243), у1()=X(13). 
The system of differential equations includes 
also equations for functions f/ræ-1, g/ræ-
1,  1

Z ,  2
Z . The formulas for the autoionization 

(Auger) decay probability include the radial 
integrals R(k), where one of the functions 
describes electron in the continuum state. When 
calculating this integral, the correct 
normalization of the function k is a problem. 

The correctly normalized function should have 
the following asymptotic at  r0: 
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Following to [5], let us remind that any two states 
of different parity can be mixed by the external 
electric field. The mixing leads to redistribution 
of the autoionization widths. In the case of de-
generate or near-degenerate resonances this effect 
becomes observable even at a moderately weak 
field.

Table 1. 
Energies (cm-1) of autoionization resonanc-

es 4fnf, n = 15 (averaged over the fine struc-
ture) measured experimentally and calculated 

on the basis of our theory and multichannel 
quantum defect method (MCQD) with the 

empirical fit (de Graaf et al) 

АС J Exp. MCQD Our
work

4f5/215f7/2
4f7/215f5/2
4f7/215f7/2
4f5/215f7/2
4f5/215f5/2
4f7/215f7/2
4f7/215f5/2
4f5/215f5/2
4f5/215f7/2
4f7/215f5/2
4f7/215f7/2
4f5/215f5/2
4f5/215f7/2
4f7/215f7/2
4f7/215f5/2
4f5/215f7/2

6
6
6
5
5
5
5
4
4
4
4
3
3
3
3
2

89 758.4±0.5
89 993.6±0.5
89 926.6±5.0
89 726.3±1.0
89 749.2±0.5
89 951.0±0.5
-
89 705.6±0.5
-
89 937.8±2.0
89 951.0±2.0
-
89 741.5±2.0
89 969.3±2.0
-
89 766.5±5.0

89759.1
89992.4
89937.1
89718.7
89748.6
89952.9
-
89706.8
-
89937.2
89951.8
-
89738.0
89972.0
-
89774.7

89758.8
89993.6
89926.8
89726.9
89749.7
89951.6
89942.3
89705.4
89718.5
89937.6
89951.5
89728.5
89740.9
89969.8
89953.4
89767.8

In the Tm one could deal with ROD nd and 
nf series, converging to the same ionization limit, 
i.e. they are nearly degenerate states of different 
parity. Among them one can find some pairs of nd 
and nf states with widths Г, differing by several 
orders. So, we could suggest that the phenomeno-
logical effect of giant broadening of the Rydberg 
AS could take a place in the barium atom too, 
however, the corresponding detailed investiga-
tion is required.  
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SPECTROSCOPY OF AUTOIONIZATION RESONANCES IN SPECTRA OF HE-LIKE 
IONS AND ALKALI-EARTH ATOMS: NEW SPECTRAL DATA AND CHAOS EFFECT 

Abstract
We applied a generalized energy approach (Gell-Mann and Low S-matrix formalism) combined 

with the relativistic multi-quasiparticle (QP) perturbation theory (PT) with the Dirac-Kohn-Sham 
zeroth approximation to studying  autoionization resonances (AR) in complex atoms and ions, in 
particular, energies for the Rydberg barium with accounting for the exchange-correlation, relativistic 
corrections.
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СПЕКТРОСКОПИЯ АВТОИОНИЗАЦИОННЫХ РЕЗОНАНСОВ В СПЕКТРАХ 
БАРИЯ: НОВЫЕ СПЕКТРАЛЬНЫЕ ДАННЫЕ

Резюме
Обобщенный энергетический подход (S-матричный формализм Гелл-Мана и Лоу) и реля-

тивистская теория возмущений с дирак-кон-шэмовским нулевым приближением применены к 
изучению автоионизационных резонансов в сложных атомах, в частности, энергий автоиони-
зационных резонансов в ридберговом барии с учетом обменно-корреляционных и релятивист-
ских поправок. 

Ключевые слова: спектроскопия автоионизационных резонансов, релятивистский энерге-
тический подход
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СПЕКТРОСКОПІЯ АВТОІОНІЗАЦІЙНИХ РЕЗОНАНСІВ В СПЕКТРАХ БАРIЯ: НОВІ 
СПЕКТРАЛЬНІ ДАНІ 

Резюме 
Узагальнений енергетичний підхід (S-матричний формалізм Гелл-Мана та Лоу) и 

релятивістська теорія збурень з дірак-кон-шемівським нульовим наближенням застосовані до 
вивчення автоіонізаційних резонансів у складних атомах, зокрема, енергій автоіонізаційних 
резонансів у в рідберговому барії з урахуванням   обмінно-кореляційних і релятивістських 
поправок.  

Ключові слова: спектроскопія автоіонізаційних резонансів, релятивістський енергетичний 
підхід
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ADVANCED RELATIVISTIC MODEL POTENTIAL APPROACH TO 
CALCULATION OF RADIATION TRANSITION PARAMETERS IN 
SPECTRA OF MULTICHARGED IONS

The combined relativistic energy approach and relativistic many-body perturbation 
theory with the zeroth order optimized one-particle approximation are used for calculation 
of the Li-like ions (Z=11-42,69,70) energies and oscillator strengths of radiative transitions 
from the ground state to the low-excited and Rydberg states, in particular, 2s1/2 – np1/2,3/2, 
np1/2,3/2-nd3/2,5/2 (n=2-12). The comparison of the calculated oscillator strengths with available 
theoretical and experimental (compillated) data is performed.

1.  Introduction

The research on the spectroscopic and struc-
tural properties of highly ionized atoms has a 
fundamental importance in many fields of atomic 
physics (spectroscopy, spectral lines theory), as-
trophysics, plasma physics, laser physics and so 
on. It should be mentioned that the correct data 
about radiative decay widths, probabilities and 
oscillator strengths of atomic transitions are 
needed in astrophysics and laboratory, thermonu-
clear plasma diagnostics and in fusion research. 
In this light, an special interest attracts studying 
the spectral characteristics of the He-, Li etc like 
ions. There have been sufficiently many reports 
of calculations and compilation of energies and 
oscillator strengths for the Li-like ions and other 
alkali-like ions (see, for example, [1–16]). Par-
ticularly, Martin and Wiese have undertaken a 
critical evaluation and compilation of the spectral 
parameters for Li-like ions (Z=3-28) [1,2]. The 
results of the high-precision non-relativistic cal-
culations of the energies and oscillator strengths 
of 1s22s¡1s22p for Li-like systems up to Z = 50 
are presented in Refs. [9-14]. The  Hylleraas-type 
variational method and the 1/Z expansion method 
have been used. Chen Chao and Wang Zhi-Wen 
[14] have listed the nonrelativistic dipole-length, 

-velocity and -acceleration absorption oscillator 
strengths for the 1s22s–1s22p transitions of the 
LiI isoelectronic sequence on the basis of calcu-
lation within a full core plus correlation method 
with using multiconfiguration interaction wave 
functions. Fully variational nonrelativistic Har-
tree-Fock wavefunctions have been used by Biè-
mont in calculation of the 1s2n2L (n <8 =s, p, 
d or f; 3 < Z<22) states of the LiI isoelectronic 
sequence [16]. In many papers the Dirac-Fock 
method, model potential approach, quantum de-
fect approximation in the different realizations 
have been used for calculating  the energies and 
oscillator strengths of the Li-like ions (see Refs.
[1-17]). The consistent QED calculations of the 
energies, ionization potentials, hyperfine struc-
ture constants for the Li-like ions are performed 
in Refs. [18-21].  However, it should be stated 
that for Li-like ions with higher Z, particularly for 
their high-excited (Rydberg) states, there is not 
enough precise information available in litera-
tures. In our paper the combined relativistic en-
ergy approach [22-26] and relativistic many-body 
perturbation theory with the zeroth order opti-
mized one-particle representation [26] are used 
for calculation the Li-like ions (Z=11-42,69,70) 
energies and oscillator strengths of radiative tran-
sitions from ground state to low-excited and Ry-
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dberg states.. The comparison of the calculated 
oscillator strengths with available theoretical and 
experimental (compillated) data is performed.

2.  The theoretical method

In the relativistic energy approach [4,5,22-
25] the imaginary part of electron energy shift of 
an atom is  directly connected with the radiation 
decay possibility (transition  probability). An ap-
proach, using the Gell-Mann and Low formula 
with the QED scattering matrix, is used in treat-
ing the relativistic atom. The total energy shift of 
the state is usually presented in the form:

                DE = ReDE + i G/2                   (1)

where G is interpreted as the level width, and 
the decay possibility P = G. The imaginary part 
of electron energy of the system, which is defined 
in the lowest order of perturbation theory as [4]: 

          (2)

where (a>n>f)  for electron and (a<n<f)  for 
vacancy. The matrix element is determined as fol-
lows:

The separated terms of the sum in (3) represent 
the contributions of different channels and a prob-
ability of the dipole transition is: 

                                      (4)

The corresponding oscillator strength :  
                                 ,       where g is the degen-

eracy degree,  l is a wavelength in angstrems (Ǻ). 
Under calculating the matrix elements (3) one 
should use the angle symmetry of the task and 

write the expansion for potential sin|w|r12/r12  on 
spherical functions as follows [2]: 

·

where J  is the Bessel function of first kind and 
(l)= 2l + 1. This expansion is corresponding to 
usual multipole one for probability of radiative 
decay. Substitution of the expansion (5) to matrix 
element of interaction gives as follows [20]: 

    
                         

where ji is the total single electron momen-
tums, mi – the projections; QQul is the Coulomb 
part of interaction, QBr - the Breit part. Their de-
tailed definitions are presented in Refs. [4,20]. 
The relativistic wave functions are calculated by 
solution of the Dirac equation with the potential, 
which includes the “outer electron- ionic core” 
potential and polarization potential [29]. In order 
to describe interaction of the outer electron with 
the He-like core the Ivanova-Ivanov model po-
tential [4] has been used. The calibration of the 
single model potential parameter has been per-
formed on the basis of the special ab initio proce-
dure within relativistic energy approach [24] (see 
also [5]). 

In Ref.[18] the lowest order multielectron ef-
fects, in  particular,  the gauge dependent radiative 
contribution Im dEninv for the certain  class  of the 
photon propagator calibration is treated. This val-
ue is considered to be the typical  representative 
of the electron correlation effects, whose minimi-
zation is a reasonable criterion in the searching 
for the optimal one-electron basis of  the  rela-
tivistic many-body perturbation theory. The mini-
mization of the density functional Im dEninv leads 
to the integral-differential equation that can be 
solved using one of the standard numerical codes. 
Therefore, it provides the construction of the op-

theoretical and experimental (compillated) 
data is performed. 

 
2.  The theoretical method 

 
In the relativistic energy approach 

[4,5,22-25] the imaginary part of electron 
energy shift of an atom is  directly connected 
with the radiation decay possibility 
(transition  probability). An approach, using 
the Gell-Mann and Low formula with the 
QED scattering matrix, is used in treating the 
relativistic atom. The total energy shift of the 
state is usually presented in the form: 

 
                E = ReE + i /2                   (1) 

 
where  is interpreted as the level width, and 
the decay possibility P = . The imaginary 
part of electron energy of the system, which 
is defined in the lowest order of perturbation 
theory as [4]:  

 

 





fn
fn

nn
nVeBE








  

2

4
)(Im

,          (2) 
 
where (>n>f)  for electron and (<n<f)  for 
vacancy. The matrix element is determined 
as follows: 

 

  )()1(
sin

)( 121
12

12
221 r)Ψ(rΨ

r
r

r)Ψ(rΨdrdrV *
l2

*
k

*
j1

*
iijkl 



 

  )()1(
sin

)( 121
12

12
221 r)Ψ(rΨ

r
r

r)Ψ(rΨdrdrV *
l2

*
k

*
j1

*
iijkl 



                   (3) 
 

The separated terms of the sum in (3) 
represent the contributions of different 
channels and a probability of the dipole 
transition is:  

 

                    
nα

nnn

ω
αα V

π
Г 

4
1

                  (4) 
 
The corresponding oscillator strength :  

152 1067.6/ 
n

Гgf g  , where g is the 
degeneracy degree,   is a wavelength in 

angstrems (Ǻ). Under calculating the matrix 
elements (3) one should use the angle 
symmetry of the task and write the expansion 
for potential sinr12/r12  on spherical 
functions as follows [2]:  

       











0
212

2
11

2
1

2112

12

2
rrcos

sin
PrJrJ

rrr
r

·      (5) 

·       











0
212

2
11

2
1

2112

12

2
rrcos

sin
PrJrJ

rrr
r

 
 

where J  is the Bessel function of first kind 
and ()= 2 + 1. This expansion is 
corresponding to usual multipole one for 
probability of radiative decay. Substitution of 
the expansion (5) to matrix element of 
interaction gives as follows [20]:  
 

         


















1234Im1][
31

312
1

43211234 Q
mm

jj
jjjjV

      
         



















1234Im1][
31

312
1

43211234 Q
mm

jj
jjjjV

, 

          
BrQul
  QQQ ,                (6) 

 
where ji is the total single electron 
momentums, mi – the projections; QQul is the 
Coulomb part of interaction, QBr - the Breit 
part. Their detailed definitions are presented 
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electron with the He-like core the Ivanova-
Ivanov model potential [4] has been used. 
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corresponding to usual multipole one for 
probability of radiative decay. Substitution of 
the expansion (5) to matrix element of 
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where ji is the total single electron 
momentums, mi – the projections; QQul is the 
Coulomb part of interaction, QBr - the Breit 
part. Their detailed definitions are presented 
in Refs. [4,20]. The relativistic wave 
functions are calculated by solution of the 
Dirac equation with the potential, which 
includes the “outer electron- ionic core” 
potential and polarization potential [29]. In 
order to describe interaction of the outer 
electron with the He-like core the Ivanova-
Ivanov model potential [4] has been used. 
The calibration of the single model potential 
parameter has been performed on the basis of 
the special ab initio procedure within 
relativistic energy approach [24] (see also 
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where ji is the total single electron 
momentums, mi – the projections; QQul is the 
Coulomb part of interaction, QBr - the Breit 
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in Refs. [4,20]. The relativistic wave 
functions are calculated by solution of the 
Dirac equation with the potential, which 
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potential and polarization potential [29]. In 
order to describe interaction of the outer 
electron with the He-like core the Ivanova-
Ivanov model potential [4] has been used. 
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parameter has been performed on the basis of 
the special ab initio procedure within 
relativistic energy approach [24] (see also 
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corresponding to usual multipole one for 
probability of radiative decay. Substitution of 
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where ji is the total single electron 
momentums, mi – the projections; QQul is the 
Coulomb part of interaction, QBr - the Breit 
part. Their detailed definitions are presented 
in Refs. [4,20]. The relativistic wave 
functions are calculated by solution of the 
Dirac equation with the potential, which 
includes the “outer electron- ionic core” 
potential and polarization potential [29]. In 
order to describe interaction of the outer 
electron with the He-like core the Ivanova-
Ivanov model potential [4] has been used. 
The calibration of the single model potential 
parameter has been performed on the basis of 
the special ab initio procedure within 
relativistic energy approach [24] (see also 
[5]).  

In Ref.[18] the lowest order 
multielectron effects, in  particular,  the 
gauge dependent radiative contribution Im 
Eninv for the certain  class  of the photon 
propagator calibration is treated. This value 
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corresponding to usual multipole one for 
probability of radiative decay. Substitution of 
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where ji is the total single electron 
momentums, mi – the projections; QQul is the 
Coulomb part of interaction, QBr - the Breit 
part. Their detailed definitions are presented 
in Refs. [4,20]. The relativistic wave 
functions are calculated by solution of the 
Dirac equation with the potential, which 
includes the “outer electron- ionic core” 
potential and polarization potential [29]. In 
order to describe interaction of the outer 
electron with the He-like core the Ivanova-
Ivanov model potential [4] has been used. 
The calibration of the single model potential 
parameter has been performed on the basis of 
the special ab initio procedure within 
relativistic energy approach [24] (see also 
[5]).  

In Ref.[18] the lowest order 
multielectron effects, in  particular,  the 
gauge dependent radiative contribution Im 
Eninv for the certain  class  of the photon 
propagator calibration is treated. This value 
is considered to be the typical  representative 
of the electron correlation effects, whose 
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timized one-particle representation. All calcula-
tions are performed on the basis of the numeral 
code Superatom-ISAN (version 93).

3.  Results

We applied the above described approach to 
calculating the energies and oscillator strengths 
of transitions in spectra of the Li-like ions (Z=11-
42,69,70). There are considered the radiative 
transitions from ground state to the low-excited 
and Rydberg states, particularly, 2s1/2 – np1/2,3/2, 
np1/2,3/2-nd3/2,5/2 (n=2-12). To test the obtained re-
sults, we compare our calculation data on the 
oscillator strengths values for some Li-like ions 
with the known theoretical and compillated re-
sults [1,2,8]. 

As an example, in table 1 we present the  os-
cillator strengths values for the 2s1/2 – 2p1/2,3/2 
transitions in Li-like ions S13+  , Ca17+ , Fe23+  , Zn27+, 
Zr37+ , Mo39+ , Sn47+ , Tm66+ , Yb67+ . The DF cal-
culation data by Zilitis [6] and the “best” compil-
lated (experimental) data [1,2] for the low-Z Li-
like ions are listed in table 1 for comparison too.  

Table 1 
Oscillator strengths of the 2s1/2 – 2p1/2,3/2 

transitions in Li-like ions

Method DF [6] DF [6] [2] [2] Our Our
Ion 2s1/2–

2p1/2

2s1/2–
2p3/2

2s1/2–
2p1/2

2s1/2–
2p3/2

2s1/2–
2p1/2

2s1/2–
2p3/2

S13+ 0.0299 0.0643 0.030 0.064 0.0301 0.0641
Ca17+ 0.0234 0.0542 0.024 0.054 0.0236 0.0541
Fe23+ 0.0177 0.0482 0.018 0.048 0.0179 0.0481
Zn27+ 0.0153 0.0477 – – 0.0156 0.0475
Zr37+ 0.0114 0.0543 – – 0.0118 0.0540
Mo39+ – – 0.011 0.056 0.0107 0.0556
Sn47+ 0.0092 0.0686 – – 0.0095 0.0684
Tm66+ – – – – 0.0071 01140
Yb67+ 0.0067 0.1170 – – 0.0069 0.1167

It should be reminded that the experimental 
data on the oscillator strengths for many (espe-
cially, high-Z) Li-like ions are absent. In a whole, 
there is a physically reasonable agreement be-
tween the listed data. The important features of 
the approach used are using the optimized one-
particle representation and account for the polar-

ization effect. it should be noted that an estimate 
of the gauge-non-invariant contributions (the 
difference between the oscillator strengths val-
ues calculated with using the transition operator 
in the form of “length” and “velocity”) is about 
0.3%, i.e. the results, obtained with using the dif-
ferent photon propagator gauges (Coulomb, Ba-
bushkon, Landau) are practically equal. 

In table 2 we present the oscillator strengths 
values for the 2s1/2 – npj  (n=3-18, j=1/2) transi-
tions in spectrum of the Li-like ion Zr37+.  The 
quantum defect approximation (QDA) [6,27], the 
DF oscillator strengths calculation results by Zili-
tis [6] and some compillated (experimental) data 
by Martin-Weiss [1] are listed too. 

It is self-understood that the QDA oscilla-
tor strengths data become more exact with the 
growth of the principal quantum number. At the 
same time the accuracy of the DF  data may be 
decreased. The agreement between the Martin-
Weiss data and our is sufficiently good. 

Table 2 
Oscillator strengths of the 2s1/2 – np1/2 tran-

sitions in Zr37+.

Transition QDA [6] DF [6] Our data

2s1/2–3p1/2 13.7 13.3 13.684

–4p1/2 - 3.22 3.232

–6p1/2 - - 0.682

–8p1/2 0.258 0.257 0.260

–10p1/2 0.126 0.124 0.125

–16p1/2 0.0291 0.0285 0.0287

–18p1/2 - - 0.0216
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Abstract
The combined relativistic energy approach and relativistic many-body perturbation theory with 

the zeroth order optimized one-particle approximation are used for calculation of the Li-like ions 
(Z=11-42,69,70) energies and oscillator strengths of radiative transitions from the ground state to the 
low-excited and Rydberg states, in particular, 2s1/2 – np1/2,3/2, np1/2,3/2-nd3/2,5/2 (n=2-12). The comparison 
of the calculated oscillator strengths with available theoretical and experimental (compillated) data is 
performed.
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Т. А. Флорко, А. А. Свинаренко, А. В. Игнатенко,  В. Б. Терновский, Т. Б. Ткач

РАСШИРЕННАЯ РЕЛЯТИВИСТСКАЯ МОДЕЛЬ ПОТЕНЦИАЛЬНОГО ПОДХОД 
К РАСЧЕТУ ПЕРЕХОДНЫХ ПАРАМЕТРОВ ИЗЛУЧЕНИЯ В СПЕКТРАХ 
МНОГОЗАРЯДНЫХ ИОНОВ

Резюме
Комбинированный релятивистский энергитический подход и релятивистская теория 

возмущений многих тел с оптимизированным одночастичным приближением нулевого порядка 
используются для расчета Li-подобных ионов (Z = 11-42,69,70) энергии и силы осцилляторов 
радиационных переходов из основного состояния в низкие возбужденные и ридберговские 
состояния, в частности, 2s1/2 – np1/2,3/2, np1/2,3/2-nd3/2,5/2 (n=2-12). Сравнение расчетных сил 
осцилляторов с имеющимися теоретическими и экспериментальными данными выполнено.

Ключевые слова: релятивистская теория, силы осцилляторов, радиационные переходы.
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РОЗШИРЕНА РЕЛЯТИВІСТСЬКА МОДЕЛЬ ПОТЕНЦІАЛЬНОГО ПІДХОДУ ДО 
РОЗРАХУНКУ ПЕРЕХІДНИХ ПАРАМЕТРІВ ВИПРОМІНЮВАННЯ В СПЕКТРАХ 
БАГАТОЗАРЯДНИХ ІОНОВ

Резюме
Комбінований релятивістський енергетичний підхід і релятивістська теорія збурень багатьох 

тіл з оптимізованим одночастковим наближенням нульового порядку використовується 
для розрахунку Li-подібних іонів (Z = 11-42,69,70) енергії і сили осцилляторів радіаційних 
переходів із основного стану в низькі збуджені та рідбергівські стани, зокрема, 2s1/2 – np1/2,3/2, 
np1/2,3/2-nd3/2,5/2 (n=2-12). Порівняння розрахованих сил осцилляторів з наявними теоретичними 
та експериментальними даними виконане.

Ключові слова: релятивістська теорія, сили осцилляторів, радіаційнні переходи.
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NONLINEAR DYNAMICS OF QUANTUM AND LASER SYSTEMS WITH 
ELEMENTS OF A CHAOS

Nonlinear chaotic dynamics of the quantum and laser systems is studied with using ad-
vanced techniques such as a wavelet analysis, multi-fractal formalism, mutual information 
approach, correlation integral analysis, false nearest neighbour algorithm, the Lyapunov ex-
ponent’s (LE) analysis, and surrogate data method. The detailed analysis of the oscillations 
in a grid of two autogenerators and single-mode laser with the nonlinear absorption cell 
shows that the systems exhibit a nonlinear behaviour with elements of a low-dimensional 
chaos.

1. Introduction

Every science purposes predicting a future state 
of system under consideration. Consequently, the 
main problem of science can be defined as: “Is it 
possible to predict a future behaviour of process 
using its past states?” Conventional approach ap-
plied to resolve this problem consists in building 
an explanatory model using an initial data and 
parameterizing sources and interactions between 
process properties. Unfortunately, that kind of 
approach is realized with difficulties, and its out-
comes are insufficiently correct; moreover, sourc-
es and/or interactions of process cannot always 
be exactly defined. According to modern theory 
of prediction, time series is considered as random 
realization, when the randomness is caused by a 
complicated motion with many independent de-
grees of freedom. Chaos is alternative of random-
ness and occurs in very simple deterministic sys-
tems. Although chaos theory places fundamental 
limitations for long-rage prediction (see e.g. [1-9] 
), it can be used for short-range prediction since 
ex facte random data can contain simple deter-
ministic relationships with only a few degrees of 
freedom. The systematic study of chaos is of re-
cent date, originating in the 1960s. One important 
reason for this is that linear techniques, so long 

dominant within applied mathematics and the 
natural sciences, are inadequate when considering 
chaotic phenomena since the amazingly irregular 
behaviour of some non-linear deterministic sys-
tems was not appreciated and when such behav-
iour was manifest in observations, it was typically 
explained as stochastic. Starting from the mete-
orologist Edward Lorenz, who observed extreme 
sensitivity to changes to initial conditions of a 
simple non-linear model simulating atmospheric 
convection (Lorenz, 1963), the experimental ap-
proach relies heavily on the computational study 
of chaotic systems and includes methods for in-
vestigating potential chaotic behaviour in obser-
vational time series (see e.g. [1-6]). During the 
last two decades, many studies in various fields 
of physics, chemistry, biology, geosciences etc 
have appeared, in which chaos theory was ap-
plied to a great number of dynamical systems, 
including those are originated from nature. Chaos 
theory establishes that apparently complex irreg-
ular behaviour could be the outcome of a simple 
deterministic system with a few dominant non-
linear interdependent variables. The past decade 
has witnessed a large number of studies employ-
ing the ideas gained from the science of chaos to 
characterize, model, and predict the dynamics 
of various systems phenomena (see e.g. [1-13]). 
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The outcomes of such studies are very encourag-
ing, as they not only revealed that the dynamics 
of the apparently irregular phenomena could be 
understood from a chaotic deterministic point of 
view but also reported very good predictions us-
ing such an approach for different systems. 

In a case of quantum systems, using of cha-
os constructions may seem self-contradictory in 
many respects (see e.g. [6,7]). To begin with, it 
associates chaos, a purely classical notion, with 
quantum physics. Furthermore it implies that this 
association, which as we will see refers tradition-
ally to the study of low-D non-interacting quan-
tum systems, will be considered in the context 
of many-body physics [6]. In any case quantum 
chaos now mainly refers to the study of the con-
sequences, for a quantum system, of the more or 
less chaotic nature of the dynamics of its classical 
analogue. It has followed two main avenues. The 
first one is based on semiclassical techniques - 
specifically the use of semiclassical Green’s func-
tions in the spirit of Gutzwiller’s trace formulae, 
hich provides a link between a quantum system 
and its h→0 limit, the second is associated with 
the Bohigas-Giannoni-Schmit conjecture or relat-
ed approaches Peres, which states that the spec-
tral fluctuations of classically chaotic systems can 
be described using the proper ensembles of ran-
dom matrices [6]. Some of the beauty of quantum 
chaos is that it has developed a set of tools which 
have found applications in a large variety of dif-
ferent physical contexts, ranging from atomic, 
molecular and nuclear physics (see e.g. [1-7]). In 
a modern quantum electronics and laser physics 
etc there are many systems and devices (such as 
multi-element semiconductors and gas lasers etc), 
dynamics of which can exhibit  chaotic behaviour. 
These systems can be considered in the first ap-
proximation as a grid of autogenerators (quantum 
generators), coupled by different way [2,14,15]. 
In this chapter we will study a non-linear chaotic 
dynamics of some quantum generator and laser 
systems with using advanced generalized tech-
niques such as the non-linear analysis methods 
to dynamics, such as the wavelet analysis, multi-
fractal formalism, mutual information approach, 
correlation integral analysis, false nearest neigh-
bour algorithm, Lyapunov exponent’s (LE) analy-

sis, and surrogate data method etc (see details in 
Refs. [8-17]).

2. Methods of a chaos theory in studying 
dynamics of the complex  systems

2.1 Introducing remarks

Let us formally consider scalar measurements 
s(n) = s(t0 + nDt) = s(n), where t0 is the start time, 
Dt is the time step, and is n the number of the 
measurements. In a general case, s(n) is any time 
series, particularly the amplitude level. Since 
processes resulting in the chaotic behaviour are 
fundamentally multivariate, it is necessary to re-
construct phase space using as well as possible 
information contained in the s(n). 

Such a reconstruction results in a certain set 
of d-dimensional vectors y(n) replacing the sca-
lar measurements. Packard et al. [18] introduced 
the method of using time-delay coordinates to re-
construct the phase space of an observed dynami-
cal system. The direct use of the lagged variables 
s(n + t), where t is some integer to be determined, 
results in a coordinate system in which the struc-
ture of orbits in phase space can be captured. Then 
using a collection of time lags to create a vector in 
d dimensions,

y(n) = [s(n), s(n + τ), s(n + 2τ, …, s(n + (d-1)τ],      (1)

the required coordinates are provided. In a non-
linear system, the s(n + jt) are some unknown 
nonlinear combination of the actual physical vari-
ables that comprise the source of the measure-
ments. The dimension d is called the embedding 
dimension, dE. Example of the Lorenz attractor 
given by Abarbanel et al. [1,19] is a good choice 
to illustrate the efficiency of the method.

2.2 Choosing time lag

According to Mañé and Takens [20,21],  any 
time lag will be acceptable is not terribly use-
ful for extracting physics from data. If t is cho-
sen too small, then the coordinates s(n + jt) and 
s(n + (j + 1)t) are so close to each other in nu-
merical value that they cannot be distinguished 
from each other. Similarly, if t is too large, then 
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s(n + jt) and s(n + (j + 1)t) are completely inde-
pendent of each other in a statistical sense. Also, 
if t is too small or too large, then the correlation 
dimension of attractor can be under- or overesti-
mated respectively [7]. It is therefore necessary to 
choose some intermediate (and more appropriate) 
position between above cases. First approach is to 
compute the linear autocorrelation function
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and to look for that time lag where CL(d) first pass-
es through zero. This gives a good hint of choice 
for t at that s(n + jt) and s(n + (j + 1)t) are linearly 
independent. However, a linear independence 
of two variables does not mean that these vari-
ables are nonlinearly independent since a non-
linear relationship can differs from linear one. It 
is therefore preferably to utilize approach with a 
nonlinear concept of independence, e.g. the av-
erage mutual information. Briefly, the concept of 
mutual information can be described as follows 
[5,7,13]. Let there are two systems, A and B, with 
measurements ai and bk. The amount one learns 
in bits about a measurement of ai from measure-
ment of bk is given by arguments of information 
theory [5] 

                             
                                                                     (3)

where the probability of observing a out of the set 
of all A is PA(ai), and the probability of finding b 
in a measurement B is PB(bi), and the joint prob-
ability of the measurement of a and b is PAB(ai, bk). 
The mutual information I of two measurements ai 
and bk is symmetric and non-negative, and equals 
to zero if only the systems are independent. The 
average mutual information between any value ai 
from system A and bk from B is the average over 
all possible measurements of IAB(ai, bk),
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To place this definition to a context of observa-
tions from a certain physical system, let us think 
of the sets of measurements s(n) as the A and of 
the measurements a time lag t later, s(n + t), as 
B set. The average mutual information between 
observations at n and n + t is then

  
                
                                                                     (5)

Now we have to decide what property of I(t) 
we should select, in order to establish which 
among the various values of t we should use in 
making the data vectors y(n). In ref. [13] it has 
been suggested, as a prescription, that it is nec-
essary to choose that t where the first minimum 
of I(t) occurs. On the other hand, the autocorre-
lation coefficient failed to achieve zero, i.e. the 
autocorrelation function analysis not provides us 
with any value of t. Such an analysis can be cer-
tainly extended to values exceeding 1000, but it 
is known that an attractor cannot be adequately 
reconstructed for very large values of t. The mu-
tual information function usually [5] exhibits an 
initial rapid decay (up to a lag time of about 10) 
followed more slow decrease before attaining 
near-saturation at the first minimum. 

One could remind that the autocorrelation 
function and average mutual information can be  
considered as analogues of the linear redundancy 
and general redundancy, respectively, which was 
applied in the test for nonlinearity. If a time se-
ries under consideration have an n-dimensional 
Gaussian distribution, these statistics are theoreti-
cally equivalent as it is shown in Ref. [22]. The 
general redundancies detect all dependences in 
the time series, while the linear redundancies are 
sensitive only to linear structures. Further, a pos-
sible nonlinear nature of process resulting in the 
vibrations amplitude level variations can be con-
cluded. 
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tual information function usually [5] exhibits 
an initial rapid decay (up to a lag time of 
about 10) followed more slow decrease be-
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minimum.  
One could remind that the autocorrelation 
function and average mutual information can 
be  considered as analogues of the linear re-
dundancy and general redundancy, respec-
tively, which was applied in the test for 
nonlinearity. If a time series under considera-
tion have an n-dimensional Gaussian distribu-
tion, these statistics are theoretically equiva-
lent as it is shown in Ref. [22]. The general 
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analysis not provides us with any value of . 
Such an analysis can be certainly extended to 
values exceeding 1000, but it is known that 
an attractor cannot be adequately recon-
structed for very large values of . The mu-
tual information function usually [5] exhibits 
an initial rapid decay (up to a lag time of 
about 10) followed more slow decrease be-
fore attaining near-saturation at the first 
minimum.  
One could remind that the autocorrelation 
function and average mutual information can 
be  considered as analogues of the linear re-
dundancy and general redundancy, respec-
tively, which was applied in the test for 
nonlinearity. If a time series under considera-
tion have an n-dimensional Gaussian distribu-
tion, these statistics are theoretically equiva-
lent as it is shown in Ref. [22]. The general 
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essary to choose some intermediate (and 
more appropriate) position between above 
cases. First approach is to compute the linear 
autocorrelation function 
 












 N

m

N

m
L

sms
N

smssms
NC

1

2

1

])([1

])(][)([1

)(

,                                   
                                                                  (2) 

where                                               





N

m
ms

N
s

1
)(1

 
 
and to look for that time lag where CL() first 
passes through zero. This gives a good hint of 
choice for  at that s(n + j) and 
s(n + (j + 1)) are linearly independent. How-
ever, a linear independence of two variables 
does not mean that these variables are 
nonlinearly independent since a nonlinear re-
lationship can differs from linear one. It is 
therefore preferably to utilize approach with a 
nonlinear concept of independence, e.g. the 
average mutual information. Briefly, the con-
cept of mutual information can be described 
as follows [5,7,13]. Let there are two sys-
tems, A and B, with measurements ai and bk. 
The amount one learns in bits about a meas-
urement of ai from measurement of bk is 
given by arguments of information theory [5]  
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where the probability of observing a out of 
the set of all A is PA(ai), and the probability 
of finding b in a measurement B is PB(bi), and 
the joint probability of the measurement of a 
and b is PAB(ai, bk). The mutual information I 
of two measurements ai and bk is symmetric 
and non-negative, and equals to zero if only 
the systems are independent. The average 

mutual information between any value ai 
from system A and bk from B is the average 
over all possible measurements of IAB(ai, bk), 
  


ki ba

kiABkiABAB baIbaPI
,

),(),()(
                              

                                                                    (4) 
To place this definition to a context of obser-
vations from a certain physical system, let us 
think of the sets of measurements s(n) as the 
A and of the measurements a time lag  later, 
s(n + ), as B set. The average mutual infor-
mation between observations at n and n +  is 
then 
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Now we have to decide what property of I() 
we should select, in order to establish which 
among the various values of  we should use 
in making the data vectors y(n). In ref. [13] it 
has been suggested, as a prescription, that it 
is necessary to choose that  where the first 
minimum of I() occurs. On the other hand, 
the autocorrelation coefficient failed to 
achieve zero, i.e. the autocorrelation function 
analysis not provides us with any value of . 
Such an analysis can be certainly extended to 
values exceeding 1000, but it is known that 
an attractor cannot be adequately recon-
structed for very large values of . The mu-
tual information function usually [5] exhibits 
an initial rapid decay (up to a lag time of 
about 10) followed more slow decrease be-
fore attaining near-saturation at the first 
minimum.  
One could remind that the autocorrelation 
function and average mutual information can 
be  considered as analogues of the linear re-
dundancy and general redundancy, respec-
tively, which was applied in the test for 
nonlinearity. If a time series under considera-
tion have an n-dimensional Gaussian distribu-
tion, these statistics are theoretically equiva-
lent as it is shown in Ref. [22]. The general 
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2.3 Choosing embedding dimension. 
Correlation integral

The goal of the embedding dimension determi-
nation is to reconstruct a Euclidean space Rd large 
enough so that the set of points dA can be unfolded 
without ambiguity. In accordance with the embed-
ding theorem, the embedding dimension, dE, must 
be greater, or at least equal, than a dimension of 
attractor, dA, i.e. dE > dA. In other words, we can 
choose a fortiori large dimension dE, e.g. 10 or 
15, since the previous analysis provides us pros-
pects that the dynamics of our system is probably 
chaotic. However, two problems arise with work-
ing in dimensions larger than really required by 
the data and time-delay embedding [1,7,13,19]. 
First, many of computations for extracting inter-
esting properties from the data require searches 
and other operations in Rd whose computational 
cost rises exponentially with d. Second, but more 
significant from the physical point of view, in the 
presence of noise or other high dimensional con-
tamination of the observations, the extra dimen-
sions are not populated by dynamics, already cap-
tured by a smaller dimension, but entirely by the 
contaminating signal. In too large an embedding 
space one is unnecessarily spending time work-
ing around aspects of a bad representation of the 
observations which are solely filled with noise. It 
is therefore necessary to determine the dimension 
dA.

There are several standard approaches to re-
construct the attractor dimension (see, e.g., 
[1,7,23]), but let us consider in this study two 
methods only. The correlation integral analysis 
is one of the widely used techniques to investi-
gate the signatures of chaos in a time series. The 
analysis uses the correlation integral, C(r), to dis-
tinguish between chaotic and stochastic systems. 
To compute the correlation integral, the algorithm 
of Grassberger and Procaccia [23] is the most 
commonly used approach. According to this al-
gorithm, the correlation integral is 

                                                                 (6)

where H is the Heaviside step function with 
H(u) = 1 for u > 0 and H(u) = 0 for u £ 0, r is the 

radius of sphere centered on yi or yj, and N is the 
number of data measurements. If the time series 
is characterized by an attractor, then the integral 
C(r) is related to the radius r given by
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where d is correlation exponent that can be de-
termined as the slop of line in the coordinates 
log C(r) versus log r by a least-squares fit of a 
straight line over a certain range of r, called the 
scaling region. 

If the correlation exponent attains saturation 
with an increase in the embedding dimension, 
then the system is generally considered to ex-
hibit chaotic dynamics. The saturation value of 
the correlation exponent is defined as the corre-
lation dimension (d2) of the attractor. The near-
est integer above the saturation value provides 
the minimum or optimum embedding dimension 
for reconstructing the phase-space or the number 
of variables necessary to model the dynamics of 
the system. On the other hand, if the correlation 
exponent increases without bound with increase 
in the embedding dimension, the system under 
investigation is generally considered stochastic. 
There are certain important limitations in the use 
of the correlation integral analysis in the search 
for chaos. For instance, the selection of inap-
propriate values for the parameters involved in 
the method may result in an underestimation (or 
overestimation) of the attractor dimension [24]. 
Consequently, finite and low correlation dimen-
sions could be observed even for a stochastic 
process. To verify the results obtained by the cor-
relation integral analysis, we use surrogate data 
method.

The method of surrogate data [1,7,19] is an 
approach that makes use of the substitute data 
generated in accordance to the probabilistic struc-
ture underlying the original data. This means that 
the surrogate data possess some of the proper-
ties, such as the mean, the standard deviation, 
the cumulative distribution function, the power 
spectrum, etc., but are otherwise postulated as 
random, generated according to a specific null 
hypothesis. Here, the null hypothesis consists of a 

redundancies detect all dependences in the 
time series, while the linear redundancies are 
sensitive only to linear structures. Further, a 
possible nonlinear nature of process resulting 
in the vibrations amplitude level variations 
can be concluded.  
 
2.3 Choosing embedding dimension. 
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The goal of the embedding dimension deter-
mination is to reconstruct a Euclidean space 
Rd large enough so that the set of points dA 
can be unfolded without ambiguity. In accor-
dance with the embedding theorem, the em-
bedding dimension, dE, must be greater, or at 
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necessarily spending time working around 
aspects of a bad representation of the obser-
vations which are solely filled with noise. It 
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and Procaccia [23] is the most commonly 
used approach. According to this algorithm, 
the correlation integral is  
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where H is the Heaviside step function with 
H(u) = 1 for u > 0 and H(u) = 0 for u  0, r is 
the radius of sphere centered on yi or yj, and 
N is the number of data measurements. If the 
time series is characterized by an attractor, 
then the integral C(r) is related to the radius r 
given by 
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where d is correlation exponent that can be 
determined as the slop of line in the coordi-
nates log C(r) versus log r by a least-squares 
fit of a straight line over a certain range of r, 
called the scaling region.  
If the correlation exponent attains saturation 
with an increase in the embedding dimension, 
then the system is generally considered to ex-
hibit chaotic dynamics. The saturation value 
of the correlation exponent is defined as the 
correlation dimension (d2) of the attractor. 
The nearest integer above the saturation value 
provides the minimum or optimum embed-
ding dimension for reconstructing the phase-
space or the number of variables necessary to 
model the dynamics of the system. On the 
other hand, if the correlation exponent in-
creases without bound with increase in the 
embedding dimension, the system under in-
vestigation is generally considered stochastic. 
There are certain important limitations in the 
use of the correlation integral analysis in the 
search for chaos. For instance, the selection 
of inappropriate values for the parameters in-
volved in the method may result in an under-
estimation (or overestimation) of the attractor 
dimension [24]. Consequently, finite and low 
correlation dimensions could be observed 
even for a stochastic process. To verify the 
results obtained by the correlation integral 
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candidate linear process, and the goal is to reject 
the hypothesis that the original data have come 
from a linear stochastic process. One reasonable 
statistics suggested by Theiler et al. [24] is ob-
tained as follows. If we denote Qorig as the statistic 
computed for the original time series and Qsi for 
ith surrogate series generated under the null hy-
pothesis and let ms and ss denote, respectively, the 
mean and standard deviation of the distribution of 
Qs, then the measure of significance S is given by

                   
s

sorigQ
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σ
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=

|| .                            (8)

An S value of ~2 cannot be considered very 
significant, whereas an S value of ~10 is highly 
significant. To detect nonlinearity in the ampli-
tude level data, the one hundred realizations of 
surrogate data sets were generated according to 
a null hypothesis in accordance to the probabilis-
tic structure underlying the original data. Often, a 
significant difference in the estimates of the cor-
relation exponents, between the original and sur-
rogate data sets, can be observed. In the case of 
the original data, a saturation of the correlation 
exponent is observed after a certain embedding 
dimension value (i.e., 6), whereas the correla-
tion exponents computed for the surrogate data 
sets continue increasing with the increasing em-
bedding dimension. The high significance values 
of the statistic indicate that the null hypothesis 
(the data arise from a linear stochastic process) 
can be rejected and hence the original data might 
have come from a nonlinear process. It is worth 
consider another method for determining dE that 
comes from asking the basic question addressed 
in the embedding theorem: when has one elimi-
nated false crossing of the orbit with itself which 
arose by virtue of having projected the attractor 
into a too low dimensional space? By examining 
this question in dimension one, then dimension 
two, etc. until there are no incorrect or false neigh-
bours remaining, one should be able to establish, 
from geometrical consideration alone, a value for 
the necessary embedding dimension. Such an ap-
proach was originally described by Kennel et al. 
[6]. Advanced version is presented in Ref. [16] 

2.4 Lyapunov exponents 

The LE are the dynamical invariants of the 
nonlinear system. In a general case, the orbits of 
chaotic attractors are unpredictable, but there is 
the limited predictability of chaotic physical sys-
tem, which is defined by the global and local LE 
[7,25-29]. A negative exponent indicates a local 
average rate of contraction while a positive value 
indicates a local average rate of expansion. In the 
chaos theory, the spectrum of LE is considered 
a measure of the effect of perturbing the initial 
conditions of a dynamical system. Note that both 
positive and negative LE can coexist in a dissipa-
tive system, which is then chaotic. Since the LE 
are defined as asymptotic average rates, they are 
independent of the initial conditions, and there-
fore they do comprise an invariant measure of at-
tractor. In fact, if one manages to derive the whole 
spectrum of the LE, other invariants of the sys-
tem, i.e. Kolmogorov entropy and attractor’s di-
mension can be found. The Kolmogorov entropy, 
K, measures the average rate at which informa-
tion about the state is lost with time. An estimate 
of this measure is the sum of the positive LE. The 
inverse of the Kolmogorov entropy is equal to an 
average predictability. Estimate of dimension of 
the attractor is provided by the Kaplan and Yorke 
conjecture:
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the LE la are taken in descending order. There are 
a few approaches to computing the LE. One of 
them computes the whole spectrum and is based 
on the Jacobi matrix of system [27]. In the case 
where only observations are given and the system 
function is unknown, the matrix has to be estimat-
ed from the data. In this case, all the suggested 
methods approximate the matrix by fitting a local 
map to a sufficient number of nearby points. In 
our work we use the method with the linear fit-
ted map proposed by Sano and Sawada [27], al-
though the maps with higher order polynomials 
can be also used. To calculate the spectrum of the 
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LE from the amplitude level data, one could de-
termine the time delay t and embed the data in the 
four-dimensional space. In this point it is very im-
portant to determine the Kaplan-Yorke dimension 
and compare it with the correlation dimension, 
defined by the Grassberger-Procaccia algorithm.  
The estimations of the Kolmogorov entropy and 
average predictability can further show a limit, up 
to which the amplitude level data can be on aver-
age predicted. 

3. Chaotic elements in dynamics of quantum 
and laser systems: Some illustrations 

3.1. Non-linear analysis of chaotic 
oscillations in a grid of quantum generators

  
As the first illustration we present results of 

non-linear analysis of the chaotic oscillations in 
a grid o two autogenerators. Its regular and cha-
otic dynamics has been in details studied in many 
papers (see e.g. [2,14,31]. In Ref.[2] the time se-
ries for the characteristic vibration amplitude are 
presented in a case of two semiconductors lasers 
connected through general resonator. We use 
these data as input ones in the non-linear analy-
sis of chaotic oscillations.  Figure 1 presents the 
variations of the autocorrelation coefficient for 
the amplitude level. Autocorrelation function ex-
hibits some kind of exponential decay up to a lag 
time of about 100 time units (sec).  

  

Figure 1. (a) Autocorrelation function and (b) 
average mutual information

Such an exponential decay can be an indica-
tion of the presence of chaotic dynamics in the 
process of the level variations. The autocorrela-
tion coefficient failed to achieve 0, i.e.  autocor-
relation function analysis not provides  with any 
value of t. Such an analysis can be certainly ex-

tended to values exceeding 1000, but it is known 
that an attractor cannot be adequately reconstruct-
ed for very large values of t. Figure 2 shows the 
relationship between the correlation exponent 
values and the embedding dimension values for 
original data set and mean values of the surrogate 
data sets as well as for one surrogate realization. 
Saturation value of the correlation exponent, i.e. 
correlation dimension of attractor, for the ampli-
tude level series is about 3.5 and occurs at the 
embedding dimension value of 6. The low, non-
integer correlation dimension value indicates the 
existence of low-dimensional chaos in the vibra-
tions dynamics of the autogenerators. The dimen-
sion of the embedding phase-space is equal to the 
number of variables present in the evolution of 
the system dynamics. Our study indicate that to 
model the dynamics of process resulting in the 
amplitude level variations the minimum number 
of variables essential is equal to 4 and the number 
of variables sufficient is equal to 6.. To verify the 
results obtained by the correlation integral analy-
sis, we use surrogate data method. It is method 
that makes using substitute data generated in ac-
cordance to probabilistic structure underlying the 
original data.

      

Figure 2. Relationship between correlation ex-
ponent and embedding dimension for vibrations 
amplitude level data for original time series (line 
1), mean values of surrogate data sets (line 2), 
and one surrogate realization (line 3). Error bars 
indicate minimal values of correlation exponent 

among all realizations of surrogate data.
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The surrogate data possess some of the prop-
erties, such as the mean, the standard deviation, 
the cumulative distribution function, the power 
spectrum, etc., but are otherwise postulated as 
random, generated according to a specific null 
hypothesis. The significance values (S) of cor-
relation exponent are computed for each embed-
ding dimension. The high significance values of 
the statistic indicate that the null hypothesis (the 
data arise from a linear stochastic process) can be 
rejected and hence the original data might have 
come from a nonlinear process. Figure 3 displays 
the percentage of false nearest neighbours that 
was determined for the amplitude level series, for 
phase-spaces reconstructed with embedding D 
from 1 to 20. 
  

a b

Figure 3. (a) Relationship between significance 
values of correlation dimension and embed-
ding dimension; (b) Embedding dimension 
estimation by false nearest neighbour method 
for amplitude level data for original t series 
(line 1), mean values of surrogate data sets (2), 
one surrogate realization (3). Error bars show 
min % of false nearest neighbour among all re-

alizations of surrogate data.

The percentage drops to almost zero at 4 or 5. 
This indicates that a 4- or 5-D phase-space is nec-
essary to represent the dynamics (or unfold the 
attractor) of the amplitude level series. The mean 
percentage of false nearest neighbours computed 
for the surrogate data sets decreases steadily but 
at 20 is about 35%. Such a result seems to be in 
close agreement with that was obtained from the 
correlation integral analysis, providing further 
support to the observation made.

3.2. Non-linear analysis of chaotic self-oscil-
lations in a laser system with absorbing cell

Here we consider a chaotic dynamics of a 
single-mode laser with the nonlinear absorption 
cell. This system can be used for the experimen-
tal observation of dynamic chaos. We consider a 
theoretical model of a single-mode laser resona-
tor in which the reinforcement is placed along 
with a nonlinear absorbing medium. Each of the 
environments consists of identical two-level at-
oms. The gain and absorption lines are uniformly 
broadened and their centers align and coincide 
with one of the frequencies of the cavity. Such a 
model can describe the real system of five differ-
ential equations [31]:     

                                                                 (10)

Here, the index 1 refers to intensify, and the 
index of 2 - to an absorbing medium; e, p1, p2, m1, 
m2 are the dimensionless variables, e is an ampli-
tude of the laser of the field, pk is a polarization 
in the environment, mk is the difference between 
the populations of the working levels;  pk and dk 
are, respectively, the longitudinal and transverse 
relaxation rate, related to the half-width of the 
resonator dwp/2, k=1,2; m0k is the difference be-
tween the populations of the working levels in 
the absence of generation (m01<0,  m02 >0), b -the 
ratio of the coefficients of saturation of the ab-
sorbing and amplifying media; t=tdwp/2 is the di-
mensionless time. Attractor of the system can be 
as invariant with respect to this change (let’s call 
this attractor “symmetrical”) and non-invariant 
(“asymmetric”). In the latter case certainly, there 
are two attractor into each other after this change. 
In fig. 4 we present the results of the numerical 
simulation for the system (10) [31]. 

their centers align and coincide with one of 
the frequencies of the cavity. Such a model 
can describe the real system of five differen-
tial equations [31]:      
 

 
 
 

 
 

                                                                 (10) 
Here, the index 1 refers to intensify, and the 
index of 2 - to an absorbing medium; e, p1, 
p2, m1, m2 are the dimensionless variables, e 
is an amplitude of the laser of the field, pk is a 
polarization in the environment, mk is the dif-
ference between the populations of the work-
ing levels;  pk and k are, respectively, the 
longitudinal and transverse relaxation rate, 
related to the half-width of the resonator 
p/2, k=1,2; m0k is the difference between 
the populations of the working levels in the 
absence of generation (m01<0,  m02 >0),  -the 
ratio of the coefficients of saturation of the 
absorbing and amplifying media; =tp/2 is 
the dimensionless time. Attractor of the sys-
tem can be as invariant with respect to this 
change (let's call this attractor "symmetrical") 
and non-invariant ("asymmetric"). In the lat-
ter case certainly, there are two attractor into 
each other after this change. In fig. 4 we pre-
sent the results of the numerical simulation 
for the system (10) [31].  
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Figure 4. Projections of the phase trajectories 
for different values of the parameter : a - 
1.7000, b - 1.8200, c - 1.8350, d - 1.8385, e - 
1.8500, f - 1.8800, g - 1.9000, h – 1.9500 

Strange attractors occur as a result of the se-
quence of bifurcations of solutions of (10), 
the first of which is the Hopf bifurcation of 
stationary solutions with zero intensity of the 
laser field. This bifurcation occurs when = 
2 [1+2(1+1 +2  )/ 1 (1+1)], if <m02. 
Our analysis shows that the Hopf bifurcation 
occurs at moderate values , if the relative 
width of the absorption line 2 is quite small, 
and the relative width of the gain line  1  is 
quite large.  The numerical calculation shows 
that in order to get the chaotic lasing it is ne-
cessary the following: to saturate the absorber 
should be saturated stronger than the amplifi-
er (>1). At low  the limit cycles generated 
from the stationary solutions with the zeroth 
intensity is stable up to very large values of 
. In table 1 we present the computed values 
of the LE 16 in the descending order and 
the Kolmogorov entropy (K). Another impor-
tant illustration is non-linear analysis of the 
chaotic self-ocsillations in the backward 
wave tube (device for generating electromag-
netic vibrations of the HF range.) 

Table 1. Numerical parameters of the chaotic 
regimes in a 1-mode laser with absorbing 
cell: 16 are the Lyapunov exponents in 
descending order, K – Kolmogorov entropy 
(our data) 
 

Regime 1 2 3 
Weak 
chaos 

0.175 -0.0001 0.0003 

Strong 
chaos 

0.542 0.203 -0.0001 

Regime 4 5 6 
Weak 
chaos 

0.244   

Strong 
chaos 

0.0004 0.067 0.188 

 
In Refs.[2] there have been presented the 
temporal dependences of the output signal 
amplitude, phase portraits, statistical quanti-
fiers for a weak chaos arising via period-
doubling cascade of self-modulation and for 
developed chaos at large values of the dimen-
sionless length parameter.  
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Figure 4. Projections of the phase trajecto-
ries for different values   of the parameter h: a 
- 1.7000, b - 1.8200, c - 1.8350, d - 1.8385, e - 
1.8500, f - 1.8800, g - 1.9000, h – 1.9500

Strange attractors occur as a result of the se-
quence of bifurcations of solutions of (10), 
the first of which is the Hopf bifurcation of 
stationary solutions with zero intensity of 
the laser field. This bifurcation occurs when 

, if 
h<m02. Our analysis shows that the Hopf bifur-
cation occurs at moderate values h  , if the rela-
tive width of the absorption line d2 is quite small, 
and the relative width of the gain line  d1  is quite 
large.  The numerical calculation shows that in 
order to get the chaotic lasing it is necessary the 
following: to saturate the absorber should be sat-
urated stronger than the amplifier (b>1). At low 
b the limit cycles generated from the stationary 
solutions with the zeroth intensity is stable up to 
very large values   of h. In table 1 we present the 
computed values of the LE l1-l6 in the descending 
order and the Kolmogorov entropy (K). Another 
important illustration is non-linear analysis of the 
chaotic self-ocsillations in the backward wave 
tube (device for generating electromagnetic vi-
brations of the HF range.)

In Refs.[2] there have been presented the tem-
poral dependences of the output signal amplitude, 
phase portraits, statistical quantifiers for a weak 
chaos arising via period-doubling cascade of self-
modulation and for developed chaos at large val-
ues of the dimensionless length parameter. 

Table 1 
Numerical parameters of the chaotic regimes 
in a 1-mode laser with absorbing cell: l1-l6 are 
the Lyapunov exponents in descending order, 
K – Kolmogorov entropy (our data)

Regime l1 l2 l3

Weak 
chaos

0.175 -0.0001 -0.0003

Strong 
chaos

0.542 0.203 -0.0001

Regime l4 l5 l6

Weak 
chaos

-0.244 - -

Strong 
chaos

-0.0004 -0.067 -0.188

4. Conclusions

Here we present the results of computing non-
linear chaotic dynamics of some  quantum and 
laser systems with using advanced techniques 
[8-17,30]. The correlation dimension method 
provided a low fractal-dimensional attractor thus 
suggesting a possibility of the existence of cha-
otic behaviour. The method of surrogate data, for 
detecting nonlinearity, provided significant dif-
ferences in the correlation exponents between the 
original data series and the surrogate data sets. 
This finding indicates that the null hypothesis 
(linear stochastic process) can be rejected. It has 
been shown that the systems exhibit a nonlinear 
behaviour with elements of a low-dimensional 
chaos. The LE analysis does support this conclu-
sion. 

In conclusion the author would like to thank  
Prof. A. Glushkov for very helpful discussions 
and advices. 
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UDC 541.13
G. P. Prepelitsa

NONLINEAR DYNAMICS OF QUANTUM AND LASER SYSTEMS WITH ELEMENTS OF 
A CHAOS

Abstract   Nonlinear chaotic dynamics of the quantum and laser systems is studied with using ad-
vanced techniques such as a wavelet analysis, multi-fractal formalism, mutual information approach, 
correlation integral analysis, false nearest neighbour algorithm, the Lyapunov exponent’s analysis, 
and surrogate data method.  The detailed  analysis of the oscillations in a grid of two autogenerators 
and single-mode laser with the nonlinear absorption cell shows that the systems exhibit a nonlinear 
behaviour with elements of a low-dimensional chaos.

Key words: Quantum and laser systems -chaos -non-linear analysis

УДК 541.13
Г. П. Препелица

НЕЛИНЕЙНАЯ ДИНАМИКА КВАНТОВЫХ И ЛАЗЕРНЫХ СИСТЕМ С ЭЛЕМЕНТАМИ ХАОСA

Резюме
Изучается нелинейные хаотическая динамика квантовых и лазерных систем с использова-

нием техники нелинейного анализа, включающей  вейвлет-анализ, мульти-фрактальный фор-
мализм, метод взаимной информации, метод корреляционного интеграла, алгоритм ложных 
ближайших соседей, метод показателей Ляпунова, метод суррогатных данных и др. Детальный 
анализ осцилляций в системе двух автогенераторов и одномодового лазера с нелинейной по-
глощающей ячейкой показывает, что в динамике указанных систем имеет место нелинейное 
поведение с элементами низко-размерного хаоса. 

Ключевые слова: Квантовые и лазерные систем, хаос, нелинейный анализ
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Г. П. Препелица

НЕЛІНІЙНА ДИНАМІКА КВАНТОВИХ І ЛАЗЕРНИХ СИСТЕМ З ЕЛЕМЕНТАМИ ХАОСA

Резюме
Вивчається нелінійні хаотична динаміка квантових і лазерних систем з використанням техні-

ки нелінійного аналізу, що включає вейвлет-аналіз, мульті-фрактальний формалізм, метод вза-
ємної інформації, метод кореляційного інтеграла, алгоритм помилкових найближчих сусідів, 
метод показників Ляпунова, метод сурогатних даних і ін. Докладний аналіз осциляцій в системі 
двох автогенераторів і одномодового лазеру з нелінійною поглинаючою коміркою показує, що 
в динамиці вказаних систем має  місце нелінійна поведінка з елементами низько-розмірного 
хаосу.

Ключові слова: Квантові та лазерні систем, хаос, нелінійний аналіз
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EFFECT OF DEEP CENTERS ON THE TIME-RESOLVED SURFACE 
CURRENT INDUCED BY AMMONIA MOLECULES ADSORPTION IN  
GaAs P-N JUNCTIONS 

1I. I. Mechnikov National University of Odessa, Dvoryanska St., 2, Odessa, 65026, Ukraine
2Odessa National Maritime Academy, Odessa, Didrikhsona St., 8, Odessa, 65029, Ukraine

The time-dependence of the surface current in GaAs p-n structures after placing in 
concentrated wet ammonia vapors was studied. It is sown that the slope of measured current-
time curves is non-monotonous. This effect is explained with taking into account presence of 
deep surface levels, which are filled, when the quasi-Fermi level is moving to the conduction 
band. An analysis of time-resolved measurements of surface current in GaAs p-n structures 
in wet ammonia vapors enabled to estimate depths of  some surface levels. The depths of 
the main revealed surface levels are 0,206 eV, 0,185 eV, and  0,176 eV from c-band. In the 
interval of depths 0,176 eV – 0,185 eV surface levels are continuously distributed with 
practically constant density.

1. INTRODUCTION

P-n junctions as gas-sensitive devices [1, 2] have 
some advantages in comparison with structures, based 
on oxide polycrystalline films [3, 4] and Shottky di-
odes [5, 6]. P-n junctions have high potential barriers 
for current carriers, which results in low background 
currents. Sensors on p-n junctions [1, 2] have crystal 
structure, high sensitivity at room temperature. The 
lowest size of these sensors in a classical variant is 
limited by the space-charge layer thickness and is of 
the order of 100 nm.

The mostly interesting for gas sensors on p-n junc-
tion are Si and GaAs. The gas sensitivity of GaAs p-n 
junctions is remarkably higher than that of Si sensors, 
due to higher electron mobility [1, 2, 7, 8]. 

GaAs p-n junctions as ammonia vapors sen-
sors have a non-monotonous dependence of the 
sensitivity to the NH3 partial pressure due to deep 
surface centers. This dependence was used for an 
estimation of corresponding levels depth [9].

The aim of this work is to study the influence 
of deep surface centers on the time-dependence 
of the surface current in GaAs p-n structures in 
ammonia vapors. 

2. EXPERIMENT

The measurements were carried out on GaAs 
p-n structures, described in the previous paper 
[9]. The junctions were treated by durable expo-
sure in wet ammonia vapors under an NH3 partial 
pressure of 12 kPa.  I-V characteristics of the for-
ward and reverse currents were measured in air 
with various concentrations of ammonia vapors. 
The time-dependence of the surface current and 
the open-circuit voltage was analyzed in ammo-
nia vapors. 

Fig.1 represents the time-dependence of the 
direct current in a p-n structure at V=0,3 Volts af-
ter placing in wet ammonia vapors with an NH3 
partial pressure of 12 kPa.

It is seen that the slope of I(t) curve non-mo-
notonously changes with the time. The character-
istic changes in the slope occur practically at the 
same currents in different samples.

The current-dependence of I(t) derivative, ob-
tained from the curve in fig. 1, is presented in fig. 
2. Curve dI/dt(I) has distinct minimums at cur-
rent values of 1,086 μA, 2,386 μA, and 3,353 μA. 
The values for different samples differ mostly by 
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5%. The presence of these minimums can be ex-
plained by filling of deep surface centers in p-re-
gion due to electrical field of adsorbed ammonia 
molecules, which are donors in GaAs.

Fig. 1. Current-dependence of  dI/dt, obtained 
from the curve I(t) in fig. 1.

Fig 2. Schematic of a p-n structure, placed 
in a donor gas: 1 – oxide layer; 2 – іоns; 3 – 
depletion layer; 4 – conducting channel; 5 – 
surface (fast) centers; 6 – states on the oxide 
surface (slow centers).

3. DISCUSSION  

The experimental results can be explained 
with the model, depicted in fig. 2.  Ionized am-
monia molecules  2 are located on the natural ox-
ide surface. Their electric field bend the depletion 
layer 3 and forms a n- conducting channel 4. Af-
ter adsorption and ionization of donor molecules 
the slow centers are filling and after that electrons 
are captured by fast centers. And only after fill-
ing of surface centers the surface depletion layer 
is widened and the n-channel is forming. During 
this process the Fermi quasi-level for electrons 
is moving to the conduction band. In a quasi-sta-
tionary approach the electrons surface concentra-
tion  is defined as 

          [ ]exp ( ) /( )S c c nn N E F kT= − − ,          (1)

where cN is the effective states density in C-
band; 

c nE F−  is the quasi-Fermi level  depth; kT  
is the Boltzmann factor. And the number of elec-
trons, captured on the surface centers can be cal-
culated as

         [ ]{ } 1
exp ( ) /( ) 1S S S nN N E F kT

−− = − + , (2)

where Ns is the density of surface traps; Es is 
the corresponding energy level. From (1) and   (2) 
follows that a minimum of / Sdn dN − corresponds to 
the equality

SF En = .                              (3)

If , in a limited time, /SdN dt const− ≈ , equality 
(3) corresponds to minimum /sdn dt  , that cor-
responds to a minimum /dI dt . Therefore the 
minimums of curve  dI/dt(I) in fig. 2 correspond 
to crossing  the related deep surface levels by the 
quasi-Fermi level.  The minimums of curve  dI/
dt(I) at current values of 1,086 μA, 2,386 μA, 
and 3,353 μA yield estimations of surface  levels 
depths  0,206 eV, 0,185 eV and  0,176 eV, respec-
tively.

In the current interval 2,3 – 3,3 μA, that cor-
responds to 

 0,206 eV 0,176 eVc nE F> − > ,          (4)

 

Fig. 2. Current-dependence of  dI/dt, 
obtained from the curve I(t) in fig. 1. 
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curve I(t) has a linear section, that corresponds to 
constant surface states density in the depths in-
terval

0,206 eV 0,176 eVc SE E> − > .       (5)

The obtained surface  levels depths  are in 
agreement with results of previous work [9], 
where the corresponding estimations were made 
by an analysis of the dependence of gas sensitiv-
ity of GaAs p-n junctions on the ammonia partial 
pressure.

The surface level with a depth of 0,18 eV was 
observed with the method of deep levels transient 
spectroscopy   in the GaAs natural oxide layer 
[10]. This level is one of the main deep levels in 
the natural oxide layer on GaAs crystals and its 
concentration increases at a treatment in oxygen 
plasma [10]. The electrons capture by this level 
reduces the gas sensitivity of GsAs p-n junctions 
[9].

4. CONCLUSIONS 

The time-dependence of the surface current in 
GaAs p-n structures after placing in concentrat-
ed wet ammonia vapors has a non-monotonous 
slope. This effect is explained with taking into ac-
count presence of deep surface levels, which are 
filled, when the quasi-Fermi level is moving to 
the conduction band. 

Time-resolved measurements of surface cur-
rent in GaAs p-n structures in wet ammonia va-
pors enable to estimate depths of  some surface 
levels. These estimates are in a good agreement 
with the results of previous works, obtained with 
different methods.

The surface level in p-GaAs of a depth of 0,18 
eV, which is responsible for the non-monotonous 
slope of I(t) dependence, corresponds to a point 
defect in the natural oxide, that  includes an oxy-
gen atom. 
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EFFECT OF DEEP CENTERS ON THE TIME-RESOLVED SURFACE CURRENT 
INDUCED BY AMMONIA MOLECULES ADSORPTION IN GaAs P-N JUNCTIONS 

Summary
The time-dependence of the surface current in GaAs p-n structures after placing in concentrated 

wet ammonia vapors was studied. It is sown that the slope of measured current-time curves is non-
monotonous. This effect is explained with taking into account presence of deep surface levels, which 
are filled, when the quasi-Fermi level is moving to the conduction band. An analysis of time-resolved 
measurements of surface current in GaAs p-n structures in wet ammonia vapors enabled to estimate 
depths of  some surface levels. The depths of the main revealed surface levels are 0,206 eV, 0,185 eV, 
and  0,176 eV from c-band. In the interval of depths 0,176 eV – 0,185 eV surface levels are continu-
ously distributed with practically constant density.

Key words: surface current, p – n structure, deep centers.

О. О. Птащенко, Ф. О. Птащенк , В. Р. Гільмутдінова

ВПЛИВ ГЛИБОКИХ ЦЕНТРІВ НА КІНЕТИКУ ПОВЕРХНЕВОГО СТРУМУ, ІНДУКОВАНОГО 
АДСОРБЦІЄЮ МОЛЕКУЛ АМІАКУ В P-N ПЕРЕХОДАХ НА ОСНОВІ GaAs 

Резюме
Досліджено кінетику поверхневого струму в p-n структурах на основі GaAs  після їх помі-

щення у концентровані вологі пари аміаку. Показано, що нахил виміряних часових залежнос-
тей струму є немонотонний. Дане явище пояснено за врахуванням наявності глибоких поверх-
невих рівнів, які заповнюються, коли квазі-рівень Фермі рухається в сторону зони провідності. 
Аналіз кінетики поверхневого струму в p-n структурах на основі GaAs  у вологих парах аміа-
ку дав можливість оцінити глибини деяких поверхневих рівнів. Глибини основних виявлених 
поверхневих рівнів складають   0,206 eВ, 0,185 eВ і  0,176 еВ від с-зони. В інтервалі глибин 
0,185 eВ – 0,176 еВ виявлено додаткові поверхневі рівні, розподілені неперервно з практично 
постійною щільністю.

Ключові слова: глибокі цунтри, p –n  переходи, поверхневы центри.
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А. А. Птащенко, Ф. А. Птащенко, В. Р. Гильмутдинова

ВЛИЯНИЕ ГЛУБОКИХ ЦЕНТРОВ НА КИНЕТИКУ ПОВЕРХНОСТНОГО ТОКА, 
ИНДУЦИРОВАННОГО АДСОРБЦИЕЙ МОЛЕКУЛ АММИАКА В P-N ПЕРЕХОДАХ НА ОСНОВЕ 
GaAs 

Резюме
Исследована кинетика поверхностного тока в p-n структурах на основе GaAs после их поме-

щения  в концентрированные влажные пары аммиака. Показано, что наклон измеренных вре-
менных зависимостей тока  немонотонный. Данное явление объяснено с учетом наличия глу-
боких поверхностных уровней, которые заполняются, когда квази-уровень Ферми движется в 
сторону зоны проводимости. Анализ кинетики поверхностного тока в p-n структурах на основе 
GaAs  во влажных парах аммиака позволил оценить глубины некоторых поверхностных уров-
ней. Глубины основных обнаруженных поверхностных уровней составдяют 0,206 эВ, 0,185 эВ 
и  0,176 эВ от с-зоны. В интервале глубин 0,185 эВ – 0,176 эВ обнаружены дополнительные 
поверхностные уровни, распределенные непрерывно с практически постоянной плотностью.

Ключевые слова  глубокие центры, p – n –гетеропереход, поверхностные центры.
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QUANTUM CHEMICAL STUDYING THE TRIMETHINE CYANINE  DYE 
STRUCTURE AND RELAXATION DYNAMICS

Quantum-chemical studying polymethine dyes molecular structure and  investigation of 
the relaxation processes of excitation have been carried out.  Particularly, in the highly excited 
triplet state the dissociative surface exists, which corresponds to σ → σ*-excitation of the 
molecule; relaxation of excitations in the framework of this surface leads to dissociation of 
the molecule by lengthening the C-C bond of the molecule at the central carbon atom

1.  Introduction

Studying polymethine dyes is of a great im-
portance as from fundamental pointview as ap-
plied one. Really, they have wide opportunities 
for application (in dye lasers, in the processes of 
sensitization of the sensitivity of the silver ha-
lide materials, in biology and medicine as com-
plexing agents and fluorescent labels for dyeing 
etc) due to their unique properties, among which 
stands out the photo sustainability, intensive fluo-
rescence and absorption in the visible or infrared 
range of the spectrum, depending on the structure 
of the dye [1-3]. Moreover, it is of a great actual-
ity development of the new types of polymethine 
dyes for the needs of the photophysical, chemical 
and photobiological application.

It is known [4-6], that the molecules of all 
dyes, without exception, excited by the light of 
the sufficiently high energy quanta, exhibit insta-
bility, as a result tissue lose their color and satura-
tion under the influence of solar irradiation. This 
work is devoted to quantum-chemical studying 
polymethine dyes and further investigation of the 
relaxation processes of excitation in the polyme-
thine dyes.  

2.  Object of study and research methodology

In this work it is investigated one of the repre-
sentatives of polymethine dyes − dioksazoltrime-
tintsianin cation (I):

(І)

In the electrically neutral state, this molecule 
has one unpaired electron which makes it un-
stable. At the same time, the cationic form of the 
molecule exhibits stability in solution. As the an-

ion −
4ClO  is often used. Since the molecule is dis-

sociated in solution, we will not consider it in the 
calculations.

The quantum-chemical calculation methods 
were used for investigation, in particular AM1 
method [7], which has established itself in the 
study of molecular relaxation of highly excited 
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representatives of polymethine dyes − 
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In the electrically neutral state, this 
molecule has one unpaired electron which 
makes it unstable. At the same time, the 
cationic form of the molecule exhibits 
stability in solution. As the anion 

4ClO  is 
often used. Since the molecule is dissociated 
in solution, we will not consider it in the 
calculations. 

The quantum-chemical calculation 
methods were used for investigation, in 
particular AM1 method [7], which has 
established itself in the study of molecular 
relaxation of highly excited states [4-6,8,9]. 
Since the polymethine dyes established itself 
resistant to light, we can conclude that the 
dissociative highly excited states are at 
sufficiently high energies. In that case, you 
need to sort several dozen of highly excited 
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states [4-6,8,9]. Since the polymethine dyes es-
tablished itself resistant to light, we can conclude 
that the dissociative highly excited states are at 
sufficiently high energies. In that case, you need 
to sort several dozen of highly excited states, 
which is not always possible to make with a 
semi-empirical calculation methods. Therefore in 
the work as far as possible the simplest structure 
of the molecule was chosen to reach the selected 
target.

The molecule (I) has a symmetrical structure in 
the ground state, which is described by symmetry 

group υ2C . Its dissociation is possible only with 
lowering of symmetry. Therefore, we have inves-
tigated the dissociation of molecules by lengthen-
ing of the bond between the central carbon atom 
and the neighbouring carbon atom.

3.  Results of the study

It is known [4-6] that each molecule has the 
dissociative energy surface responsible for disso-
ciation of certain chemical bonds in the molecule. 
Usually the triplet state has a dissociative nature. 
With increasing of the bond length, which should 
dissociate, dissociative state becomes the lowest 
state of the molecule, as a result multiplicity of 
the molecule is changed from singlet to triplet. 
This principle underlies the search dissociative 
state in polymethine dye (I). 

Indeed, with stretching of the bond C-C of 1Ǻ 
(chemical bond between central carbon atom and 
its neighbor) it appeared that the triplet state has 
became the ground state of the molecule. So the 
molecular orbitals (MO) which are responsible 
for the creation of the dissociative state were 
found. When the length of the bond C-C is equal 
to 2,167Ǻ these MO have a view:

As can be seen from these images, MO № 31 
has a bonding character in relation to dissociating 
bond and MO № 33 − antibonding. 

If we divide the molecule into two parts, we 
will see the kind of σ-MO, the interaction between 
them will lead to creating of the σ-MO which has 
been shown above :
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Further, by reducing the length of the C-C-
bond it can be found moving both  σ-MO of oth-
er orbitals. It was found that at the equilibrium 
length of the C-C-bond (1,387 Ǻ) σ-MO № 31 
became the 29-th, and σ*-MO − № 41. Due to the 
interaction with other σ-MO their shape is essen-
tially transformed:

First of these remains was localized at disso-
ciating bonds, and the second was significantly 
modified.

If we define numbers of the selected MO for 
all distances, it will be easy to calculate the en-
ergy of the electronic system of the molecule in 
the ground and σ → σ *-excited state. 

As for the equilibrium configuration the high-
est occupied molecular orbitals (HOMO) and 
lowest unoccupied (LUMO) molecular orbitals 
are π-MO and π *-MO, Figure 1 shows the po-
sition of configuration curves of the singlet and 
triplet excited states formed by π-MO.
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Figure 1.  The dependence of the energy of the 
ground and excited states of molecules (I) of 

the length of the dissociating bond.

As can be seen from Figure 1, T(σσ*) is really 
a dissociative state. A new phenomenon is that 
with stretching of C-C-bond to 2,16Ǻ the phase 
transition is observed in the electronic system of 
the molecule (I). As a result, the transition energy 
of the singlet state significantly increased, while 
the energy of the triplet state is almost unchanged. 
However, in the latter case, the nature of the trip-
let state has changed significantly.

Consider the sequence of occupied MOs after 
the phase transition. Antibonding σ *-MO took 
place of № 33, and π-HOMO was transformed 
and took place № 34. Now this MO was localized 
on the smaller fragment of the molecule:
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Since the molecule is in the triplet state now, 
one electron is localized on σ *-MO, and the sec-
ond − on π-MO №34. Consequently, we have the 
basic triplet πσ *-state (electronic configuration 
(π)1(σ*)1).

The calculation program does not allow to at-
tribute the quantum transitions to certain MO, if 
the ground state is the triplet one. However, some 
conclusions can be made. First of all, we can 
discuss what’s happening with the dissociative 
T (σσ*)-state. It is easy to see that the quantum 
transition from the σ-MO № 29 to the partially 
occupied π-MO № 34 will lead to the creation of 
the desired T (σσ*)-state. Therefore, T (σσ*)-state 
remains excited state. However, since the ground 
state is the triplet one, too, the lifetime of this 
state has declined significantly. This fact does not 
deny the possibility of the process of dissociation 
of the molecule (I) to the end. Firstly, in the case 
of the small heat release immediately after cre-
ating T (σσ*)-state at the equilibrium geometry 
of the molecule it will be broken into fragments 
without changing of the energy. Secondly, if there 
are processes of heat release, which take away en-
ergy from dissociative T (σσ *)-state by discrete 
portions, the replacement of T(σσ*)-excitation at 
the singlet ground state to the singlet S1-state at 
the triplet ground state of the molecule (Fig.1) 
will be possible, which was not only metastable 
but dissociative one.

It is easy to detect the nature of S0- and S1-
states in the triplet state by considering the elec-
tron transfer inside of the pair σ *-MO № 33 and 
π-MO № 34 with forming a singlet state. In this 
case, the electron transfer to the π-MO gives the 
electron configuration (π)2(σ*)0, which corre-
sponds to the S0-state. Since π-MO in this case 
has non-binding nature, increasing the length of 

the C-C-bond should not significantly affect the 
magnitude of energy of the electron system in the 
molecule.

If the electron transfer occurs to σ *-MO, it 
is formed S1-state. The corresponding electronic 
configuration (σ)2 (π)0(σ*)2 resembles the elec-
tronic configuration of T (σσ*)-state by the same 
number of electrons on the σ-MO and σ*-MO. 
It is clear that this situation will be dissociative, 
that is consistent with the curve S1 after the phase 
transition in Figure 1.

To find out in what state the molecule frag-
ments are formed after the dissociation, in the 
work carried out calculations of the electronic 
system energies of both fragments depending on 
the number of electrons on them. The calculation 
results are shown in Table 1.

Table 1 
The energy of the electronic system (kcal/

mol) of fragments depending on the charge 
state and multiplicity.

№

Smaller frag-
ment: charge, 
multiplicity 
and energy of 
the electronic  
system

Large frag-
ment: charge, 
multiplicity 
and the 
energy of the 
elect-ronic 
system

The total 
energy 
of the 

electron 
system,

E

1
charge 0, 
doublet,

Е = -968.258

charge +1, 
doublet,

Е = -1054.957

E=-
2023.215, 

triplet

2
charge +1, 

triplet
Е = -805.487

charge 0, 
singlet

Е = -1187,743

E=-
1993.23
triplet

3
charge 0. 

triplet
Е = -1193.616

E=-
1999.103 

singlet

4
charge +1, 

singlet
Е = -803.885

charge 0, 
singlet

Е = -1187.743

E=-
1991.628 

singlet

5
charge 0, 

triplet
Е = -1193.616

E=-
1997.501 

triplet

 
 
 
 
 
 
MO was localized on the smaller fragment of 
the molecule: 
 

 
 

π-МО  №34 
 
Since the molecule is in the triplet state 

now, one electron is localized on σ *-MO, 
and the second − on π-MO №34. 
Consequently, we have the basic triplet πσ *-
state (electronic configuration (π)1(σ*)1). 

The calculation program does not allow 
to attribute the quantum transitions to certain 
MO, if the ground state is the triplet one. 
However, some conclusions can be made. 
First of all, we can discuss what's happening 
with the dissociative T (σσ*)-state. It is easy 
to see that the quantum transition from the σ-
MO № 29 to the partially occupied π-MO № 
34 will lead to the creation of the desired T 
(σσ*)-state. Therefore, T (σσ*)-state remains 
excited state. However, since the ground 
state is the triplet one, too, the lifetime of this 
state has declined significantly. This fact 
does not deny the possibility of the process 
of dissociation of the molecule (I) to the end. 
Firstly, in the case of the small heat release 
immediately after creating T (σσ*)-state at 
the equilibrium geometry of the molecule it 
will be broken into fragments without 
changing of the energy. Secondly, if there are 
processes of heat release, which take away 
energy from dissociative T (σσ *)-state by 
discrete portions, the replacement of T(σσ*)-
excitation at the singlet ground state to the 
singlet S1-state at the triplet ground state of 
the molecule (Fig.1) will be possible, which 
was not only metastable but dissociative one. 

It is easy to detect the nature of S0- and 
S1-states in the triplet state by considering the 
electron transfer inside of the pair σ *-MO № 
33 and π-MO № 34 with forming a singlet 
state. In this case, the electron transfer to the 
π-MO gives the electron configuration 

(π)2(σ*)0, which corresponds to the S0-state. 
Since π-MO in this case has non-binding 
nature, increasing the length of the C-C-bond 
should not significantly affect the magnitude 
of energy of the electron system in the 
molecule. 

If the electron transfer occurs to σ *-
MO, it is formed S1-state. The corresponding 
electronic configuration (σ)2 (π)0(σ*)2 
resembles the electronic configuration of T 
(σσ*)-state by the same number of electrons 
on the σ-MO and σ*-MO. It is clear that this 
situation will be dissociative, that is 
consistent with the curve S1 after the phase 
transition in Figure 1. 

To find out in what state the molecule 
fragments are formed after the dissociation, 
in the work carried out calculations of the 
electronic system energies of both fragments 
depending on the number of electrons on 
them. The calculation results are shown in 
Table 1. 

 
Table 1 - The energy of the electronic system 

(kcal/mol) of fragments depending on the 
charge state and multiplicity. 

№ 
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The total 
energy of the 

electron 
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charge 0, 
doublet, 

Е = -968.258 

charge +1, 
doublet, 

Е = -1054.957 

  
E=-2023.215, 

triplet 

2 charge +1, 
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charge 0. 
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4 charge +1, 
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charge 0, 

triplet 
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It follows from Table.1 that 
energetically expedient reaction should be 
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It follows from Table.1 that energetically expe-
dient reaction should be reaction of formation of 
two radicals from the ground triplet state. Here-
with the greater fragment of the molecule (I) must 
be charged. If the fragments are formed from the 
singlet state, then the charge will be localized on 
smaller fragment, and both fragments must be in 
the triplet state. 

Surely, in order to verify the conclusions that 
follow from Table 1, it is necessary to the study 
dependence of the magnitude of the charge on 
the larger fragment at lengthening of dissociating 
bond in the singlet and triplet state of the mol-
ecule.

4. Conclusions

The performed investigation allows to make 
the following conclusions. We have shown that 
in the highly excited triplet state the dissocia-
tive surface exists, which corresponds to σ → 
σ*-excitation of the molecule; relaxation of ex-
citations in the framework of this surface leads to 
dissociation of the molecule by lengthening the 
C-C bond of the molecule at the central carbon 
atom. With length increasing  of the dissociating 
bond to 2,16 Ǻ the phase transition of the elec-
tronic system of the molecule (I) is observed, as 
a result the energy of the singlet state is signifi-
cantly increased, while the energy of the triplet 
state remained practically unchanged; Besides, at 
dissociation of molecule from the singlet state the 
charge will be localized into smaller fragments, 
and both fragments must be in the triplet state; if 
dissociation will be occur from the triplet state, 
then energetically expedient reaction will be the 
formation of two radicals, and the larger fragment 
of molecule (I) must be charged;
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QUANTUM CHEMICAL STUDYING THE TRIMETHINE CYANINE  DYE STRUCTURE 
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Abstract
Quantum-chemical studying polymethine dyes molecular structure and  investigation of the relax-

ation processes of excitation have been carried out.  Particularly, in the highly excited triplet state the 
dissociative surface exists, which corresponds to σ → σ*-excitation of the molecule; relaxation of 
excitations in the framework of this surface leads to dissociation of the molecule by lengthening the 
C-C bond of the molecule at the central carbon atom 
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КВАНТОВО-ХИМИЧЕСКОЕ ИЗУЧЕНИЕ СТРУКТУРЫ И ДИНАМИКИ РЕЛАКСАЦИИ 
ТРИМЕТИН-ЦИАНИНОВОГО КРАСИТЕЛЯ 

Резюме
Приведены результаты квантово-химического изучения молекулярной структуры и процес-

сов релаксации возбуждения полиметиновых красителей. В частности, в сильно возбужденном 
триплетном состоянии существует поверхность диссоциации, отвечающая возбуждению σ → σ 
* молекулы; релаксация возбуждения приводит к диссоциации молекулы за счет удлинения CC 
связи молекулы на центральном атоме углерода.
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ТРІМЕТІН-ЦІАНІНОВОГО БАРВНИКА 

Резюме
Приведені результати квантово-хімічного вивчення молекулярної структури та процесів 

релаксаціїв збудження поліметинових барвників. Зокрема, в сильно збудженому триплетному 
стані існує  поверхня дисоціації, що відповідає збудженню σ→σ* молекули; релаксація збу-
дження приводить до дисоціації молекули за рахунок подовження CC зв’язку молекули на цен-
тральному атомі вуглецю. 
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CALCULATING THE RADIATIVE VACUUM POLARIZATION 
CONTRIBUTION TO THE ENERGY SHIFT OF SOME TRANSITIONS IN 
PIONIC AND KAONIC NITROGEN

Calculating the radiative contribution due to the vacuum polarization effect to 
energy value for some transitions in pionic and kaonic nitrogen has been carried 
out using the modified Uehling-Serber potential. The master equation for computing 
spectrum of the kaonic atoms is the Klein-Gordon-Fock equation. The vacuum 
polarization contribution to the 8-7 transition energy in kaonic nitrogen is calculated

This paper goes on our work on estimating the 
vacuum-polarization contributions to the transi-
tion energies of the hadronic atoms that is of a 
great importance especially in the last years (look 
below) [1-15]. Here we study pionic and kaonic 
nitrogen. Let us remind [13] that due to the sig-
nificant progress in the modern experimental 
technologies now a great interest attracts study-
ing spectra of heavy and super heavy elements 
atoms, exotic atomic systems, including hadronic 
and leptonic atoms [1-15]. Especial problem is 
connected with précised calculating the radia-
tive corrections to the transition energies of the 
low-Z exotic (pionic, kaonic, muonic) atoms, 
namely, hydrogen and deuterium. Naturally, it is 
provided by necessity of further developing the 
modern as atomic and as nuclear theories. From 
the other side, detailed information about spectra 
of the exotic atomic systems (kaonic, pionic, mu-
onic atoms) can be very useful under construction 
of the new X-ray standards. One could remind a 
great importance of the muonic chemistry, muon-
ic spectroscopy. Very attractive perspective of the 
thermonuclear fission through the mechanism of 
the muonic catalysis is still interesting and widely 
studied. 

The standard Dirac approach is traditionally 
used as starting basis in calculations of the heavy 
ions [2]. The problem of accounting the radiative 
corrections, in particular, self-energy part of the 
Lamb shift and vacuum polarization contribu-
tion is mostly treated with using the expansions 
on the natural physical parameters 1/Z, αZ (α is 
fine structure constant) [5,10]. It permits evalua-
tions of the relative contributions of different ex-
pansion energy terms: non-relativistic, relativistic 
ones, as functions of Z. For high Z (Z is a nuclear 
charge) it should be necessary to account for the 
high-order QED corrections and the nuclear finite 
size correction etc [1-3,10-12,16]. Further im-
provement of this method in a case of the heavy 
ions is linked with using gauge invariant proce-
dures of generating relativistic orbital basises and 
more correct treating nuclear and QED effects [1-
3]. In a case of the low-Z exotic atomic systems 
such as an exotic  hydrogen (deuterium) a great 
interest attracts estimation of the radiative, in par-
ticular, vacuum polarization, correction. In refs. 
[17-19] it has been proposed a precise scheme to 
calculating spectra of heavy systems with account 
of nuclear and radiative effects, based on the rela-
tivistic many-body  perturbation theory  (see also 
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[3]) and advanced effective procedures for ac-
counting the radiative corrections.  

In this paper we present the results of calculat-
ing the contribution due to the vacuum polariza-
tion effect to energy shift for some transitions in 
pionic and kaonic nitrogen.  The obtained result 
is compared with calculation data by Indelicato 
[19].           The details of the calculation procedure 
have been presented earlier, and here we consider 
only the key topics. The calculation of the radia-
tive vacuum polarization shift in the pionic deu-
terium should be performed using the  Dirac ap-
proximation as a zeroth one. Further, the expec-
tation value of the radiative vacuum polarization 
operator gives the corresponding correction. The 
total electromagnetic interaction potential:  
                              V(r)=Vn(r)+U(r).               (1)

includes the electrical Vn and polarization U(r) 
potentials of a nucleus with accounting the finite 
size correction. As usually, the Coulomb potential 

for spherically symmetric density ( )Rrρ  can be 
written as follows:

                                                    
                                                                         (2)

The details of the determination of this potential 
can be , for example, found in ref. [21,22]. The 
vacuum polarization part is usually accounted in 
the first PT order by using the Uehling potential 
[1,8,16,17]: 

         

                            ),(
3
2 gC

rπ
α

−=                          (3)  

                             
Z
rg

α
= .                           (4)

The corresponding expectation value of this 
operator gives the corresponding vacuum 
polarization correction. In the scheme [12] 
this potential is approximated by quite precise 
analytical function (see details in refs. [3,16,17]). 
The most advanced version of the such potential 
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 The using this formula permits one to decrease 
the calculation errors for this term down to ~0.1%. 
Error of usual calculation scheme is~10%. 
We carried out the calculation of the vacuum po-
larization contribution to the energy shift  for 8k-
7  transition in kaonic nitrogen It should be noted 
that the energy levels of exotic (kaonic) muonic 
atoms are very sensitive to effects of  QED, nu-
clear structure and recoil since the kaon is heav-
ier than the electron. As usually the fundamental 
constants from the CODATA 1998 are used in the 
numerical calculations. 

We have evaluated the modified Uehling-
Serber potential expectation values and obtained 
the value for the vacuum-polarization correc-
tion: 1.1783 eV. It is interesting to compare this 
result with the result by Indelicato, namely, the 
total vacuum polarization contribution: 1.1789 
eV and from ref. [23]: 1,1778 eV. Further, let us 
present the data for the main Coulomb contribu-
tion from [8,24] - 2968.4565 eV and from ref. 
[23] - 2968.4492eV. Our estimate: 2968.4481eV. 
Further we have evaluated the modified Uehling-
Serber potential expectation values and obtained 
the value for the vacuum-polarization correction 
into the 5f-4d transition energy in the pionic ni-
trogen. Our value for the vacuum-polarization 
correction: 2,9467eV. It is interesting to compare 
this result with the result by Serga [25]  3,216 eV.  
It should be noted that the last result is received 
with account of the Wichman-Kroll and Kallen-
Sabry corrections. In any case, the physically rea-
sonable agreement can be easily explained by the 
fact that pionic and kaonic nitrogen is the low-Z 
atomic system and in this case the expansion on 
the parameter αZ works sufficiently well.  
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equation. The vacuum polarization contribution to the 8-7 transition energy in kaonic nitrogen is 
calculated.
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DETERMINATION OF BAND GAP OF SEMICONDUCTOR MATERIAL IN 
END PRODUCT   

The paper puts forward a method for determination of semiconductor activation energy 
in end product.  It is illustrated that band gap can be calculated at cutoffs on both axes 
of graphs ln(I)÷U, measured at different temperatures. Minimum temperature interval is 
determined depending on measuring accuracy. A new method for determination of value Eg 
without VAC     (volt-ampere characteristics) extrapolation is put forward.

1. INTRODUCTION

Classic method for determination of band gap 
of semiconductor crystal is a study of temperature 
dependence of its conductivity [1,2]. Among opti-
cal methods the most widely used is determina-
tion of excitation light wavelength at maximum 
photosensitivity and extrapolation of spectral dis-
tribution of absorption coefficient [3,4]. 

However, in some cases, such as identification 
of semiconductor material, it is required to de-
termine matter activation energy in end product. 
Simple thermal methods cannot be applied for 
this purpose, since crystal has already undergone 
a series of complementary technological opera-
tions, such as contact etching, annealing and ox-
ide coating, etc.     

Optical methods cannot be used for the same 
reason. In case of photoconverters measuring 
results are distorted due to protective coatings, 
transparent layers of SnO2 applied as a front win-
dow, etc. Frequently photocells are fabricated on 
a hard opaque surface obstructing the passage of 
penetrating light. This excludes measurement of 
absorption coefficient.  

In this case temperature variations of volt-
ampere characteristics (VAC) are studied. There 
are two methods [5]. The first one implies study 
of temperature variations of saturation current Is 
in VAC reverse-bias region. However, not to get 
into junction region, it is necessary to apply fairly 

large reverse voltages of tens of Volts. For many 
photocells this is beyond their operating parame-
ters. And in that case rectification of VAC forward 
biases in semi-log plot is applied to operating re-
gion below open circuit voltage – usually a few 
tenths of a Volt (Fig. 1).

2. RESULTS, DISCUSSION 

Photoconverters operate due to potential bar-
rier between p- and n-semiconductors. Effect of 
relatively insignificant barriers on ohmic contacts 
in this case is negligible. 

Here is the expression for photodiode VAC 
lines without photo-excited carriers [5]:

                    
[ exp ( ) 1]s

eUI I
kT

= −          (1)

where  Is -  reverse saturation current of p-n – 
junction, created by carriers flowing from the bar-
rier. Its value is in proportion to concentration of 
minor carriers in p-region

exp ( )g
p c

E
n N

kT
= −

                           

(2)

and n-region

exp ( )g
n v

E
p P

kT
= −

                           

(3)
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In case of fairly large forward bias, where 
                           
                              eU»kT                            (4)

unit (1) can be disregarded. Then, taking into ac-
count (2) and (3), the expression (1) can be as fol-
lows:

 

          
exp gE eU

I A
kT
− 

= − 
 

             (5)

where A – weakly temperature-dependent coeffi-
cient. Taking logarithm (5), we obtain:                              

           
ln ln gE eU

I A
kT
−

= −                    (6)

It follows that the set of characteristics lnI(U)
at different temperatures is  represented by tem-
perature-dependent slope intercept form of a line 

              

ln I etg
U kT

α ∆
= =

∆ .                 (7)

and meeting at some point with abscissa   Eg/e. 
This enables to calculate band gap of material by 
measuring diode VAC lines at two different tem-
peratures (Fig. 1).

Fig.1. Standard direct current-voltage depen-
dence for silicon diodes in semi-log plot.  

However, this method is difficult to apply in 
practice. Standard potential barrier height at p-
n-junction for the most popular silicon diodes is 

0.1-0.15 eV. At forward biasing the barrier re-
duces. That is why beyond the above voltage di-
ode current loses its diode nature and is limited to 
series resistance only, whereas VA characteristics 
become linear. This means that experimentally 
measured points applicable for calculation in the 
given method, are located as shown in Fig. 1, in 
the lower quadrant outside voltage ~ 0.2 V (solid 
graphs).

One should note that ln I = 0 at amperage ~ 1 
A. In real low-power diodes direct current is mil-
liampere units or even fractions. Which is equiva-
lent to ln I ~ - 5.0. All points on a graph above this 
value on current axis can be only extrapolation-
based. In other words, a large number of points 
near both axes disappears, narrowing actual recti-
fication region even more.   

Silicon band gap is 1.1 eV. Thus, intersection 
of graphs should be expected at voltage bias ~ 1.1 
V on voltage axis, i.e. extrapolation (dotted lines) 
is applied to 90-95% of graph length. Clearly, at 
this arm intersection of lines is extremely sensi-
tive to two factors. Firstly, it is measuring accu-
racy, i.e. spread of points with confidence interval 
Δ. And secondly, temperature interval applied 
at measuring, i.e. difference in slopes of graphs. 
These values are interconnected. At a large value 
of confidence interval and insufficient tempera-
ture difference graphs may not intersect at all, as 
shown in Fig. 2 for lines CN and DG.

VAC measuring pattern is the following. Exact 
applied rectification is specified. Then error cur-
rent flowing at a given voltage is measured. Val-
ue Δ means vertical spread of points on a graph 
lnI÷U.

Graphs lnI÷U are plotted within a few confi-
dence bands, as shown in Fig. 2. In general, width 
of these bands differs. It is determined by band 
slope  

                     Δ1=2Δ·cosα                              (8)

Inclination angle according to (7) depends on 
measuring temperature.

However, in reality temperature difference is 
not too large. Lower limit is correlation (4). Natu-
rally, it is assumed that room temperature is the 
lower. The upper limit is maximum rated tem-
perature of the product (for silicon it is around 
+60 0С), when contribution of intrinsic carriers 
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becomes more obvious due to region-region junc-
tion. At this temperature interval for the sake of 
simplicity we assume that confidence band width 
in both graphs is the same.

Fig. 2. Operating region for method of VAC in-
tersecting lines. 

We can obtain criterion for minimum tempera-
ture interval at a given spread of points Δ, subject 
to parallelism of CN and DG (Fig. 2). Line equa-
tion EH y = a1x + b1, where according to (6)

1
1

1ea
k T

=

          

1
1

1ln gE
b A

k T
= −        (9)

Value b is negative, since operating region of 
flowing current is I < 1А. Thus, both summands 
for a constant term are less than zero.

Then FG line equation is given by y = a1x – 
(/b1/ + Δ), remembering that values b1 are nega-
tive and F point ordinate increases in comparison 
with point Е. It follows that G point coordinate at 

y=0 is xG = 1

1

b
a
+ ∆

 . D  point coordinate decreases 

by confidence interval value:  - yD = - (/b1/ - Δ). 
It gives the lowest possible slope for DG graph 
within confidence band:

                                                            (10)
Note that numerator modulo is less than de-

nominator, so 1tg β  < a1, i.e. angle β1 is less 
than angle α1.

For similar reasons, at elevated temperature T2 
for BM line y = a2x + b2, where

2
2

1ea
k T

=

          

2
2

1ln gE
b A

k T
= −

 
    (11)

we obtain equation for AN y = a2x – (/b2/ - Δ). 

Thus, N point coordinate will be xN = 2

2

b
a
− ∆

. C 

point coordinate – yc = - (/b2/ +Δ). Thus, maxi-
mum slope within this band for CN is given by 
equation

               

2
2 2

2

b
tg a

b
β

+ ∆
=

− ∆                  (12)

while  > .
Intersection point will be surely obtained once 

the condition is met 

 

or

    (13)
Here Δ – confidence interval, and the rest are 

temperature dependent parameters.

Fig. 3. Lowest possible temperature interval 
for determination of band gap.  
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Equation (13) was solved numerically. Param-
eter value lnA=29.77 is taken from experimental 
measurement for a sample of one of Si-diodes. 
а1 and а2 slope values were determined from 
the formulae (9) and (11) at given temperatures. 
Room temperature was used as reference tem-
perature Т1. Point of graph intersection occurred 

at 0
gE

x
e

=  [See dependence (6), silicon band gap 

1.1 eV]. Then cutoffs bi were determined from the 
equation of the pencil of lines, going through that 

point . 
By solving equation (13) two roots were ob-

tained, different by a large ratio – either tenths or 
hundreds of units. Here bi values fell in the inter-
val of 12 - 25 units. For the sake of rationality the 
larger value Δ was discarded as having no physi-
cal content. Calculation result is shown in Fig. 3. 

The more operating temperatures Т1 and Т2 are 
different, the more accurate the results are. How-
ever, there is a limit for lower temperature. At 
large errors Δ confidence bands are too wide, and 
it is necessary to increase minimum temperature 
interval for graphs to intersect ln I ÷ U.          

As shown in Fig. 3, the more spread points are 
obtained at current measurement, i.e. the larger 
value Δ is and the wider confidence bands are, the 
more temperature interval should be applied to 
measurement of graphs. Here high-temperature 
band is more sloped, which compensates diver-
gence of lines. However, the problem of deter-
mination accuracy of intersection coordinate per-
sists.   

To determine diode band gap, there is no need 
to extrapolate VAC lines at a huge arm till their 
intersection, as it is recommended in the clas-
sic method. This parameter can be obtained with 
more accuracy at cutoffs on axes.  

For current axis those are values lnI1 and lnI2, 
i.e. values b1 and b2 from the formulae (9) and 
(11). As shown in Fig. 4, length of the respective 
interval is

                        (14)       
Since temperatures T1 and T2 applied for mea-

surement are given, and values on the left are de-

termined directly on the graph, formula (14) en-
ables to calculate value Еg. 

Fig. 4. VAC lines at different temperatures.

Similarly, for voltage axis intersection points 
(Fig. 4) from equation (6) it is true that

 

from which

1 2

1 2 1 2

1 1gE U U
e T T T T

 
− = − 

 
                      (15)

which also enables to determine parameter Eg, 
given values U1 and U2 from the graph. 

Compare accuracy of two offered options with 
the classic method (Fig. 5). Obviously, for current 
axis parameter spread is

                          ± 2Δ                                  (16)

To determine spread of axis intersection points, 
it is necessary to determine band width projection 
from (8) on X-axis:

( )1 2
1 2

1 1ctg ctg
a a

α α
 

± ∆⋅ + = ± ∆⋅ + 
 

            (17)

Formula (17) gives general change of confi-
dence interval when determining coordinates U1 
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and U2 on voltage axis (Fig. 4), i.e. for the right 
member of dependence (15). However, extension 
of this interval is not symmetrical, since now it 
depends on angles α1 and α2, which are different 
for temperatures Т1 and Т2. According to (7), for 
higher temperature Т2 slope α2 is lower. Segment 
U1 - U2 spreads more to the right (See Table).

Fig. 5.  In the same ratio, as in Fig. 1. Error for 
axis intersection points and graph convergence 
point (illustrated by one of dependences in the 
same ratio as in Fig.1).

It is well to bear in mind that, though absolute 
error at determining cutoffs U1 and U2 on voltage 
axis is much lower (See Table), absolute magni-
tude of these values is also an order less than cut-
offs b1 and b2 for current axis. So it is not possible 
to say, which method is more accurate.  

Define error in the coordinate of VAC graph 
convergence point. If temperature interval is set 
correctly based on dependence (13), abscissa of 
intersection point of lines DM and EH (See Fig. 
1-2) shall be gE

e
. Then its ordinate from the equa-

tion (6) shall be y=lnA (horizontal line in Fig. 5).
Maximum deviation from it to the right can be 

determined as intersection point of line DG with 
highest possible slope to the right within confi-
dence interval at temperature Т1 (See Fig. 2). Tak-
ing into account (10), we obtain

                                         ( )1
1 1

1

ln
b

A a x b
b

− ∆
= − − ∆

+ ∆
.                                 

from here

( ) ( )
( )

1 1
1

1 1

ln gA b b E
x

eb a

 + − ∆ ⋅ + ∆ ∆ = −
− ∆ ⋅

   (18)

Highest possible deviation to the left can be 
obtained by extending line CN to intersection. 
According to (12), we obtain

( )2
2 2

2

ln
b

A a x b
b

+ ∆
= − + ∆

− ∆
,

from which

( ) ( )
( )

2 2
2

2 2

lng A b bE
x

e b a

 + + ∆ ⋅ − ∆ ∆ = −
+ ∆ ⋅

 

(19)

Numerical values of parameter spread are 
given in the Table. Values used for calculation: 
 T1 = 300 K, T2 = 360 K, Δ = 0.2 (mid segment  
Fig. 3). Other parameters are the same as for 
equation calculation (13).

Inward departure Outward 
departure

Determination 
of Eg at cutoff on 
Y-axis

0.2 0.2

Determination 
of Eg at cutoff on 
X-axis

0.04 0.031

Classic method of 
graph intersection  0.39 0.96

As shown in Fig. 5, classic method error is a 
few times higher, which is accounted for by ex-
tremely large extrapolation arm.   

Suggested methods enable to obtain band gap 
of material without VAC graph extrapolation. 
Based on formula (6), distance between VAC 
lines /ln I01 – ln I02/ in operating region at some 
fixed voltage U0 will be:

0
01 02

2 1 1 2

1 1 1 1ln ln gE eUI I
k T T k T T

   
− − = − + −   

   
.

from here
01 02

0

1 2

ln ln
1 1g

k I I
E eU

T T

−
= +

 
− 

 

                       (20)

By contrast, for a section of horizontal graph 
system for a certain value ln I0 in operating region 
the following is true:
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01 02
0

1 1 2 2

ln ln g gE EeU eUI A
kT kT kT kT

− = − + = − + .

from here

01 02

1 2 1 2

1 1
g

eU eUE
T T T T

 
− = − 

 
.

or

01 02

1 2

1 2

1 1g

eU eU
T TE

T T

−
=

−
                                  (21)

where Т1 < Т2 – temperatures, at which graphs 
were measured, and U01 > U02 are abscissas of 
section points.

Energy accuracy Eg obtained remains ± 2Δ for 
a section along voltage axis by the formula (20) 
and error (17) for the expression (21).

Note that there is no value ln A in the above 
dependences (20), (21), i.e. it is not required for 
determination of value Eg by given method.

3. CONCLUSION 

Thus, determination of band gap based on 
volt-ampere characteristics becomes simpler and 
more accurate, using cutoffs on current and volt-

age axes or vertical or horizontal sections of VAC 
graphs instead of extrapolation. It is necessary to 
bear in mind dependence of required temperature 
interval on amperage measurement error.
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ВИЗНАЧЕННЯ ШИРИНИ ЗАБАРОНЕНОЇ ЗОНИ НАПІВПРОВІДНИКОВОГО 
МАТЕРІАЛУ В ГОТОВОМУ ВИРОБІ

         
Резюме
Запропоновано метод визначення енергії активації напівпровідника в готовому виробі. 

Показано, що ширину забороненої зони можливо розрахувати по відсічкам на обох осях графіків 
ln(I)÷U, виміряних при   різних температурах. Визначений мінімальний температурний інтервал 
в залежності від точності вимірювань. Вказано новий засіб визначення Eg без екстраполяції 
ВАХ.
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Резюме
Предложен метод определения энергии активации полупроводника в готовом изделии. 

Показано, что ширину запрещённой зоны можно рассчитать по отсечкам на обеих осях графиков 
ln(I)÷U, измеренных при разных температурах. Определён минимальный температурный 
интервал в зависимости от точности измерений. Указан новый способ определения величины 
Eg без экстраполяции ВАХ.
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ATOMIC CHEMICAL COMPOSITION EFFECT ON THE BETA DECAY 
PROBABILITIES FOR 35CL, 241PU

Within a new theoretical scheme for sensing the atomic chemical environment effect on 
the beta decay characteristics there are presented numerical results for chemical environment 
effect on the beta decay for 35Cl, 241Pu . Despite on the relative smallness of the atomic 
chemical environment effect on the b

1. Introduction

In this paper we go on studying the atomic 
chemical environment effect on the beta decay 
characteristics and consider chemical environment 
effect on the beta decay for 35Cl, 241Pu. Let us remind 
[10,11] that though in a modern nuclear physics 
there is a number of principally new problems, 
connected with an unprecedented progress in the 
physical experiment, nevertheless the classical 
problems, including the beta decay or low energy 
nucleus-nucleus collision etc. are remained under 
intensive theoretical and experimental interest 
(c.f.[1-11]). This paper goes on our investigations 
on estimating the beta decay characteristics and 
sensing an influence of the chemical environment 
on the b decay parameters with using an optimal 
theoretical schemes (c.f.[11-16]). In last years a 
calculating the b decay processes and sensing an 
influence of the chemical environment on the beta 
b characteristics attracts a great interest especially 
due to the new experimental studies of the b 
decay for a number of nuclei [1-10]. A number 
of experimental and theoretical papers appeared 
where the different aspects of the b decay 
theory and accounting for different factors are 
considered. One of the important topics is problem 
to get the data about the neutrino mass from the 
beta decay spectra shape. An exact value of the 
half-decay period for the whole number of heavy 
radioactive nuclei is important for standardisation 

of data about their properties.  Disagreement 
between different experimental data regarding the 
b-decay in heavy radioactive nuclei is provided 
by different chemical environment radioactive 
nucleus. For example, such disagreement in 
data on the half-decay period for the 241Pu (see, 
for example, ref. [1,5,8,9]) is explained in some 
papers by special beta decay channel. The beta 
particle in this channel does not transit into free 
state, but it occupies the external free atomic level. 
According to ref. [1-5], differences in population 
of these levels are to be a reason of an influence 
of the chemical environment on the beta decay. 
So, a sensing the chemical environment effect 
on the beta decay is very important to be studied 
as within a consistent, high accurate theoretical 
calculation scheme as experimental high precise 
measurement. Under theoretical consideration of 
the problem, one has to consider the following 
effects: i.). A changing electron wave functions 
because of the changing atomic electric field due 
to the difference in the valence shells occupation 
numbers in different chemical substances; ii). A 
changing up limit of integration under calculating 
the Fermi integral function in different chemical 
substances [1,6]. As a rule, the beta particle and 
neutrino bring away the difference between 
energies of the mother and daughter atoms. This 
difference energy is equal to sum of values, 
provided by atomic nucleus reconstruction and 
atomic electron shell reconstruction. The entire 
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energy of electron shell of an atom in the different 
chemical compounds is different.  Due to the 
changing the nuclear charge Z on unite during 
the beta decay, this entire energy of electron 
shell of an atom changes in different chemical 
compounds by different way; iii). Together with 
beta decay and ejection of the beta particle out 
atom it is possible additional channel when the 
beta electron occupies non-occupied place on the 
bonded external orbitals of atom. As a rule, special 
tables [9] for the Fermi function and integral 
Fermi function is used for calculating the beta 
spectrum shape. In ref. [9] calculation scheme 
is based on the non-relativistic Hartree-Fock-
Slater approach, but the finite size of nucleus is 
taken into account. In paper [4] the relativistic 
Dirac-Fock (DF) method was used. Note that 
the DF approach is the most wide spread method 
of calculation, but, as a rule, the corresponding 
orbitals basis’s are not optimized. Some problems 
are connected with correct definition of the 
nuclear size effects, QED corrections etc. We are 
applying below the gauge invariant DF (GIDF) 
type approach [11-17] for estimating the atomic 
chemical environment effect on the b decay 
characteristics for 35Cl, 241Pu .

2. Method
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where  =(l-j)/(2j+1). Two schemes of 
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relativistic electron radial wave functions 
are calculated on the boundary of the 
spherical nucleus with radius R0 (it has 
done in ref. [4]); ii). the values of these 
functions in the zero are used (see ref.[9]).  
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with an accuracy to (Z/v)2 is manifested 
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distribution of the beta electron on value 
and is derived in Ref. [1].  
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similar to usual DKS scheme. The optimization 
of the orbital basises is realized by iteration 
algorithm within gauge invariant QED procedure 
(look its application in the beta-decay theory 
[5]).  Approach allows calculating the continuum 
wave functions, taking into account fully an 
effect of exchange of the continuum electron with 
electrons of the atom. Note that this is one of the 
original moments of the paper. Another original 
moment is connected with using the consistent 
QED gauge invariant procedure for optimization 
of the electron functions basis’s. Numerical 
calculation and analysis shows that used methods 
allow getting the results, which are more precise 
in comparison with analogous data, obtained with 
using non-optimized basis’s. The details of the 
numerical procedure are presented in ref. [11-17]. 

3. Results and conclusions

In Table 1 we present presents our data on 
the atomic chemical environment effect on the 
probability of β decay 35Cl→35Ar . From the 
physical viewpoint it  is understandable that the 
quantitative effect of the chemical environment 
of part of the decay is sufficiently small. 

The situation (compared with Cl) changes in 
the transition to the consideration of the decay 
241Pu→ 241Am. In Table 2 there are presented the 
corresponding results for the decay 241Pu→ 241Am 

, including the value of Δf/f =- ΔT1/2/T1/2 .

Table 1 
The atomic chemical environment effect on 

the b decay probability 35Cl→35Ar  ; Changing 
the half-period Т1/2  (our data)

Decay of neutral atom

Atom Ebn, eV Δf/f .
%

Cl(0)
 

4948000
4948200

0,003

Decay of ionized atom
Ion Ebn , eV Δf/f .

%
Cl (-1) 4947800

4948000
0,003

Table 2 
The atomic chemical environment effect 

on the b decay probability 241Pu→ 241Am. 

Changing the half-period Т1/2 (our data)

Decay of neutral atom

Atom Ebn, eV f(Еbn ,Z) Δf/f .
%

Pu(0 

    

20800
20815

1,72248(-
3)

1,72615(-
3)

0,3

Decay of ionized atom

Ion Ebn , eV f (Ebn ,Z) Δf/f .
%

Pu(2+) 20785
20800

1,71725(-
3)
1,72099(-
3)

0,3

Analysis for two versions of data shows that 
there are obtained give similar results, and, in 
particular, very similar values for the changing 
T1/2 when the ionic parameter is changed. 
Regarding the value of the integral Fermi 
function, the characteristic value for the decay of 
ionized chlorine is less than in the case of neutral 
chlorine, respectively chlorine ionized decay is 
slower. The value of the Fermi function is greater 
for the neutral Cl and, therefore, β-decay of the 
neutral Cl is faster. As it can be seen from Table 
2, the corresponding difference in the values of  
Т1/2  for Pu is about 0,3%.In conclusion let us note 
that our conclusions  fully coincide with analysis 
and conclusions, presented in [1]. Despite on 
the relative smallness of the atomic chemical 
environment effect on the b decay probabilities 
for corresponding decays, the situation may be 
significantly changed under consideration of the 
beta decay for the heavy elements.  
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Abstract
Within a new theoretical scheme for sensing the atomic chemical environment effect on the beta 

decay characteristics there are presented numerical results for chemical environment effect on the beta 
decay in the 35Cl, 241Pu . Despite on the relative smallness of the atomic chemical environment effect 
on the b decay probabilities for corresponding decays, the situation may be significantly changed 
under consideration of the beta decay for the heavy elements.  
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АТОМНЫЙ ЭФФЕКТ ВЛИЯНИЯ ХИМИЧЕСКОГО ОКРУЖЕНИЯ НА ВЕРОЯТНОСТЬ 
БЕТА РАСПАДА ДЛЯ 35Cl, 241Pu 

Резюме
В рамках новой теоретической схемы вычисления эффекта влияния химического окружения 

на характеристики b распада представлены численные оценки влияния химического окружения 
на b распад 35Cl, 241Pu. Несмотря на относительную малость эффекта влияния химического 
окружения на вероятность бета-распада, ситуация существенно изменяется в случае бета-
распада тажелых элементов.

Ключевые слова: влияние химического окружения, вероятность бета распада.

УДК 539.135
Ю. В. Дубровська, Т. О. Флорко, Д. Є. Сухарев

АТОМНИЙ ЕФЕКТ ВПЛИВУ ХІМІЧНОГО ОТТОЧЕННЯ НА ІМОВІРНІСТЬ БЕТА 
РОЗПАДУ ДЛЯ 35Cl, 241Pu 

Резюме
На основі нової теоретичної схеми обчислення ефекту впливу  хімічного отточення на 

характеристики b розпаду представлені чисельні оцінки впливу хімічного отточення на b розпад 
35Cl, 241Pu .  Недивлячись на відносну малість ефекту впливу хімічного отточення на імовірність 
бета-розпаду,  ситуація суттєво змінюється у випадку бета-розпаду важких елементів.
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BRIDGE SENSORS BASED ON FIELD-EFFECT TRANSISTORS

Possibility of the use of the field-effect transistors is considered in the bridge sensors of 
the magnetic field, temperature and light. It is shown that maximum sensitivity is attained 
in the sensor bridge circuit, where the elements in the four arms of the bridge field effect 
transistors are used, and one pair of transistors current increases with the growth of measured 
value, and the other - is decreased.

Keywords: sensor, bridge circuit, field-effect transistor

1. Introduction

The base of measuring systems is represent-
ed by the primary sensors. They transform input 
physical values (temperature, pressure, illumina-
tion, magnetic flux, acceleration etc.) into pro-
portional electrical output signal [1]. One of the 
features of parametric sensors is changing of pa-
rameters of electrical, magnetic, optical circuits – 
resistance, inductance, capacity, light penetration 
and others. They are passive (i.e. allow to make 
indirect conclusions about the physical value by 
connecting the sensor to the electrical circuit) and 
need a power supply. The effect of active resist-
ance changing frequently is used in such sensors 
(thermoresistive, photoresistive and magnetic-
resistive effects), changing of permittivity, light 
transmittance and so on.

When connecting resistive sensors bridge cir-
cuits in many cases are used. In such measuring 
circuits eliminates the main drawback of most of 
measuring circuits with voltage dividers – pres-
ence of non-zero output signal with absence of 
signal on input of the measuring circuit. As is 
known, bridge measuring scheme has two arms: 
the measuring arm in which the parametrical sen-
sor is included, and the base one. When the bridge 
is connected, voltage is given on one of its diago-
nals, and output signal is read from the other.  In 
non-equilibrium bridge mode in the initial state 

bridge is balanced, that is, the output signal is set 
to zero value.

During the further deviation of resistances (im-
pedances) from their initial values a non-zero out-
put signal is formed. Depending on the number of 
measuring transformers (primary sensors), there 
are quarter-bridge, half-bridge and full-bridge 
sensor schemes. To decrease non-linearity of the 
output characteristic, we apply differential con-
nection to a bridge scheme of measuring trans-
formers, having sensitivities opposite in sign to 
each other [2]. The weakness of the well-known 
resistivity (impedance) sensors is their little sen-
sitivity to weak input signals. The purpose of 
this work is to study the possibilities to increase 
the sensitivity of parametrical sensors based on 
bridge schemes by using elements with internal 
amplification (field-effect transistors -FET).

1. Magnetic field sensors
In a semiconductor placed inside a magnetic 

field we can observe a magnetic-resistive effect, 
which shows itself in decreasing charge carriers’ 
mobility and, correspondingly, increase of elec-
tric resistance of the material. It completely refers 
to the channel of the field-effect transistor  placed 
into a transversal magnetic field [3]. In this case, 
same as in a magnetoresistor, the channel length 
should be much less than its width. An example 
that satisfies this condition is FET with n-type 
channel and p-n-junction as a gate. When the 
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FET operates as a primary transformer it is usu-
ally connected as a dipole (the gate connected to 
the source, voltage on the gate Ug=0). In this case, 
saturation current of the FET is defined as

Is=An2 µ,                                 (1)
where n, µ - concentration and mobility of charge 
carriers in a channel, A – constant that is defined 
by geometrical and electrical parameters of chan-
nel that depend on voltage [3]. Change of current 
Is of such FET in a magnetic field with induction 
up to 0.5 T is about 1% and, in this case, is of no 
practical interest as a sensor output parameter.

The most preferable as a sensor is a scheme of 
two FET, one of them is a magnetosensitive ele-
ment (MFET), the other one operates as a load. 
Such scheme is shown on fig. 1. Current-voltage 
characteristics (CVC) of MFET with such load 
and the load curve are shown on fig. 2. Here E 
is the supply voltage. As a result of small angle 
between voltage axis and CVC in the area of cur-
rent saturation, a small change of saturation cur-
rent will lead to significant change of voltage on 
MFET: from U0 to UВ. Two FET with similar satu-
ration current are selected for the sensor scheme. 
When magnetic field is absent (inductance B=0), 
the supply voltage E is equally divided between 
two FET, and U0=E/2. When MFET is placed into 
a magnetic field that is perpendicular to current 
direction, the resistance of channel increases, 
while the saturation current decreases. This leads 
to increase of voltage on MFET till it reaches the 
value UВ. Unlike the magnetoresistors’ operation, 
this process is accompanied by internal mecha-
nism of sensitivity increase. This is caused by the 
fact that resistance of any FET in the area of CVC 
saturation increases with the increase of voltage, 
as with increase of voltage U the current  Is slight-
ly increases. Thus, increase of MFET channel re-
sistance leads to increase of voltage drop UВ, and 
this causes additional increase of channel resis-
tance and increase of UВ.

Figure 1. Scheme of the magnetosensitive element 
with two field-effect  transistors:  1 –MFET, 2 – FET.

Figure 2. Voltage-current characteristics of 
MFET: 1 – magnetic field is absent;  1’ – with 

active magnetic field; 2 – load curve.

For the output voltage of sensor to be mea-
sured from zero a bridge scheme is used (fig. 3) 
where another pair of FET (load FET) is con-
nected to a pair of MFET transistors. Two MFET 
are located in opposite arms of the bridge, load 
FET – also in the opposite arms. Trimmer alter-
nating resistor Rtr serves for precise specification 
of zero (bridge balancing) when the magnetic 
field is absent. Besides the obvious doubling of 
magnetic sensitivity (in comparison to one sen-
sitive element), such half-bridge scheme of four 
FET (two of them are magnetosensitive) allows 
to remove the temperature zero drift of zero of 
the output voltage and to reduce the temperature 
coefficient of magnetic sensitivity to values less 
than 0.1 %/0С. Dependence of output voltage U 
on magnetic inductance B is shown on fig. 4. It 
is clear that this voltage increases with increase 
of induction B and increase of supply voltage E. 
Magnetic sensitivity γ=U/I·B for bridge sensors 
based on FET is ~5·103 V/A·T, which is 50 times 
greater than for Hall’s silicon sensors.

Figure 3. Bridge scheme of the magnetosensitive actuator.
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We also notice that in contradiction to mag-
netoresistors, magnetic sensitivity of FET-based 
sensors is maximal in the range of weak magnetic 
fields, while the magnetoresistors have the mini-
mal one. 

Figure 4. Dependence of output voltage U on 
magnetic inductance B. Supply voltage E, В:  

1 -10, 2 -15, 3 -20, 4 -25.

If we place both MFT (fig. 3) into an inhomo-
geneous magnetic field, the output signal will be 
proportional to difference between the inductions 
of magnetic field in two points of location of FET 
channels. Such sensor can be used for measuring 
of gradient of an inhomogeneous magnetic field.

1. Temperature sensors
Field-effect transistors can be used as tem-

perature sensors. The maximal sensitivity of  the 
bridge sensor can be obtained in case all the four 
components are elements sensitive to the mea-
sured value and their sensitivities are opposite in 
sign (fig. 5). The current of the first pair of el-
ements (situated in opposite arms of the bridge) 
should increase with growth of this value, and the 
current of the second pair (situated in the other 
two arms) should increase. For a bridge with such 
scheme of connection of primary transformers, 
voltage of the signal on the measuring diagonal is

                  
                              .                     (2)                                                 
Here E – voltage circuit of the bridge, R – chan-

nel resistance of transistor in a circuit “source-
drainage”,  - change of this resistance with 
the change of temperature. As the first pair we 
used FET (Т1) with p-n-junction as a gate. Their 

saturation current  decreases with growth of 
temperature, as a result of recession of charge 
carriers’ mobility in the channel [3]. Metal-oxide-
semiconductor (MOS) transistor (Т2) were con-
nected as a second pair. Their current Is  increases 
with the increase of temperature. This is due to 
increasing gate voltage cut-off when changing the 
charge on the surface states under the gate [4].   

Figure 5. Bridge temperature sensor.

Expansion of linear range U=f(T) can be 
performed by introducing a resistor RS   into ev-
ery FET source. Figure 6 shows dependence of 
output voltage of the bridge that is balanced at 
a temperature Т=00 С. Sensitivity of bridge is ~1 
V/0С at f supply voltage Е=20 V and RS=0 in the 
temperature range of (-10…+10) 0С (curve 1). 
Outside this range sensitivity decreases and non-
linearity of U=f(T) dependence increases.

Figure 6. Dependence of output voltage on 
temperature. Resistance of FET source circuit 

RS, k Ω  : 1 – 0; 2 – 1.
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At RS=1 k Ω the dependence U=f(T) is linear 
in the range of (-35…+35) 0C, and sensitiv-
ity decreases to the value 0.3 V/ 0С (curve 2). 
The same resistors can be used to balance the 
bridge at any given temperature. It is known that 
the thermosensitivity of a FET-based bridge is 
10…100 times higher than the one for bridge 
sensors based on other elements [5].

2. Photodetecting devices

A full-bridge sensor model, in which the cur-
rent that flows through one FET pair increases 
with external influence and decreases when it 
flows through another pair, can also be used to 
create a photodetecting device (PhDD). Fig. 7 
shows the structures of two types of MOS-FET-
phototransistors. Transistor of first type PhT1 (fig. 
7a) is a simple MOS-FET  with built-in channel 
based on semiconductor of n-type conductivity 
with two contacts (S – source, DR - drainage) 
with a dielectric (D) and a metallic gate (G), con-
nected to the source. When the structure is light-
ened from the side of semitransparent metallic 
gate G, the light is absorbed in the channel, the 
concentration of charge carriers in it increases, 
and the current through PhT1 increases. The tran-
sistor PhT1 can also be lightened from the oppo-
site side of the channel, i.e. from the side of the 
substrate.

a)                     b)
b) 

Figure 7. MOS-FET with built-in channel (a), 
with the n-type semiconductor between  the 

gate and the dielectric (b).

The main difference between  the transistor 
PhT1 and the transistor of the second type PhT2 
(fig. 7b)  is the presence of a layer of n-type 
semiconductor between the metallic layer of the 
gate and the dielectric. The contact metal-semi-
conductor (gate) is a Shottky diode (SD). When 

this structure is lightened from the side of semi-
transparent metal, a photo-EMF appears in SD 
with metal as a “plus” and semiconductor as “mi-
nus”. This photo-EMF stands for the input sig-
nal for PhT2 transistor and reduces concentration 
of charge carriers in the channel. As a result, the 
current through PhT2 decreases with lightning. In 
this case all the light is absorbed in the n-layer 
and never reaches the channel.

The sensor operation can be explained with 
the help of the scheme (fig. 8). When there is no 
lightning, resistance on all phototransistors in the 
bridge arms is the same. The applied voltage E 
is distributed equally to PhT1 and PhT2, The po-
tentials U1 and U2 in the measuring diagonal of 
the bridge are equal, and the output signal Uout = 
U1-U2=0, that means the bridge is balanced. In 
real life, phototransistors usually have scattered 
parameters, that’s why the bridge should be bal-
anced with the help of trimmer resistor Rtr or the  
resistors in the circuits of the sources. Lightning 
of PhDD by a stream Ф causes decrease of PhT1 
resistance and increase of PhT2 resistance. This 
leads to misbalancing of the bridge, potential U1 
increases, potential U2 decreases, i.e. the output 
signal Uout = U1-U2 increases with increase of light 
stream Ф.

Figure 8. The scheme of a bridge photosensor 
(PhDD).
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Experimental samples of PhDD were made 
based on serial MOS-FET-transistor (PhT1) with 
a structure shown in fig. 7a. With the source-
drainage voltage US-DR = 10V and a closed gate, 
channel resistance is ~ 10 kΩ. The main differ-
ence between PhT1 and PhT2 is the presence of a 
layer of n-type semiconductor between the me-
tallic layer of gate and the dielectric. The thick-
ness of this layer should be such that all the light 
would be absorbed in it and didn’t reach the chan-
nel. The lightning of phototransistors was made 
by a “green” light-emitting diode (maximal light 
emission at wavelength λ = 0.56 μm). The maxi-
mal lightening power reached 0.6 mW with the 
current through the light-emitting diode 100 mA. 
Photosensitivity of PhDD experimental samples 
at E=20 V was 10...100 times greater than the one 
of photodetectors based on photodiodes and bipo-
lar transistors [5].

Results

To sum up, we shall note that bridge schemes 
are also applied for construction of pressure sen-
sors. Silicon membranes are widely used as pres-
sure sensors. They are represented by a plate with 
four diffusion tensoresistors that form a measur-
ing bridge [2]. We have observed that replacing 
the resistors by field transistors also allows to sig-

nificantly improve sensitivity of pressure sensors. 
Using FET in measuring bridges allows to 

increase sensitivity of sensors, to reduce energy 
consumption, and to provide stability of measur-
ing devices.
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МОСТОВЫЕ ДАТЧИКИ НА ОСНОВЕ ПОЛЕВЫХ ТРАНЗИСТОРОВ

Резюме
Рассмотрена возможность использования полевых транзисторов в мостовых датчиках маг-

нитного поля, температуры и света. Показано, что максимальная чувствительность достигается 
в мостовых схемах датчиков, где в качестве всех четырех элементов в плечах моста использу-
ются полевые транзисторы, причем у одной пары транзисторов ток увеличивается с ростом 
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Резюме
Розглянуто можливість використання польових транзисторів в мостових датчиках магнітного 
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SPECTROSCOPY OF COOPERATIVE LASER ELECTRON-γ NUCLEAR 
PROCESSES IN MULTIATOMIC MOLECULES: OsO4

The consistent quantum approach to calculating the electron-nuclear γ transition spectra 
(a set of the vibration-rotational satellites in a spectrum of molecule) of a nucleus in the 
multiatomic molecules is used to obtain  the accurate data on the vibration-nuclear transition 
probabilities in a case of the emission and absorption spectrum of the nucleus 188Os (E(0)

γ = 155 ke V) in the molecule of OsO4. Analysis shows that more sophisticated theoretical 
approach gives the higher values for the cited probabilities.

1.  Introduction

Any alteration of the molecular state must be 
manifested in the quantum transitions, for exam-
ple, in a spectrum of the γ-radiation of a nucleus. 
It is well known that it is possible the transfer of 
part of a nuclear energy to atom or molecule un-
der radiating (absorption) the γ quanta by a nucle-
us  (c.f.[1-12]).  A  spectrum contains a set of the 
electron-vibration-rotation satellites, which are 
due to an alteration of the state of system interact-
ing with photon.  A mechanism of forming satel-
lites in the molecule is connected with a shaking 
of the electron shell resulting from the interaction 
between a nucleus and γ quantum. [1,3,13-20]. 
An appearance of the molecular nuclear lines rep-
resents a great interest as it opens a possibility of 
the changing  γ-radiation spectrum by means of 
changing the vibration-rotational  state of a mol-
ecule by a laser light [1,12,16]. The well known 
example is the Szilard-Chalmers effect (molecu-
lar dissociation because of the recoil during ra-
diating gamma quantum with large energy; c.f. 
[1, 2]). This paper is going on our studying the 
co-operative dynamical phenomena (c.f.[14-19]) 
due the interaction between atoms, ions, molecule 

electron shells and nuclei nucleons. We present an 
advanced approach to description of a new class 
of dynamical laser-electron-nuclear effects in mo-
lecular spectroscopy, in particular, we study the 
nuclear gamma-emission or absorption spectrum 
of a molecule. A consistent quantum- mechanical 
approach to calculation of the electron-nuclear γ 
transition spectra (set of vibration-rotational sat-
ellites in molecule) of a nucleus in the multiatom-
ic molecules has been earlier proposed [14-16]. 
It generalizes the well known Letokhov-Minogin 
model [3]. Estimates of the vibration-nuclear 
transition probabilities in a case of the emission 
and absorption spectrum of nucleus 191Ir (E(0)

γ= 82 
keV)  in the molecule of IrO4  and other molecules 
were  listed . Here we present the accurate data 
on the vibration-nuclear transition probabilities in 
a case of the emission and absorption spectrum 
of nucleus nucleus 188Os (E(0)

γ= 155 keV) in the 
molecule of OsO4.

2.The electron-nuclear γ transition spectra 
of nucleus in multi-atomic molecules

As the method of computing is earlier present-
ed in details [14-16], here we consider only by 
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the key topics The main purpose is calculating a 
structure of the gamma transitions (a probability 
of transition) or spectrum of the gamma satellites 
because of changing the electron-vibration-rota-
tional states of the multi-atomic molecules under 
gamma quantum radiation (absorption). Here we 
are limited by a case of the five-atomic molecules 
(of XY4 type; Td).  Hamiltonian of interaction of 
the gamma radiation with a system of nucleons 
for the first nucleus can be expressed through the 
co-ordinates of nucleons rn

’ in a system of the 
mass centre of the one nucleus [3,15]:

    )exp()()( uikrHrH nn γ−′=                       (1)

where kγ is a wave vector of the gamma quan-
tum; u is the shift vector from equality state  (co-
inciding with molecule mass centre) in system 
of co-ordinates in the space. The matrix element 
for transition from the initial state “a” to the final 
state “b” is presented as usually:

   (2)

where a and b is a set of quantum numbers, 
which define the vibrational and rotational states 
before and after interaction (with gamma- quan-
tum). The first multiplier in eq. (2) is defined by 
the gamma transition of nucleus and is not de-
pendent upon the internal structure of molecule 
in a good approximation. The second multiplier 
is the matrix element of transition of the molecule 
from the initial state “a” to the final state “b”:

  (3)

The expression (3) gives a general formula 
for calculating the probability of changing the 
internal state of molecule during  absorption or 
emitting γ quantum by a nucleus. It determines an 
intensity of the corresponding γ-satellites. Their 
positions are fully determined as follows:

       )(0
ab EEvkREE −±+±= γγγ         (4)

Here M is the molecule mass, v is a velocity 

of molecule before interaction of nucleus with γ 
quantum;  Ea and Eb are the energies of the mol-
ecule before and after interaction; Eγ is an energy 
of nuclear transition; Rom is an energy of recoil: 
Rom= [(Eγ

(o)] 2/2Mc2. One can suppose that only 
single non-generated normal vibration (vibration 
quantum ω ) is excited and initially a molecule 
is on the vibrational level va =0. If we denote a 
probability of the corresponding excitation as 
P(vb, va)  and use expression for shift u of the 
γ-active nucleus through the normal co-ordinates, 
then an averaged energy for excitation of the sin-
gle normal vibration is as follows: 
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where                                                    and 
m is the mass of γ-active nucleus, ϑ  is an angle 
between nucleus shift vector and wave vector of 
γ-quantum and  line in E vib means averaging on 
orientations of molecule (or on angles ϑ ).

To estimate an averaged energy for excitation 
of the molecule rotation, one must not miss the 
molecule vibrations as they provide non-zeroth 
momentum L=kvusinϑ , which is transferred to a 
molecule by γ-quantum. In supposing that a nu-
cleus is only in the single non-generated normal 
vibration and vibrational state of a molecule is not 
changed va=vb=0, one could evaluate an averaged 
energy for excitation of the molecule rotations as 
follows:

                                                                                                                     (6)

As for multi-atomic molecules it is typical  
B/ ω ~10-4-10-2, so one could miss the molecule 
rotations and consider γ-spectrum of a nucleus 
in the molecule mass centre as a spectrum of 
the vibration-nuclear transitions. A shift u of the 
γ-active nucleus can be expressed through the 
normal co-ordinates  σsQ  of a molecule:

molecules (of XY4 type; Td).  Hamiltonian of 
interaction of the gamma radiation with a 
system of nucleons for the first nucleus can 
be expressed through the co-ordinates of 
nucleons rn

’ in a system of the mass centre of 
the one nucleus [3,15]: 
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where k is a wave vector of the gamma 
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where m is a mass of the γ- active nucleus; 
components of the vector bsF  of nucleus shift due 
to the F-component of  “s” normal vibration of a 
molecule are the elements of matrix b [2]; it real-
izes the orthogonal transformation of the normal 
co-ordinates matrix Q to matrix of masses of the 
weighted Cartesian components of the molecule 
nuclei shifts q. According to eq.(1), the matrix el-
ement can be written as multiplying the matrix 
elements on molecule normal vibration, which 
takes contribution to a shift of the γ- active nu-
cleus:

=),( abM

.)/exp(|∏ ∏ −=
s

a
sss

b
s vmQbikv

σ
σσγ (8)

It is obvious that missing molecular rotations 
means missing the rotations which are connected 
with the degenerated vibrations. Usually wave 
functions of a molecule can be written for non-
degenerated vibration as:

)(| svss Qv Φ= ,                 (9)

for double degenerated vibration in the form: 
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(where sss vvv =+
21 σσ ) and for triple degener-

ated vibration as follows:   
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where ssss vvvv =++
321 σσσ .

In the simple approximation function 

)( σσ
Φ sv Qs

 can be chosen in a form of the linear 
harmonic oscillator one. More exact calculating 
requires a numerical determination of these func-

tions. Taking directly the wave functions a
sv  

and b
sv , calculating the matrix element (8) is 

reduced to a definition of the matrix elements  on 
each component γ  of the normal vibration.

3. Results and conclusions

Below we present the accurate data on the vi-
bration-nuclear transition probabilities in a case 
of the emission and absorption spectrum of nu-
cleus 188Os (E(0)

γ= 155 keV in   the molecule OsO4. 
Note that the main difficulty during calculating 
(8) is connected with definition of the values bsσ 
of the normalized shifts of γ-active decay. It is 
known that if a molecule has the only normal vi-
bration of the given symmetry type, then the cor-
responding values of bsσ can be found from the 
well known Eccart conditions, normalization one 
and data about the molecule symmetry. For sever-
al normal vibrations of the one symmetry type, a 
definition of bsγ requires solving the secular equa-
tion for molecule |GF-λE|=0  [21-24].  We have 
used the results of advanced theoretical calculat-
ing electron structure of the studied system within 
an advanced relativistic scheme of the Xγ- scat-
tered waves method (see details in Refs.[21,24]). 
In table 1 we present the  results of calculating 
probabilities of the first several vibration-nuclear 
transitions in a case of the emission and absorp-
tion spectrum of nucleus 188Os (E(0)

γ= 155 keV in 
OsO4  and compare with available data Ref.[2], 
where more simple approximation has been used. 
Analysis shows that more sophisticated calcula-
tion gives the higher values for probabilities. 

Table 1 
Probabilitites of the vibrational-nuclear tran-

sitions in spectrum of OsO4.

Vibration 
transition

v3
a ,v4

a – v3
b, v4

b

P ( v3
a ,v4

a – 
v3

b, v4
b)

[15]

P ( v3
a ,v4

a – 
v3

b, v4
b)

This work

0,0  –  0,0 0.795 0.803

1,0  –  0,0 0.018 0.023

0,1  –  0,0 0.074 0.081

1,0  –  1,0 0.750 0.757

0,1  –  0,1 0.673 0.678
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SPECTROSCOPY OF COOPERATIVE LASER ELECTRON-G-NUCLEAR PROCESSES 
IN MULTIATOMIC MOLECULES: OsO4

Abstract
The consistent quantum approach to calculating the electron-nuclear g transition spectra (a set 

of the vibration-rotational satellites in a spectrum of molecule) of a nucleus in the multiatomic mol-
ecules is used to obtain  the accurate data on the vibration-nuclear transition probabilities in a case of 
the emission and absorption spectrum of the nucleus 188Os (E(0)

g= 155 keV) in the molecule of OsO4. 
Analysis shows that more sophisticated theoretical approach gives the higher values for the cited 
probabilities.
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СПЕКТРОСКОПИЯ КООПЕРАТИВНЫХ ЛАЗЕРНЫХ ЭЛЕКТРОННО-ГАММА-
ЯДЕРНЫХ -ПРОЦЕССОВ В МНОГОАТОМНЫХ МОЛЕКУЛАХ: OsO4

Резюме
Последовательный квантовый подход к расчету электронно-гамма-ядерного спектра 

(система  колебательно-вращательных спутников в спектре молекуле) в многоатомных 
молекулах используется, чтобы получить уточненные данные о вероятностях колебательно-
ядерных переходов в молекуле OsO4  в случае испускания и поглощения гамма-кванта ядром 
188Os (E(0)

g= 155 kэВ). Анализ показывает, что более последовательный теоретический подход 
дает более высокие значения искомых вероятностей.  

Ключевые слова: спектр электрон- g -ядерных переходов, многоатомные молекулы
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СПЕКТРОСКОПІЯ КООПЕРАТИВНИХ ЛАЗЕРНИХ ЕЛЕКТРОННО-ГАММА-
ЯДЕРНИХ ПРОЦЕСІВ У БАГАТОАТОМНИХ МОЛЕКУЛАХ: OsO4

Резюме
Послідовний квантовий підхід до розрахунку електронно-гамма-ядерного спектру (система 

коливально-обертальних супутників у спектрі молекули) в багатоатомних молекулах викорис-
товується, щоб отримати уточнені дані по ймовірностям коливально-ядерних переходів в моле-
кулі OsO4 у випадку випромінювання та поглинання гамма-кванта ядром 188Os (E(0)

g= 155 кеВ). 
Аналіз показує, що більш послідовний теоретичний підхід дає більш високі значення шуканих 
ймовірностей.  
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SPECTROSCOPY OF RYDBERG ATOMS IN A BLACK-BODY RADIATION 
FIELD: RELATIVISTIC THEORY OF EXCITATION AND IONIZATION 

The combined relativistic energy approach and relativistic many-body perturbation 
theory with the zeroth model potential approximation are used for computing the thermal 
Blackbody radiation ionization characteristics of the Rydberg atoms, in particular, the 
sodium in Rydberg states with n=17,18,40-70. The comparison of the calculated ionization 
rate values with available theoretical and experimental data is carried out.

1.  Introduction

A great progress in experimental laser physics 
and appearance of the so called tunable lasers al-
low to get the highly excited Rydberg states of at-
oms. In fact this is a beginning of a new epoch in 
the atomic physics with external electromagnetic 
field. It has stimulated a great number of papers 
on the ad and dc Stark effect [1-12]. 

From the other side, the experiments with Ry-
dberg atoms had very soon resulted in the discov-
ery of an important ionization mechanism, pro-
vided by unique features of the Rydberg atoms. 
Relatively new topic of the modern theory is con-
nected with consistent treating the Rydberg atoms 
in a field of the Blackbody radiation (BBR). It 
should be noted that the BBR is one of the essen-
tial factors affecting the Rydberg states in atoms 
[1]. 

The account for the ac Stark shift, fast redistri-
bution of the levels’ population and photoioniza-
tion provided by the environmental BBR  became 
of a great importance for successfully handling 
atoms in their Rydberg states. 

The most popular theoretical approaches to 
computing ionization parameters of the Rydberg 
atom in the BBR are based on the different ver-
sions of the model potential (MP) method, quasi-
classical models. It should be mentioned a simple 
approximation for the rate of thermal ionization 

of Rydberg atoms, based on the results of our sys-
tematic calculations in the Simons-Fues MP [1]. 

In fact, using   the MP approach is very close 
to the quantum defect method and other semi-
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dberg atoms, in particular, the sodium. It is self-
understood that the other alkali elements are also 
of a great actuality and importance. 

2. Ionization of the Rydberg atoms in the 
Blackbody radiation

Qualitative picture of the BBR Rydberg at-
oms ionization is in principle easily understand-
able.  Even for temperatures of order T=104 K, the 
frequency of a greater part of the BBR photons 
ω does not exceed 0.1 a.u. One could use a sin-
gle- electron approximation  for calculating the 
ionization cross section σnl (ω). The latter appears 
in a product with the Planck’s distribution for the 
thermal photon number density: 

       (1)

where k=3.1668×10−6 a.u., K−1 is the Boltz-
mann constant, c = 137.036 a.u. is the speed of 
light. 

Ionization rate of a bound state nl results in the 
integral over the Blackbody radiation frequen-
cies:
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The ionization cross-section from a bound 
state with a principal quantum number n and or-
bital quantum number l by photons with frequen-
cy ω is as follows: 
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radial wavefunction Rnl(r) to continuum state ith 
the wavefunction REl (r) normalized to the delta 
function of energy. The corresponding radial ma-
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where (a>n>f)  for electron and (a<n<f)  for 
vacancy. The matrix element is determined as fol-
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Their detailed description of the matrix ele-
ments and procedure for their computing is pre-
sented in  Refs. [12,13,15]. The relativistic wave 
functions are calculated by solution of the Dirac 
equation with the potential, which includes the 
“outer electron- ionic core” potential (in the Mill-
er-Green form [21]) and exchange-polarization 
potential [20]. All calculations are performed on 
the basis of the numeral code Superatom-ISAN 
(version 93).
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theory by Beterov et al. [1]. 
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In whole there is physically reasonable agree-
ment between the theoretical and experimental 
data. Obviously, the accuracy of the theoretical 
data is provided by a correctness of the corre-
sponding relativistic wave functions and account-
ing for the exchange-correlation effects. 

In Table 2 we list our results of ionization rate 
(s-1) for sodium Rydberg states (with n=40-70) in-
duced by BBR radiation (T = 300 K) .

Table 1 
Theoretical and experimental values   of the 
ionization rate (103 s-1) of sodium Rydberg 
states: E1- Kleppner et al Burkhardt etal; 
Th1 – theory by Glukhov-Ovsyannikova; Th2- 
theory by Lehman, Th3- theory by Dyachkov-
Pankratov; Th4- theory by Beterov et al; Th5 
– this work.

T nL E1 Th1 Th2 Th3 Th4 Th5

300 17D 103 1.08×103 0.95×103 0.9×103 1.147×103 1.02×103

500 18P - 4.18×103 - - - 5.54×103

500 18D - 4.07×103 - - - 5.46×103

Table 2 
Ionization rate   (s-1) for the sodium Rydberg 
states (with n = 40-70), induced by BBR radia-

tion (T = 300 K; our data).

Atom 40 50 60 70

Na S 142 106 61.4 29.5

Na P 804 576 311 141

Na D 707 496 268 122
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SPECTROSCOPY OF RYDBERG ATOMS IN A BLACK-BODY RADIATION FIELD: 
RELATIVISTIC THEORY OF EXCITATION AND IONIZATION 

Abstract
The combined relativistic energy approach and relativistic many-body perturbation theory with the 

zeroth model potential approximation are used for computing the thermal Blackbody radiation ioniza-
tion characteristics of the Rydberg atoms, in particular, the sodium in Rydberg states with n=17,18,40-
70. The comparison of the calculated ionization rate values with available theoretical and experimen-
tal data is carried out.
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СПЕКТРОСКОПИЯ РИДБЕРГОВСКИХ АТОМОВ В ПОЛЕ ИЗЛУЧЕНИЯ ЧЕРНОГО 
ТЕЛА: РЕЛЯТИВИСТСКАЯ ТЕОРИЯ ВОЗБУЖДЕНИЯ И ИОНИЗАЦИИ

Резюме
Комбинированный релятивистский энергитический подход и релятивистская теория 

возмущений многих тел с нулевым потенциалом модели приближения используются для 
вычисления ионизационных характеристик ридберговских атомов в поле теплового излучения 
черного тела, в частности, натрия в ридберговских состояниях с n=17,18,40-70. Сравнение 
расчетных значений скорости ионизации с имеющимися теоретическими и экспериментальными 
данными проводится. 

Ключевые слова: ридберговские атомы, релятивистская теория, поля излучения.
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СПЕКТРОСКОПІЯ РІДБЕРГІВСЬКИХ АТОМІВ У ПОЛІ ВИПРОМІНЮВАННЯ ЧОР-
НОГО ТІЛА: РЕЛЯТИВІСТСЬКА ТЕОРІЯ ЗБУРЕННЯ ТА ІОНІЗАЦІЇ

Резюме
Комбінований релятивістський енергетичний підхід і релятивістська теорія збурень багатьох 

тіл з нульовим потенціалом моделі наближення використовуються для обчислення іонізаційних 
характеристик рідбергівських атомів у полі теплового випромінювання чорного тіла, зокрема, 
натрия в рідбергівських станах з n=17,18,40-70. Порівняння розрахованих значень швидкості 
іонізації з наявними теоретичними та експериментальними даними проводиться. 
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The work is devoted to modeling and calculation of the spatial distribution of the 
concentration of charge localized in the space charge region (SCR) heterojunction, this 
distribution changes with time at different initial filling of deep traps centers nonequilibrium 
holes. Within the framework described model the theoretical calculation of two characteristic 
stages of relaxation current, compliance with the calculated and experimentally obtained 
dependencies was demonstrated.

Samples obtaining procedure

Technology of the Cu2S layer formation is 
briefly discussed above. The semiconductor grade 
purity of used CdS powder was checked and 
controlled by XPS technique (X-ray photoelectron 
spectroscopy) at respective production facilities.  
Cartridge with CdS films after cooling to room 
temperature were transferred to the next vacuum 
chamber department, where evaporation of 
CuCl was carried. The graphite mask was used 
for CuCl film configuration. It was found out 
technologically that complete evaporation of 
CuCl powder in an amount of 0.3 g at evaporator 
temperature 650 º C during 7-10 min leads to 
creation of CuCl layer of desired thickness ≈ 1 
µm. Substrate temperature during evaporation of 
CuCl changed within 180 - 240 º C.

Then, the cassette with CdS-CuCl layer 
structure samples was moved into the third 
section of the vacuum chamber was set to the 
heater - a flat metallic stove, parallel to the 
sample surface on 1 cm distance. For 10 - 15 sec 
sample temperature reached 200 º C and further 
maintained constant throughout the process of 
heterojunctions formation. As a result of such 
heat treatment the substitution reaction proceeded 
in CdS-CuCl layer system by the scheme: CdS + 
2CuCl → Cu2S + CdCl2 .

CuCl film thickness and annealing time 
were chosen experimentally so that all of copper 
chloride could react with the upper layer of CdS 
(near 1 µm thickness, this is the value of CdS 
layer loss). The best results were obtained with 
heat treatment time ≈ 3 minutes. Cu2S thickness 
directly determined by the initial thickness of the 
initial layer of CuCl. Thus, the use of different 
modes , in which time evaporation varied from 4 
to 12 min, allowed to receive Cu2S layer thickness 
in the range from 200 to 1000 nm. The optimal 
parameters (temperature and time of formation) 
to maximize the reaction completeness were 
obtained experimentally by checking the value of 
the open circuit voltage and short circuit current 
through heterojunctions, obtained by using these 
or other processing parameters. Uniformity 
of Cu2S layer was determined by initial CuCl 
film uniformity and was controlled by using 
microscopic techniques.

Homogeneous Cu2S film is formed throughout 
the sample area, despite local differences in the 
rate of growth. A prerequisite for this is a complete 
depletion of copper chloride during the reaction. 
The formation of a homogeneous film thickness is 
due to the fact that each part of a copper chloride 
layer can react only with its adjoining part of the 
CdS layer.
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During the reaction two Cu + ions and one Cd2 
+ ion must diffuse in opposite directions through 
the constantly growing films of copper sulfide 
and cadmium chloride. Sulfur atoms must stay on 
one side, and the chlorine atoms - on the other 
side. As a result of this process, the entire surface 
is covered with a layer of cadmium chloride, 
which is easily removed by distilled water. But 
several phases of CuxS, such as  Cu1.96S Cu1.92S 
and other can be formed during the substitution 
reaction due to different diffusion velocities of 
the reaction components and lack of Cu + ions in 
reaction zone as a result. Other observed phases 
of copper sulphide appear because of sample time 
degradation (copper atoms diffusion from CuxS to 
CdS layer). 

Charge distribution modeling

Consistent with the experimental data model 
of the processes responsible for the kinetics of 
decline in short-circuit current CdS-Cu2S, based 
on the description of thermal and tunneling 
mechanisms to release localized charge in the 
absence of photoexcitation, ie case descending 
relaxation was developed. Kinetics of non-
equilibrium concentration of holes in traps in this 
case is described by the equation [1-3]:
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capture cross section for electrons and holes, n0 
– free electrons concentration in CdS, D1(x) and 
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Evaluation of the contribution of tunneling in 
the process of relaxation of the trapped charge is 
made by calculating the second and third terms of 
the right side of equation (3), while the probability 
of tunneling transmission coefficient determined 
by the values corresponding barriers D1 (x) and 
D2 (x), which strongly depend on the coordinates 
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approximation. This takes into account that in the 
real case the form of the barrier, and with it the 
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That is, the kinetic equation (1) there are values 
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Described model with thermal release 
mechanism allows for tunnel release trapped holes 
in the traps, which prevails in the initial phases 
of changes in the concentration of space charge. 
This gained in photoexcited charge is actually the 
optical information carrier, fixed sensor, so the 
devastation traps determines the memory effect 
and re-reading sensor signal. 

The results of modeling calculations and 
nonequilibrium charge distribution localized in 
the barrier HJ based tunneling charge transport 
mechanisms. Within The model used in the 
calculation of two cases of initial concentration 
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of complete filling centers traps, exponential 
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the solution of ordinary differential equations. 
The initial set barrier width W of the coordinate 
x was divided into 100 points, and the value of Δt 
was set equal to 0.1 sec. These steps were selected 
partition for reasons of compliance accuracy 
further building are calculated from recession 
photocurrent accuracy of the experimental curves.     

The simulation results of the process to reduce 
the concentration of trapped charge-trap centers 
in the SCR GP presented in Figure 1. Calculated 
data are presented as a set of normalized (

1)0,( ≡= tt Nxp ) curves of the spatial distribution 

of concentration norm
tp  at certain values of time t, 

elapsed after photoexcitation termination (at t = 
0).    

        

Fig. 1. Calculated dependence of рt concentra-
tion distribution profiles of holes captured in 
the traps in the initial full (a) and exponential 
(b) distribution of concentration. Profiles are 
normalized.

The results of modeling dependencies sensor 
signal decline after cessation of photoexcitation 
and comparing them with the experimentally 
obtained relaxation curves were obtained. The 
analytical expressions that show the connection 
of nonequilibrium charge distribution in the 

SCR, the shape of the potential barrier and 
heterojunction with a value of short-circuit 
current through the sample. The principal 
difference between the proposed and the method 
used process modeling short circuit photocurrent 
relaxation (ie, sensor signal) from the previously 
described are not only taking into account a 
change in the distribution of quadratic potential 
barrier near heteroborder on the exponential of 
the latter CdS, but also quantitatively account 
tunneling effects [6, 7]. Thus, the model takes into 
account the demonstrated dramatic change in the 
transparency of the tunnel barrier and subsequent 
relaxation effects concentration of trapped non-
equilibrium charge and current through GP after 
termination of photoexcitation [7]. 

It was found that the best matching relaxation 
curves calculated short-circuit current of the 
experimentally obtained values achieved using 
exponential terms in the modeling of the spatial 
distribution of the initial concentration of trapped 
holes in deep traps, which act as carriers of 
captured optical information in the studied sensor 
structure.

Within the framework described model the 
theoretical calculation of two characteristic stages 
of relaxation of current when first performed 
this calculation depends on the concentration of 
trapped deep trap charge with time for a quick 
relaxation phase, which is caused by the process 
of tunnel release charge (Fig. 2).

Fig. 2. Experimental (individual points) and 
calculated (solid curve) short-circuit current 
dependences  in case ofinitial exponential fill-
ing of traps by nonequilibrium holes at the 
stage of fast relaxation.
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Conclusion

It is shown that the experimentally obtained 
dependence is modeled using only one type of 
traps involved in the accumulation of charge 
in the SCR. The settlement established by the 
energy position Et, capture cross section Spt 
and concentration Nt trap centers involved in 
the processes of capture of nonequilibrium 
holes whose values held to agreement between 
experimental and theoretical curves of obtained 
short-circuit current recession: Et = 0.32 eV, Spt 
=3·10–14 сm2, Nt=1.4·1017 cm-3. This value is the 
energy depth of the trap is in accordance with 
the experimentally obtained changes in research 
capacity barrier heterojunction. 
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MODELLING OF RAPID STAGE DECAY OF SIGNAL OF OPTICAL SENSOR BASED ON 
HETEROSTRUCTURE CdS-Cu2S

Summary. The work is devoted to modeling and calculation of the spatial distribution of the 
concentration of charge localized in the space charge region (SCR) heterojunction, this distribution 
changes with time at different initial filling of deep traps centers nonequilibrium holes. Within the 
framework described model the theoretical calculation of two characteristic stages of relaxation 
current, compliance with the calculated and experimentally obtained dependencies was demonstrated. 
Key words: nonideal heterojunction, image sensor, deep traps, tunneling.
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STOCHASTIC DYNAMICS OF THE LASER FIELD ROTATIONAL 
EXCITATION FOR MOLECULES

A advanced multi-level optimized stochastic model for definition of the optimal form of 
laser pulse to reach the maximal effectiveness of laser action in process of selective molecule 
excitation and ionization is used in calculation the parameters of the optimal excitation for 
molecule. It is estimated dependence (number of particles) of functional of the quality on the 
rotational energy and wave length of laser radiation

At present time it is of a great important de-
velopment of an effective advanced multi-level 
optimized stochastic models for definition of the 
optimal form of laser pulse to reach the maximal 
effectiveness of laser action in process of selec-
tive molecule excitation and ionization. The pur-
pose is to calculate the parameters of the optimal 
excitation for molecule [1-10]. This topic repre-
sents a significant theoretical and applied interest 
for many physical, chemical branches such as an 
atomic, molecular physics, quantum electronics, 
physics of elements, devices, sensor technolo-
gies, plasmochenistry  laser photochemistry and 
biology.  One could remind about physical basis 
for creation and construction of special devices 
for sensing physical, chemical properties of the 
molecular systems and at last their application in 
the nano-electronics, nano-atomic optics, quan-
tum computing, molecular sensors technologies 
etc. 

As it was indicated in Refs. [1-10], a great per-
spectives has the studied  topic for many prob-
lems of laser photochemistry.  Letokhov et al 
[2,3] experimentally studied  possibility of clean-
ing the substance in a gas phase by means of the  
photoionization or photo dissociation of admix-
tured molecules in IR laser field on the example 
of cleaning AsCl3 from admixtures C2H4Cl2 and 

CCl4.From theoretical and experimental points of 
view, it is very important theoretical and experi-
mental studying optimal realizations of processes 
of the multi-step and multi photon excitation and 
ionization, dissociation. Though many of cited 
processes are quite satisfactorily described (at 
least, at qualitative level) by simplified models. 
A majority of tasks for action of laser radiation 
and high intensive particles beams on molecular 
gases are quite acceptably described by multi- 
level stochastic models, which result in systems 
of differential equations or differential equation 
in partial  derivatives  of the Focker-Plank type 
[3,7,8,14]. Nowdays a consistent theory of the 
optimal realizations of these processes is absent. 
In refs. [12-15] a new multi-level optimized model 
for definition of the optimal  form of laser pulse 
to reach the maximal effectiveness of laser action 
in process of selective excitation and ionization of 
molecules has been proposed. Further within the 
optimal governing theory a problem of optimiza-
tion for electron, vibtational and rotational excita-
tion, photo ionization and dissociation in a laser 
field was studied  and As example, the parameters 
of the optimal excitation and ionization for mol-
ecules HCl, CF3Br(I), SiH4  etc. have been  deter-
mined. Here we consider a generalized  advanced 
stochastic model for definition of the optimal form 



157

of laser pulse to reach the maximal effectiveness 
of laser action in process of selective molecule 
excitation and ionization, which generalizes earlier 
formulated approaches [13-15].  

As usually, we start from the stochastic differ-
ential equation of the Focker-Plank type:

                                                                         (1)

where f is a density of molecules at a chosen vi-
brated level with rotational energy x; I is a laser 
pulse intensity; LRT,Lu(f,I) are operators, which 
describe the RT relaxation and laser radiation ac-
tion and have the standard form: 
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At initial moment of time there is some initial 
distribution f(х,0),and for t>0 system is excited 
by resonance laser field with frequency, which is 
resonant to rotational transition x1®x2. 

Frequency of the exciting field is considered as 
as governing parameter. To estimate an effective-
ness of action one must study a quality functional, 
which characterises a distribution of molecules on 
rotational energies to moment t1:
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where   h(x)   is some function, which corresponds 
to required form of the final distribution.  

Further we are dealing with real form of the 
laser pulse. In refs. [12-15] we deal with a  multi-
level optimized model for definition of the optimal  
form of laser pulse. In fact it has been used the 
pulse in a Lorenze form. Here we consider firstly 
the pulse in the Gaussian form. Further we used 
the standard procedure of the governing theory 
The optimal governing task for definition of the 
optimal laser pulse form to achieve a  maximal la-
ser action effectiveness is written as follows [15]: 
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x1 and wave length of laser radiation, which is 
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Using the numerical methodics [14,15] we 
have carried out testing of the advanced model for 
molecules HBr (Т=300 К, R=25; the values of pa-
rameters are taken from refs.[2-4, 16]). In figure 1 
it is presented a dependence (number of particles) 
of the functional (5) in the  interval of energies 
xÎ[13,25] (in units of kT) upon x1 and wave length 
of laser radiation, which is corresponding to rota-
tion transition x1®x2. In expression (4) h is a func-
tion, which corresponds to required form of the 
final distribution f(x,t,u), i.е. density of molecules 
at chosen vibration level, which has a rotational 
energy x at moment of time t; ],0[ Rx∈ ). The 
obtained data are qualitatively similar to results of 
ref. [14,15] for molecule HCl, CF3Br. The quanti-
tative difference (~5%) is  provided by using the 
real laser pulse form (3) and corrected molecular 
constants set. Probably, this difference should be 
in more details analyzed with accounting for the 
possible photon-correlation stochastic effects. 

Fig. 1. Dependence of the functional I(x1, x2) 
upon  x1 and wave length of laser radiation for  
t1=2tR (1), t1=4tR  (2), t1=6tR (3) for molecule HBr 
(see text).
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                                                             (1) 

where f is a density of molecules at a chosen 
vibrated level with rotational energy x; I is a 
laser pulse intensity; LRT,Lu(f,I) are operators, 
which describe the RT relaxation and laser 
radiation action and have the standard form:  
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                 (2) 
 
At initial moment of time there is some initial 
distribution f(х,0),and for t>0 system is 
excited by resonance laser field with 
frequency, which is resonant to rotational 
transition x1x2.  
Frequency of the exciting field is considered 
as as governing parameter. To estimate an 
effectiveness of action one must study a 
quality functional, which characterises a 
distribution of molecules on rotational 
energies to moment t1: 
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                                                              (3) 
where   h(x)   is some function, which 
corresponds to required form of the final 
distribution.   
Further we are dealing with real form of the 
laser pulse. In refs. [12-15] we deal with a  
multi-level optimized model for definition of 
the optimal  form of laser pulse. In fact it has 
been used the pulse in a Lorenze form. Here 
we consider firstly the pulse in the Gaussian 
form. Further we used the standard procedure 
of the governing theory The optimal 
governing task for definition of the optimal 
laser pulse form to achieve a  maximal laser 
action effectiveness is written as follows [15]:  
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Following to Ref.[14,15], we use the 

necessary condition of optimality, i.e. if 
 ( *

2
*
1 , xx ) is an optimal governing  for 

functional (3) and ),(),,(* txtxf   are 
corresponding solutions, then we have the 
following condition for any  x1,x2 from 
interval [0,R]:         
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Dependence (number of particles) in the  
interval of energies x[x1 ,x2] (in units of kT) 
upon x1 and wave length of laser radiation, 
which is corresponding to rotation transition 
x1x2, is determined by the functional:  
                                                                      

      dxxhxxtxfuI
R
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0

1           (5) 

 
Using the numerical methodics [14,15] we 
have carried out testing of the advanced 
model for molecules HBr (Т=300 К, R=25; 
the values of parameters are taken from 
refs.[2-4, 16]). In figure 1 it is presented a 
dependence (number of particles) of the 
functional (5) in the  interval of energies 
x[13,25] (in units of kT) upon x1 and wave 
length of laser radiation, which is 
corresponding to rotation transition x1x2. In 
expression (4) h is a function, which 
corresponds to required form of the final 
distribution f(x,t,u), i.е. density of molecules 
at chosen vibration level, which has a 
rotational energy x at moment of time t; 

],0[ Rx ). The obtained data are qualitatively 
similar to results of ref. [14,15] for molecule 
HCl, CF3Br. The quantitative difference 
(~5%) is  provided by using the real laser 
pulse form (3) and corrected molecular 
constants set. Probably, this difference should 
be in more details analyzed with accounting 
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STOCHASTIC DYNAMICS OF THE LASER FIELD ROTATIONAL EXCITATION FOR 
MOLECULES

Abstract.  An advanced multi-level optimized stochastic model for definition of the optimal form 
of laser pulse to reach the maximal effectiveness of laser action in process of selective molecule exci-
tation and ionization is used in calculation the parameters of the optimal excitation for molecule. It is 
calculated dependence (number of particles) of functional of the quality on the rotational energy and 
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СТОХАСТИЧЕСКАЯ ДИНАМИКА ВРАЩАТЕЛЬНОГО ВОЗБУЖДЕНИЯ МОЛЕКУЛ  
В ПОЛЕ ЛАЗЕРНОГО ИЗЛУЧЕНИЯ

Резюме. Обобшенная многоуровневая оптимизационная стохастическая модель определе-
ния оптимальной формы лазерного импульса для достижения максимальной эффективности 
лазерного воздействия в процессе селективного возбуждения и ионизации молекул использо-
вана в оценке  параметров оптимального вращательного возбуждения молекул. Рассчитана за-
висимость функционала качества (число частиц) от величины вращательной энергии и длины 
волны лазерного излучения.

Ключевые слова: вращательного возбуждения, молекулы в поле лазерного излучения, сто-
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СТОХАСТИЧНА ДИНАМІКА РОТАЦІЙНОГО ЗБУДЖЕННЯ МОЛЕКУЛ 
У ПОЛІ ЛАЗЕРНОГО ВИПРОМІНЮВАННЯ:  

Резюме. Узагальнена багаторівнева оптимізаційна стохастична модель визначення опти-
мальної форми лазерного імпульсу для досягнення максимальної ефективності лазерної дії 
у процесі селективного збудження та іонізації молекул використана у розрахунку параметрів 
оптимального збудження молекул. Оцінена  залежність функціоналу якості (число частинок) 
від величини ротаційної енергії та довжини хвилі лазерного випромінювання. 
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SIMULATION CHAOTIC DYNAMICS OF COMPLEX SYSTEMS AND 
DEVICES WITH USING CHAOS THEORY, GEOMETRIC ATTRACTORS, 
AND QUANTUM NEURAL NETWORKS

Nonlinear simulation and forecasting chaotic evolutionary dynamics of complex systems  
can be effectively performed using the concept of compact geometric attractors.  We are 
developing a new approach to analyze and forecasting complex systems evolutionary 
dynamics based on the concept of geometric attractors, chaos theory methods and algorithms 
for quantum neural network simulation.

In recent years a considerable number of works, 
including an analysis from the perspective of the 
theory of dynamical systems and chaos, fractal 
sets, is devoted to time series analysis of dynami-
cal characteristics of physics and other systems 
[1-11]. In a series of papers [10-20] the authors 
have attempted to apply some of these methods 
in a variety of the physical, geophysical, hydro-
dynamic problems. In connection with this, there 
is an extremely important task on development of 
new, more effective approaches to the nonlinear 
modelling and prediction of chaotic processes in 
different complex systems. 

In this work nonlinear simulation and forecast-
ing chaotic evolutionary dynamics of complex 
systems  are carried out using the concept of com-
pact geometric attractors [17-20].  We are devel-
oping a new approach to analyze complex system 
dynamics based on the concept of geometric at-
tractors, chaos theory methods and algorithms for 
quantum neural network simulation

The basic idea of the construction of our ap-
proach to prediction of chaotic processes in com-
plex systems is in the use of the traditional concept 
of a compact geometric attractor in which evolves 
the measurement data, plus the implementation of 
neural network algorithms. The existing so far in 

the theory of chaos prediction models are based 
on the concept of an attractor, and are described 
in a number of papers (e.g. [1-8]). 

From a mathematical point of view, it is a 
fact that in the phase space of the system an or-
bit continuously rolled on itself due to the action 
of dissipative forces and the nonlinear part of the 
dynamics, so it is possible to stay in the neighbor-
hood of any point of the orbit y (n) other points 
of the orbit yr (n), r = 1, 2, ..., NB, which come 
in the neighborhood y (n) in a completely differ-
ent times than n. Of course, then one could try 
to build different types of interpolation functions 
that take into account all the neighborhoods of the 
phase space and at the same time explain how the 
neighborhood evolve from y (n) to a whole fam-
ily of points about y (n+1). Use of the informa-
tion about the phase space in the simulation of 
the evolution of some physical (geophysical etc.) 
process in time can be regarded as a fundamental 
element in the simulation of random processes. 

In terms of the modern theory of neural sys-
tems, and neuro-informatics (e.g. [11]), the pro-
cess of modelling the evolution of the system 
can be generalized to describe some evolutionary 
dynamic neuro-equations (miemo-dynamic equa-
tions). Imitating the further evolution of a com-
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plex system as the evolution of a neural network 
with the corresponding elements of the self-study, 
self- adaptation, etc., it becomes possible to sig-
nificantly improve the prediction of evolutionary 
dynamics of a chaotic system. Considering the 
neural network with a certain number of neurons, 
as usual, we can introduce the operators Sij synap-
tic neuron to neuron ui uj, while the corresponding 
synaptic matrix is reduced to a numerical matrix 
strength of synaptic connections: W = | | wij | |. 
The operator is described by the standard activa-
tion neuro-equation determining the evolution of 
a neural network in time:

                  
∑

=
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' ),( θ                 (1)

where 1<i<N. 
From the point of view of the theory of chaotic 

dynamical systems, the state of the neuron (the 
chaos-geometric interpretation of the forces of 
synaptic interactions, etc.) can be represented by 
currents in the phase space of the system and its 
the topological structure is obviously determined 
by the number and position of attractors. To de-
termine the asymptotic behavior of the system it 
becomes crucial a information aspect of the prob-
lem, namely, the fact of being the initial state to 
the basin of attraction of a particular attractor. 

Modelling each physical attractor by a re-
cord in memory, the process of the evolution of 
neural network, transition from the initial state 
to the (following) the final state is a model for 
the reconstruction of the full record of distorted 
information, or an associative model of pattern 
recognition is implemented.  The domain of at-
traction of attractors are separated by separatrices 
or certain surfaces in the phase space. Their struc-
ture, of course, is quite complex, but mimics the 
chaotic properties of the studied object. Then, as 
usual, the next step is a natural construction pa-
rameterized nonlinear function F (x, a), which 
transforms:  

y(n) →     y(n + 1) = F(y(n), a),

and then to use the different ( including neural 
network) criteria for determining the parameters 
a (see below). The easiest way to implement this 
program is in considering the original local neigh-
borhood, enter the model(s) of the process occur-

ring in the neighborhood, at the neighborhood 
and by combining together these local models, 
designing on a global nonlinear model. The latter 
describes most of the structure of the attractor. 

Although, according to a classical theorem 
by Kolmogorov-Arnold -Moser, the dynamics 
evolves in a multidimensional space, the size and 
the structure of which is predetermined by the ini-
tial conditions, this, however, does not indicate a 
functional choice of model elements in full com-
pliance with the source of random data. One of 
the most common forms of the local model is the 
model of the Schreiber type [3] (see also [17-20]). 

Nonlinear modelling of chaotic processes can 
be based on the concept of a compact geometric 
attractor, which evolve with measurements. Since 
the orbit is continually folded back on itself by the 
dissipative forces and the non-linear part of the 
dynamics, some orbit points yr(k), r = 1, 2, …, NB 
can be found in the neighbourhood of any orbit 
point y(k), at that the points yr(k) arrive in the 
neighbourhood of y(k) at quite different times 
than k. Then one could build the different types 
of interpolation functions that take into account 
all the neighborhoods of the phase space, and ex-
plain how these neighborhoods evolve from y (n) 
to a whole family of points about y (n + 1). Use of 
the information about the phase space in model-
ling the evolution of the physical process in time 
can be regarded as a major innovation in the mod-
elling of chaotic processes.

This concept can be achieved by construct-
ing a parameterized nonlinear function F(x, a), 
which transform y(n) to y(n+1)=F(y(n), a), and 
then using different criteria for determining the 
parameters a. Further, since there is the notion of 
local neighborhoods, one could  create a model 
of the process occurring in the neighborhood, 
at the neighborhood and by combining together 
these local models to construct a global nonlinear 
model that describes most of the structure of the 
attractor.

As shown Schreiber [3], the most common 
form of the local model is very simple:
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where D n - the time period for which a forecast . 
The coefficients )(k

ja , may be determined 
by a least-squares procedure, involving only 
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points s(k) within a small neighbourhood around 
the reference point. Thus, the coefficients will 
vary throughout phase space. The fit procedure 
amounts to solving (dA + 1) linear equations for 
the (dA + 1) unknowns. When fitting the parame-
ters a, several problems are encountered that seem 
purely technical in the first place but are related to 
the nonlinear properties of the system. If the sys-
tem is low-dimensional, the data that can be used 
for fitting will locally not span all the available 
dimensions but only a subspace, typically. There-
fore, the linear system of equations to be solved 
for the fit will be ill conditioned. However, in the 
presence of noise the equations are not formally 
ill-conditioned but still the part of the solution 
that relates the noise directions to the future point 
is meaningless .Other modelling techniques are 
described, for example, in [3,10, 17-20].

Assume the functional form of the display is 
selected, wherein the polynomials used or other 
basic functions. Now, we define a characteristic 
which is a measure of the quality of the curve fit 
to the data and determines how accurately match 
y (k + 1) with F (y (k), a), calling it by a local 
deterministic error:

 
           eD(k) = y(k + 1) - F(y(k), a).             (3)

The cost function for this error is called W (e). 
If the mapping F (y, a), constructed by us, is local, 
then one has for each adjacent to y (k) point, y (r) 
(k) (r = 1, 2, ..., NB),

        )(r
Dε (k) = y(r, k + 1) - F(y(r)(k), a),    (4)

where y (r, k + 1) - a point in the phase space 
which evolves y (r, k). To measure the quality of 
the curve fit to the data, the local cost function is 
given by

                 
[ ]∑

∑

=

=

−

ε
=ε

B

B

N

r

N

r

r
D

krk

k
kW

1

2

1

2)(

),()(

)(
),(

yy
           (5)

and the parameters identified by minimizing W 
(e, k), will depend on a.

Furthermore, formally the neural network al-
gorithm is launched, in particular, in order to make 
training  the neural network system equivalent to 
the reconstruction and interim forecast the state 

of the neural network (respectively, adjusting the 
values of the coefficients). The starting point is a 
formal knowledge of the time series of the main 
dynamic parameters of a chaotic system, and 
then to identify the state vector of the matrix of 
the synaptic interactions ||wij|| etc. Of course, the 
main difficulty here lies in the implementation of 
the process of learning neural network to simulate 
the complete process of change in the topological 
structure of the phase space of the system and use 
the output results of the neural network to adjust 
the coefficients of the function display. 

Further we consider implemetatiom of the 
quantum neural networks algorithm into general 
scheme of studying chaotic dynamics. The basic 
aspects of theory of the photon echo based neural 
networks are stated previously (see, for example, 
[10,11, 18,21,22]). So here we mention only the 
essential elements. Photon echo is a nonlinear 
optical effect, in fact this is the phenomenon of 
the four wave interaction in a nonlinear medium 
with a time delay between the laser pulses. One 
promising approach to the realization of an quan-
tum  neural network is proposed in refs. [11,18]. 
We have used a  software package for numeri-
cal modeling of the dynamics of the photon echo 
neural network, which imitates evolutionary dy-
namics of the complex system.  It has the fol-
lowing key features: multi-layering, possibility 
of introducing training, feedback and controlled 
noise. There are possible the different variants of 
the connections matrix determination and binary 
or continuous sigmoid response (and so on) of the 
model neurons. In order to imitate a tuition pro-
cess we have carried out numerical simulation of 
the neural networks  for recognizing a series of 
patterns (number of layers  N=5, number of im-
ages р=640; the error function: 

                                                                      (6)

where O(p,k) – neural networks output k for im-
age p and t(p,k) is the trained image р for output 
к; SSE is determined from a procedure of minimi-
zation; the output error is  RMS=sqrt(SSE/Pmax);  
As neuronal function there is used function of 
the form: )]exp(1/[1)( xxf δ−+= . In our calculation 
there is tested the function  f(x,T)=exp[(xT)4] too. 

The result of the PC simulation (with using our 
neural networks package NNW-13-2003 [11]) of 

the dynamics of the photon echo neural 
network, which imitates evolutionary 
dynamics of the complex system.  It has the 
following key features: multi-layering, 
possibility of introducing training, feedback 
and controlled noise. There are possible the 
different variants of the connections matrix 
determination and binary or continuous 
sigmoid response (and so on) of the model 
neurons. In order to imitate a tuition process 
we have carried out numerical simulation of 
the neural networks  for recognizing a series 
of patterns (number of layers  N=5, number 
of images р=640; the error function:  
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where O(p,k)   neural networks output k for 
image p and t(p,k) is the trained image р for 
output к; SSE is determined from a procedure 
of minimization; the output error is  
RMS=sqrt(SSE/Pmax);  As neuronal function 
there is used function of the form: 

)]exp(1/[1)( xxf  . In our calculation there 
is tested the function  f(x,T)=exp[(xT)4] too.  

The result of the PC simulation (with 
using our neural networks package NNW-13-
2003 [11]) of dynamics of the quantum 
multilayer neural networks with the input 
sinusoidal pulses is listed in fig.1. Fig. 2 
demonstrates the results of modeling the 
dynamics of multilayer neural network for 
the case of noisy input sequence. The input 
signal was the Gaussian-like  pulse with 
adding a noise with intensity D. At a certain 
value of the parameter D (the variation 
interval .0001-0.0040 ) the network training 
process and signal playback is optimal. The 
optimal value of D is 0.0017 . A coherency 
of input and output is optimal for the 
indicated optimal noise level. Thus, a 
stochastic resonance effect is in fact 
discovered in our PC experiment. In our 
view, this phenomenon is apparently typical 
for the neural network system. Obviously, 
one should search for the same effect for 
human tuition process. Analysis of the PC 
experiment results allows to make conclusion 
about sufficiently high-quality processing the 
input signals of very different shapes and 

complexity by a photon echo based neural 
network. 
 

 
Fig. 1. The results of modeling the 

dynamics of multilayer neural networks with 
sinusoidal input pulse 
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Fig. 2. The results of modeling the 

dynamics of multilayer neural for the case of 
noisy input sequence. 

 
 

The most fundamental feature of the 
approach in development is combined using 
elements of of a  chaos theory, concept of a 
compact geometric attractor, and one of the 
neural network algorithms, or, in a more 
general definition of a model of artificial 
intelligence. The meaning of the latter is 
precisely the application of neural network to 
simulate the evolution of the attractor in 
phase space, and training most neural 
network to predict (or rather, correct) the 
necessary coefficients of the parametric form 
of functional display. Using phase space 
information on the evolution in time and 
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dynamics of the quantum multilayer neural net-
works with the input sinusoidal pulses is listed in 
fig.1. Fig. 2 demonstrates the results of modeling 
the dynamics of multilayer neural network for the 
case of noisy input sequence. The input signal was 
the Gaussian-like  pulse with adding a noise with 
intensity D. At a certain value of the parameter D 
(the variation interval .0001-0.0040 ) the network 
training process and signal playback is optimal. 
The optimal value of D is 0.0017 . A coherency 
of input and output is optimal for the indicated 
optimal noise level. Thus, a stochastic resonance 
effect is in fact discovered in our PC experiment. 
In our view, this phenomenon is apparently typi-
cal for the neural network system. Obviously, 
one should search for the same effect for human 
tuition process. Analysis of the PC experiment re-
sults allows to make conclusion about sufficiently 
high-quality processing the input signals of very 
different shapes and complexity by a photon echo 
based neural network.

Fig. 1. The results of modeling the dynamics 
of multilayer neural networks with sinusoidal 
input pulse.

The most fundamental feature of the approach 
in development is combined using elements of of 
a  chaos theory, concept of a compact geometric 
attractor, and one of the neural network algo-
rithms, or, in a more general definition of a model 
of artificial intelligence. The meaning of the lat-
ter is precisely the application of neural network 
to simulate the evolution of the attractor in phase 
space, and training most neural network to pre-
dict (or rather, correct) the necessary coefficients 
of the parametric form of functional display. Us-
ing phase space information on the evolution in 

time and results of the of quantum neural network 
modelling techniques can be considered as one of 
the fundamentally approaches in forecasting cha-
otic dynamics of the really very complex systems.

Fig. 2. The results of modeling the dynamics 
of multilayer neural for the case of noisy input 
sequence.
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SIMULATION CHAOTIC DYNAMICS OF COMPLEX SYSTEMS AND DEVICES WITH 
USING CHAOS THEORY, GEOMETRIC ATTRACTORS, AND QUANTUM NEURAL NET-
WORKS

Abstract
Nonlinear simulation and forecasting chaotic evolutionary dynamics of complex systems  can be 

effectively performed using the concept of compact geometric attractors.  We are developing a new 
approach to analyze and forecasting complex systems evolutionary dynamics based on the concept 
of geometric attractors, chaos theory methods and algorithms for quantum neural network simulation
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МОДЕЛИРОВАНИЕ ХАОТИЧНОЙ ДИНАМИКИ СЛОЖНЫХ СИСТЕМ И ПРИБО-
РОВ С ИСПОЛЬЗОВАНИЕМ ТЕОРИИ ХАОСА, ГЕОМЕТРИЧЕСКИХ АТТРАКТОРОВ 
И КВАНТОВЫХ НЕЙРОСЕТЕЙ 

Резюме
Нелинейное моделирование и прогнозирование хаотических эволюционных динамик слож-

ных систем может быть эффективно выполнено с использованием концепции компактных гео-
метрических аттракторов. Мы развиваем эффективный подход для анализа и прогнозирования 
нелинейной эволюционной динамики сложных систем, основанный на концепции геометриче-
ских аттракторов, методов теории хаоса и алгоритмов для моделирования квантовой нейрон-
ной сети. 

Ключевые слова: концепция геометрического аттрактора, квантовые нейронные сети, хао-
тическая динамика
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З ВИКОРИСТАННЯМ ТЕОРІЇ ХАОСУ, ГЕОМЕТРИЧНИХ АТТРАКТОРІВ І КВАНТО-
ВИХ НЕЙРОМЕРЕЖ 

Резюме
Нелінійне моделювання і прогнозування хаотичних еволюційних динамік складних систем 

може бути ефективно виконане з використанням концепції компактних геометричних аттрак-
торів. Ми розвиваємо ефективний підхід для аналізу й прогнозування нелінійної еволюційної 
динаміки складних систем, оснований на концепції геометричних аттракторів, методів теорії 
хаосу і алгоритмів для моделювання квантової нейронної мережі. 

Ключевые слова: концепція геометричного аттрактора, квантові нейронні мережі, хаотична 
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CALCULATION  OF AUGER-ELECTRON ENERGIES FOR SOME SOLIDS 

Within a new relativistic approach there are presented the calculation data on the 
Auger electron transition energies for solids of As and Ag. New data on the Auger-electron 
energies for atoms and solids of the As and Ag are analyzed and compared with alternative 
theoretical semiempirical equivalent core approximation results, obtained by Larkins as 
well as experimental data. There is physically reasonable agreement between theory and 
experiment.

1. Introduction

This work goes on our investigation in a field 
of theoretical Auger spectroscopy of atoms and 
solids [1,2].   In Refs. [1-7] there were presented 
the calculation data on the Auger electron transi-
tion energies for a whole number of atomic sys-
tems and solids, in particular, alkali and transient 
metals and inert gases. Here we present the Auger 
electron energy data for As and Ag.  

In eRefs. [1,2] it has been indicated that the 
Auger electron spectroscopy remains an effec-
tive method to study the solids electron structure, 
chemical composition of solid surfaces and near-
surface layers [8-12]. Sensing the Auger spectra 
in atomic systems and solids gives the important 
data for the whole number of scientific and tech-
nological applications. So called  two-step model 
is used most widely when calculating the Auger 
decay characteristics [8-14]. Since the vacancy 
lifetime in an inner atomic shell is rather long 
(about 10-17 to 10-14s), the atom ionization and the 
Auger emission are considered to be two inde-
pendent processes. In the more correct dynamic 
theory of the Auger effect [9] the processes are 
not believed to be independent from one another. 
The fact is taken into account that the relaxation 
processes due to Coulomb interaction between 
electrons and resulting in the electron distribu-
tion in the vacancy field have no time to be over 
prior to the transition. In fact, a consistent Auger 
decay theory has to take into account correctly a 
number of correlation effects, including the ener-

gy dependence of the vacancy mass operator, the 
continuum pressure, spreading of the initial state 
over a set of configurations etc. Now it is clear 
that an account of the relativistic and exchange-
correlation effects is very important for the ad-
equate description of the Auger spectra of atoms 
and solids.   This problem is partly solved in this 
paper. As basic approach to calculating the Au-
ger spectra of solids we use a new approach [1-7], 
basing on the S-matrix formalism by Gell-Mann 
and Low and relativistic perturbation theory (PT) 
formalism [13]. Earlier the method has been ap-
plied to calculation of the Auger-electron spectra 
(transitions), the ionization cross-sections of in-
ner shells in various atomic systems and solids 
[1-7]. Here we are limited only by the key topics. 
Other details can be, for example,  found in Refs. 
[1-5].

2. Method

Within the frame of the relativistic many-body 
theory , the Auger transition probability and the 
Auger line intensity are defined by the square of 
an electron interaction matrix element having the 
form: 

                                                    .                                                           
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where J is the 1st order Bessel function, 
()=2+1. The Coulomb part Qul
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expressed in terms of the radial integrals R  

and the angular coefficients S  [13]: 
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where f is the large component of radial part 
of single electron state Dirac function; 
function Z and angular coefficient are defined 
in refs. [2-4,13]. The other items in (3) 
include small components of the Dirac 
functions; the sign «» means that in (3) the 
large radial component fi is to be changed by 
the small gi  one and the moment  li is to be 
changed by  1 ii ll~  for Dirac number æ1> 0 
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The Breit interaction is known to 
change considerably the Auger decay 
dynamics in some cases. The Breit part of Q 
is defined in [7,13]. The Auger width is 
obtained from the adiabatic Gell-Mann and 
Low formula for the energy shift [7]. 
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channels resulting in formation of two new 
vacancies  and one free electron k: 
k=+–. The final expression for the 
width in the representation of jj-coupling 
scheme of single-electron moments is given 
by the corresponding sum on over all 
possible decay channels.  

The basis of the electron state 
functions was determined by the solution of 
Dirac equation (integrated numerically using 
the Runge-Cutt method). The contribution of 
the lower order PT corrections to the energies 
of the auger transitions is carried out 
according to the methodology [11,12,14]. 
The calculation of radial integrals 
ReR(1243) is reduced to the solution of a 
system of  differential equations [13]:   
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real part of the electron interaction matrix ele-
ment is determined using expansion in terms of 
Bessel functions: 

                                              
                                                                      (2)

where J is the 1st order Bessel function, (l)=2l+1. 

The Coulomb part Qul
λQ  is expressed in terms of 

the radial integrals Rl  and the angular coefficients 
Sl  [13]:
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(integrated numerically using the Runge-Cutt 
method). The contribution of the lower order PT 
corrections to the energies of the auger transi-
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In addition,  
у3(∞)=ReRl(1243),
у1(∞)=Xl(13).
The formulas for the Auger decay probability 

include the radial integrals Ra(akγb), where one 
of the functions describes electron in the contin-
uum state. The energy of an electron formed due 
to a transition  jkl  is defined by the difference 
between energies of atom with a hole at j level 
and double-ionized atom at kl levels in final state:

      (8)

In order to take into account the dynamic corre-
lation effects, the equation (8) can be rewritten as:  

                                  (9)

where the item D takes into account the dy-
namic correlation effects (relaxation due to hole 
screening  with electrons etc.) To take these ef-
fects into account, the set of procedures elabo-
rated in the atomic  theory [2,3] is used. For solid 
phase, the more precise form of equation (9) is as 
follows: 
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where Es is a correction for the binding 
energy change in the solid; Rrel, the same for 
out-of-atom relaxation; e takes into account 
the work of output. Other details can be 
found in Refs. [1-7]. 
 

3. Some results 
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calculation show, our  approach provides 
more accurate results that is due to a 
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relaxation; eФ takes into account the work of out-
put. Other details can be found in Refs. [1-7].

3. Some results

In table 1 we present our calculation data on 
Auger-electron energies for As and Ag (column 
B) and also the semi-empirical method under Lar-
kins’ equivalent core approximation (from [8,9] 
(column A) as well as experimental data [2]. The 
calculation accuracy using the Larkins’ method is 
within about 2a few V as an average. As earlier 
calculation show, our  approach provides more ac-
curate results that is due to a considerable extent 
to more correct accounting for the exchange-cor-
relation effects. Especially physically reasonable 
accuracy has reached for alkali and alkali-earth 
elements. At the same time atoms of the transient 
metals are related to significantly more complex 
systems and a role of different exchange-correla-
tion effects is of a critical importance. However, 
we believe that an approach used can be improved 
at this case too. 
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CALCULATION  OF AUGER-ELECTRON ENERGIES FOR SOME SOLIDS 

Abstract
Within a new relativistic approach there are presented the calculation data on the Auger electron 

transition energies for solids of As and Ag. New data on the Auger-electron energies for atoms and 
solids of the As and Ag are analyzed and compared with alternative theoretical semiempirical equiva-
lent core approximation results , obtained by Larkins as well as experimental data. There is physically 
reasonable agreement between theory and experiment.
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РАСЧЕТ ЭНЕРГИЙ ОЖЕ-ЭЛЕКТРОНОВ ДЛЯ ТВЕРДЫХ ТЕЛ

Резюме
В рамках нового релятивистского подхода выполнен расчет энергий Оже переходов для ряда 

твердых тел. Новые данные по Оже-электронным энергиям для As и Ag анализируются и срав-
ниваются с альтернативными теоретическими полуэмпирическими данными, полученными в 
приближении эквивалентного остова Larkins, а также экспериментальными результатами.. По-
лучено достаточно хорошее согласие теории и эксперимента.

Ключевые слова: Оже-спектроскопия, атомы, твердые тела
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РОЗРАХУНОК ЕНЕРГІЙ ОЖЕ ЕЛЕКТРОНІВ ДЛЯ ТВЕРДИХ ТІЛ

Резюме
В межах нового релятивістського підходу виконано розрахунок енергій Оже переходів для 

ряду твердих тіл. Нові дані по Оже-електронним енергіям для As і Ag аналізуються і порівню-
ються з альтернативними теоретичними напівемпіричними даними, отриманими у наближенні 
еквівалентного остову Larkins а також експериментальними результатами. Получено достатньо 
добре узгодження теорії та експерименту..

Ключові слова: Оже-спектроскопія,  атоми, тверді тела
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RELATIVISTIC THEORY OF SPECTRA OF PIONIC ATOMS WITH 
ACCOUNT OF THE RADIATIVE CORRECTIONS: HYPERFINE 
STRUCTURE

A new theoretical approach to the description of spectral parameters pionic atoms in the 
excited states with precise accounting relativistic, radiation and nuclear effects is applied 
to studying spectral structure for pionic nitrogen. Energies and probabilities of  radiation 
transitions between hyperfine structure lines components, such as 5f-4d,  in the spectrum of 
the pion nitrogen are calculated and analyzed.

Our work is devoted to the application of ear-
lier developed new theoretical approach to the 
description of spectral parameters pionic atoms in 
the excited states with precise accouting relativ-
istic, radiation to studying energy parameters of 
the hyperfine structure of pionic atoms. As intro-
duction let us remind that at present time study-
ing the exotic hadronic atomic systems such as 
pionic atoms is of a great interest for further de-
velopment of atomic and nuclear theories as well 
as new tools for sensing the nuclear structure and 
fundamental pion-nucleus strong interactions. In 
the last few years transition energies in pionic 
atoms [1] have been measured with an unprec-
edented precision. Besides, light pionic atoms can 
additionally be used as a new low-energy X-ray 
standards [1]. More over, their spectra studying 
allows to determine the pion mass using the high-
est accuracy in comparison with other methods. 
TO nowadays, new advanced experiments are 
been preparing in order to make sensing the elec-
tromagnetic and strong interaction effects in dif-
ferent pionic atoms. 

The most popular theoretical models are natu-
rally (pion is the Boson with spin 0, mass −π

m
=139.57018 МэВ, rp-=0.672±0.08 fm) based on 
the using the Klein-Gordon-Fock equation, but 
there are many important problems connected 
with accurate accounting for as pion-nuclear 

strong interaction effects as QED radiative cor-
rections (firstly, the vacuum polarization effect 
etc.). This topic has been a subject of intensive 
theoretical and experimental interest (see [1-14]). 
The perturbation theory expansion on the physi-
cal; parameter aZ is usually used to take into ac-
count the radiative QED corrections, first of all, 
effect of the polarization of electron-positron 
vacuum etc. This approximation is sufficiently 
correct and comprehensive in a case of the light 
pionic atoms, however it becomes incorrect in a 
case of the heavy atoms with large charge of a 
nucleus Z. 

So, there is a high necessity to develop non- 
perturbative methods in order to account the QED 
effects. Besides, let us underline that more correct 
accounting of the finite nuclear size and electron-
screening effects for heavy pionic atoms is also 
very serious and actual problem. At last, a devel-
opment of the comprehensive theory of hyperfine 
structure is of a great interest and importance in a 
modern theory of the pionic atom spectra.

 As usually, the relativistic dynamic of a 
spinless boson particle should be described on 
the basis of the Klein-Gordon-Fock (KGF) equa-
tion. The electromagnetic interaction between a 
negatively charged pion and the atomic nucleus 
can be taken into account introducing the nuclear 
potential Aν in the KG equation via the minimal 
coupling pν→ pν− qAν. 
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The wave functions of the zeroth approxima-
tion for pionic atoms are determined from the 
KGF equation [1]: 

  (1)

where h is the Planck constant, c the velocity of 
the light and the scalar wavefunction Ψ0(x) de-
pends on the space-time coordinate x = (ct,r). 
Here it is considered a case of a central Coulomb 
potential (V0(r), 0). The corresponding stationary 
equation looks as:

                                                                       
(2)

where E is the total energy of the system (sum of 
the mass energy mc2 and binding energy e0). In 
principle, the central potential V0 should include 
the central Coulomb potential, the radiative (in 
particular, vacuum-polarization) potential as well 
as the electron-screening  potential in the atomic-
optical (electromagnetic) sector. Surely, the full 
solution of the pionic atom energy especially for 
the low-excited state requires an inclusion the 
pion-nuclear strong interaction potential. How-
ever, if a pion is on the high orbit of the atom, 
the strong interaction effects can not be accounted 
because of the negligible value.

          The important nuclear effect is the fi-
nite size one (the Breit-Rosenthal-Crawford-
Schawlow effect). We will use the widespread 
Gaussian model for nuclear charge distribution. 
This is  the smooth function, and as result it has a 
advantage in comparison with usually used model 
of a uniformly charged sphere [2-5]. It is obvious 
that it simplifies the calculation procedure and 
permits to perform a flexible simulation of the 
real distribution of the charge in a nucleus. The 
Gauss model is determined as follows: 
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where 24 Rπ=γ , R is an effective radius of a 
nucleus.

The next important topic is connected with a 
correct accounting the radiation QED corrections 
and, first of all, the vacuum polarization cor-
rection. We firstly introduce into the theory the 
Flambaum-Ginges radiative potential. In includes 

the standard Ueling-Serber potential and electric 
and magnetic form-factors plus potentials for ac-
counting of the high order QED corrections such 
as [15]:

+Φ+Φ+Φ=Φ )()()()( rrrr fgUrad
.

)(
3
2)( rr orderhigh

Ul
−Φ+Φ+

 (4)
where                                  

    
4

22

)/62.1(1
092.0)(

3
2)(

C

orderhigh
U rr

Zrr
+

Φ−=Φ − α
π
α . 

      (5)                                  
                                             
          BaZr

l emcZ
e
ZBr /254)()( −−=Φ α   (6)                                                      

Here е – a proton charge and universal 
function B(Z) is defined by expression:  
B(Z)=0.074+0.35Za. 

The next step is an account of the electron 
screening effect. It should be noted that the elec-
tron shells are not survived in the light pionic 
atoms during the cascade processes accompany-
ing the formation of a pionic atom. However, in 
a case of the heave systems, the internal electron 
shells survive and this fact should be reflected in 
a precise theory. Our procedure for accounting 
this effect is a standard one and includes addition 
to the total interaction potential SCF potential of 
the electrons, which can be determined within 
the Dirac-Fock method by solution of the stand-
ard relativistic Dirac equations. To realize this 
step, we have used the QED perturbation theory 
formalism for relativistic many-electron atom.  
Further in order to calculate probabilities of the 
Radiative transitions between energy level of the 
pionic atoms we have used the relativistic energy 
approach [16].

The final topic of the theory is calculation 
of the hyperfine structure parameters. Here one 
could use the standard theory of hyperfine struc-
ture of the usual multi-electron atom. As usually, 
the hyperfine structure is arisen because of the 
interaction of the orbital pion with a magnetic di-
pole moment m and quadruple electric moment Q 
of a nucleus. Hitherto, only magnetic contribution 
has been studied. The quadruple interaction is not 
treated hitherto. One  could consider energy of the 
hyperfine interaction, which looks as: 

                                                                     (7)
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where E is the total energy of the system 
(sum of the mass energy mc2 and binding 
energy 0). In principle, the central potential 
V0 should include the central Coulomb 
potential, the radiative (in particular, 
vacuum-polarization) potential as well as the 
electron-screening  potential in the atomic-
optical (electromagnetic) sector. Surely, the 
full solution of the pionic atom energy 
especially for the low-excited state requires 
an inclusion the pion-nuclear strong 
interaction potential. However, if a pion is on 
the high orbit of the atom, the strong 
interaction effects can not be accounted 
because of the negligible value. 
          The important nuclear effect is the 
finite size one (the Breit-Rosenthal-
Crawford-Schawlow effect). We will use the 
widespread Gaussian model for nuclear 
charge distribution. This is  the smooth 
function, and as result it has a advantage in 
comparison with usually used model of a 
uniformly charged sphere [2-5]. It is obvious 
that it simplifies the calculation procedure 
and permits to perform a flexible simulation 
of the real distribution of the charge in a 
nucleus. The Gauss model is determined as 
follows:  
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function B(Z) is defined by expression:  
B(Z)=0.074+0.35Z.  
 The next step is an account of the 
electron screening effect. It should be noted 
that the electron shells are not survived in the 
light pionic atoms during the cascade 
processes accompanying the formation of a 
pionic atom. However, in a case of the heave 
systems, the internal electron shells survive 
and this fact should be reflected in a precise 
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to the total interaction potential SCF 
potential of the electrons, which can be 
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the QED perturbation theory formalism for 
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where E is the total energy of the system 
(sum of the mass energy mc2 and binding 
energy 0). In principle, the central potential 
V0 should include the central Coulomb 
potential, the radiative (in particular, 
vacuum-polarization) potential as well as the 
electron-screening  potential in the atomic-
optical (electromagnetic) sector. Surely, the 
full solution of the pionic atom energy 
especially for the low-excited state requires 
an inclusion the pion-nuclear strong 
interaction potential. However, if a pion is on 
the high orbit of the atom, the strong 
interaction effects can not be accounted 
because of the negligible value. 
          The important nuclear effect is the 
finite size one (the Breit-Rosenthal-
Crawford-Schawlow effect). We will use the 
widespread Gaussian model for nuclear 
charge distribution. This is  the smooth 
function, and as result it has a advantage in 
comparison with usually used model of a 
uniformly charged sphere [2-5]. It is obvious 
that it simplifies the calculation procedure 
and permits to perform a flexible simulation 
of the real distribution of the charge in a 
nucleus. The Gauss model is determined as 
follows:  
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with a correct accounting the radiation QED 
corrections and, first of all, the vacuum 
polarization correction. We firstly introduce 
into the theory the Flambaum-Ginges 
radiative potential. In includes the standard 
Ueling-Serber potential and electric and 
magnetic form-factors plus potentials for 
accounting of the high order QED 
corrections such as [15]: 
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Here е – a proton charge and universal 
function B(Z) is defined by expression:  
B(Z)=0.074+0.35Z.  
 The next step is an account of the 
electron screening effect. It should be noted 
that the electron shells are not survived in the 
light pionic atoms during the cascade 
processes accompanying the formation of a 
pionic atom. However, in a case of the heave 
systems, the internal electron shells survive 
and this fact should be reflected in a precise 
theory. Our procedure for accounting this 
effect is a standard one and includes addition 
to the total interaction potential SCF 
potential of the electrons, which can be 
determined within the Dirac-Fock method by 
solution of the standard relativistic Dirac 
equations. To realize this step, we have used 
the QED perturbation theory formalism for 
relativistic many-electron atom.  Further in 
order to calculate probabilities of the 
Radiative transitions between energy level of 

the pionic atoms we have used the relativistic 
energy approach [16]. 
 The final topic of the theory is 
calculation of the hyperfine structure 
parameters. Here one could use the standard 
theory of hyperfine structure of the usual 
multi-electron atom. As usually, the 
hyperfine structure is arisen because of the 
interaction of the orbital pion with a 
magnetic dipole moment  and quadruple 
electric moment Q of a nucleus. Hitherto, 
only magnetic contribution has been studied. 
The quadruple interaction is not treated 
hitherto. One  could consider energy of the 
hyperfine interaction, which looks as:  
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Here H and  are defined as, respectively, 
the magnetic field and electrostatic potential 
produced by an electron (pion) in the position 
of the nucleus. Following to the standard 
procedure, after multiple transformations the 
final expression for the energy of the 
hyperfine splitting (magnetic part of) the 
energy levels of the atom in the pion:  
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Here  N= cme p2/  ; other notations are 
standard.  In a consistent precise theory it is 
important allowance for the contribution to 
the energy of the hyperfine splitting of the 
levels in the spectrum of the pion atom due to 
the interaction of the orbital momentum of 
the pion with the quadrupole moment of the 
atomic nucleus. The corresponding part looks 
as follows: 
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Here L – is orbital moment of pion, F is a 
total moment of an atom.  

As example of application of the presented 
approach, in table 1 we present our data on the 
energies (in eV) of transitions between 
hyperfine structure components 5f-4d in the 
spectrum of the pion nitrogen (our data) 

 
 
Table 1. Energy (in eV) transitions 
between hyperfine structure components 
5f-4d in the spectrum of the pion nitrogen 
(our data) 

 
F-F’ Е,  

Our data 
Р,  

Our data. 
4-3 4057.6819 4.57× 1013 
3-2 4057.6915 3.16× 1013 
3-3 4057.6799 2.98× 1013 
2-1 4057.6978 2.13× 1013 
2-2 4057.6905 2.25× 1013 
2-3 4057.6789 0.01× 1013 

 
The analogous computing energies of 
transitions between hyperfine structure 
components 5f-4d in the spectrum of the 
pion neon has demonstrated physically 
reasonable agreement with other theoretical 
data by Indelicato et al and measured 
results. So, the received data can be 
considered as sufficiently accurate ones and 
used in the corresponding applications. 
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Here H and j are defined as, respectively, the 
magnetic field and electrostatic potential pro-
duced by an electron (pion) in the position of the 
nucleus. Following to the standard procedure, af-
ter multiple transformations the final expression 
for the energy of the hyperfine splitting (magnetic 
part of) the energy levels of the atom in the pion: 

                                                                      (8)                           

Here μN= cme p2/  ; other notations are stan-
dard.  In a consistent precise theory it is important 
allowance for the contribution to the energy of the 
hyperfine splitting of the levels in the spectrum of 
the pion atom due to the interaction of the orbital 
momentum of the pion with the quadrupole mo-
ment of the atomic nucleus. The corresponding 
part looks as follows:
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            C=F(F+1)-L(L+1)-I(I+1),            (10)
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energy approach [16]. 
 The final topic of the theory is 
calculation of the hyperfine structure 
parameters. Here one could use the standard 
theory of hyperfine structure of the usual 
multi-electron atom. As usually, the 
hyperfine structure is arisen because of the 
interaction of the orbital pion with a 
magnetic dipole moment  and quadruple 
electric moment Q of a nucleus. Hitherto, 
only magnetic contribution has been studied. 
The quadruple interaction is not treated 
hitherto. One  could consider energy of the 
hyperfine interaction, which looks as:  
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the interaction of the orbital momentum of 
the pion with the quadrupole moment of the 
atomic nucleus. The corresponding part looks 
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Here L – is orbital moment of pion, F is a 
total moment of an atom.  

As example of application of the presented 
approach, in table 1 we present our data on the 
energies (in eV) of transitions between 
hyperfine structure components 5f-4d in the 
spectrum of the pion nitrogen (our data) 
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data by Indelicato et al and measured 
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RELATIVISTIC THEORY OF SPECTRA OF PIONIC ATOMS WITH ACCOUNT OF THE 
RADIATIVE CORRECTIONS: HYPERFINE STRUCTURE

Abstract
A new theoretical approach to the description of spectral parameters pionic atoms in the excited 

states with precise accounting relativistic, radiation and nuclear effects is applied to studying spectral 
structure for pionic nitrogen. Energies and probabilities of  radiation transitions between hyperfine 
structure lines components, such as 5f-4d,  in the spectrum of the pion nitrogen are calculated and 
analyzed.
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РЕЛЯТИВИСТСКАЯ ТЕОРИЯ СПЕКТРОВ ПИОННЫХ АТОМОВ С УЧЕТОМ 
РАДИАЦИОННЫХ ПОПРАВОК: СВЕРТОНКАЯ СТРУКТУРА

Резюме
Новый теоретический подход к описанию спектральных параметров пионных атомов в воз-

бужденном состоянии с учетом релятивистских, радиационных эффектов применен к изучению 
спектральной структуры пионного азота. Рассчитаны и проанализированы значения энергий 
и вероятностей радиационных переходов между компонентами линий сверхтонкой структуры 
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ATOM OF HYDROGEN AND WANNIER-MOTT EXCITON 
IN CROSSED ELECTRIC  AND MAGNETIC FIELDS

Spectroscopy of atoms in the crossed external electric and magnetic fields is 
investigated on the basis of the operator perturbation theory. The data for ground 
state energies of the hydrogen atom in sufficiently weak crossed external electric 
and magnetic fields are calculated. Generalization of the method on a case of the 
Wannier-Mott excitons in the bulk semiconductors in a case of the crossed fields is 
given.   

1. This work goes on our investigations of the 
multi-electron atomic systems and excitons in 
semiconductrs in an external electric field (the 
Stark effect) [1-17]. The remarkable Stark effect 
has a long history and until recently it was be-
lieved that the Stark effect is fully understood and 
fundamental problems remained (look [1-16]).  
However, an observation of the Stark effect in a 
constant (DC) electric field near threshold in hy-
drogen and alkali atoms led to the discovery of 
resonances extending into the ionization continu-
um by Glab et al and Freeman et al (c.f.[1]). Cal-
culation of the characteristics of these resonances 
as well as the Stark resonances in the strong elec-
tric field and crossed electric and magnetic fields  
remains very important problem of as modern 
atomic physics as physics of semiconductors 
(speech is about excitons in bulk semiconductors, 
quantum dots , wires etc.). 

It should be noted that the same class of prob-
lems has been arisen in a physics of  semicon-
ductors (c.f.[14-17]). It is well known that the 
availability of excitons in semiconductors re-
sulted experimentally in the special form of the 
main absorption band edge and appearance of 
discrete levels structure (f.e. hydrogen-like spec-
trum in Cu2O). Beginning from known papers of 

Gross-Zaharchenya, Thomas and Hopfield et al 
(c.f.[13-17]), a calculation procedure of the Stark 
effect for exciton spectrum attracts a deep inter-
est permanently.  Very interesting physics occurs 
in a case of the excitons in quantum dots, wires 
etc, where the other geometry and energetics in 
comparison with the bulk semiconductor makes 
the field effect more intrigues. The exciton states 
in the quantum dots have been studied in a num-
ber of papers and have been observed by photo-
luminescence experiments (c.f. [14-17]). Natu-
rally, the electronic states in quantum dots (wires) 
depends on either the confining potential and the 
interacting force between the particles. Now the 
electric field effect on the electron-hole states and 
on the confined excitonic states is often referred 
to the quantum confined Stark effect. In this pa-
per we are interested by spectroscopy of atoms in 
the crossed external electric and magnetic fields. 
Method studying is based on the operator pertur-
bation theory  and analysis of the level statistics 
in spectra. Generalization of method on a case of 
the Wannier-Mott excitons in the  bulk semicon-
ductors is given.    

2. As our approach to strong field DC Stark ef-
fect was presented in a series of papers (see, for 
example, [1-6]), here we are limited only by the 
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key aspects. According to [1,2], the essence of 
operator perturbation theory approach is the in-
clusion of the well known method of “distorted 
waves approximation” in the frame of the formal-
ly exact perturbation theory. According to [2,3], 
the Schrödinger equation for the electronic eigen-
function taking into account the uniform DC elec-
tric field (the field strength is F)and the field of 
the nucleus (Coulomb units are used: a unit is h2 

/Ze2 m and a unit of  mZ2 e4 /h2 for energy) looks 
like:

    [-(1 - N/Z) / r + F z - 0,5Δ - E ] ψ = 0    (1)

where  E is the electronic energy, Z — charge of 
nucleus, N —  the number of electrons in atomic 
core. Our approach allow to use more adequate 
forms for the core potential (c.f.[25-27]). Accord-
ing to standard quantum defect theory (c.f.[3]), 
relation between quantum defect value μl, elec-
tron energy E and principal quantum number n 
is: μl=n-z*(-2E)-1/2. As it is known, in an electric 
field all the electron states can be classified due to 
quantum numbers: n, n1, n2,m (principal, parabol-
ic, azimuthal: n=n1+ n2+m+1). Then the quan-
tum defect in the parabolic co-ordinates n(n1n2m) 
is connected with the quantum defect value of the 
free (F=0) atom by the following relation [3]:  

After separation of variables, equation (1) in 
parabolic co-ordinates could be transformed to 
the system of two equations for the  functions f 
and g: 

coupled through the constraint on the separation 
constants: β1+β2=1.

For the uniform electric field  F(t) =F. In ref. 
[11], the uniform electric field ε in  (3) and (4)  
was  substituted  by  model function  F(t) with pa-
rameter t (t = 1.5 t2) . Here we use similar  func-
tion, which satisfies to necessary asymptotic con-
ditions (c.f.[11,12]) :  

F(t) = 
1
t
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Potential energy in equation (4) has the bar-
rier. Two turning points for the classical motion 
along the η axis, t1 and t2 , at a given energy E  
are the  solutions  of  the   quadratic equation   
(β = β1, E = E0 ). It is necessary to know two ze-
roth order EF of the H0: bound state function YEb 
(e, n, j) and scattering state function YEs (e, h, j) 
with the same EE in order to calculate the width 
G  of  the concrete quasi-stationary state in the 
lowest PT order. Firstly, one would have to define 
the EE of the expected bound state. It is the well 
known problem of states quantification in the 
case of the penetrable barrier.  We solve the (2, 3) 
system here with the total  Hamiltonian H  using 
the conditions [11]:   

These two conditions quantify the bounding  
energy E, with separation constant b1 . The fur-
ther procedure for this two-dimensional eigen-
value problem results in solving of the system 
of the ordinary  differential equations(2, 3) with 
probe pairs of E, b1. The bound state EE, eigen-
value b1 and EF for the zero order Hamiltonian H0 
coincide with those for the total Hamiltonian H at  
e ⇒ 0, where all the states can be classified due 
to quantum numbers: n, n1, l , m  (principal, para-
bolic, azimuthal) that are connected with E, b1, 
m by the well known expressions.. The scattering 
states’ functions must be orthogonal to the above 
defined bound state functions and to each other. 
According to the OPT ideology [11,12], the fol-
lowing form of gE's  :is possible:
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Potential energy in equation (4) has the barrier. 
Two turning points for the classical motion 
along the  axis, t1 and t2 , at a given energy E  
are the  solutions  of  the   quadratic equation  
( = 1, E = E0 ). It is necessary to know two 
zeroth order EF of the H0: bound state function 
Eb (  ) and scattering state function Es 
(  ) with the same EE in order to calculate 
the width G  of  the concrete quasi-stationary 
state in the lowest PT order. Firstly, one would 
have to define the EE of the expected bound 
state. It is the well known problem of states 
quantification in the case of the penetrable 
barrier.  We solve the (2, 3) system here with 
the total  Hamiltonian H  using the conditions 
[11]:    

f(t) 0 at t   
(5) 

x(, E) / E = 0 
with 
x(, E) = lim

t 
 [ g2 (t) + {g(t) / k}2 ] t| m| + 1.                                                                    

These two conditions quantify the bounding  
energy E, with separation constant 1 . The 
further procedure for this two-dimensional 
eigenvalue problem results in solving of the 
system of the ordinary  differential 
equations(2, 3) with probe pairs of E, 1. The 
bound state EE, eigenvalue 1 and EF for the 
zero order Hamiltonian H0 coincide with those 
for the total Hamiltonian H at   , where all 
the states can be classified due to quantum 
numbers: n, n1, l , m  (principal, parabolic, 
azimuthal) that are connected with E, 1, m by 
the well known expressions.. The scattering 
states' functions must be orthogonal to the 
above defined bound state functions and to 
each other. According to the OPT ideology 
[11,12], the following form of gEs  :is possible: 
 
              gEs(t) = g1 (t) - z2 g2(t)                    (6)   
with fEs , and g1(t)  satisfying the differential 
equations (2) and (3). The function g2(t) 
satisfies the non-homogeneous differential 
equation, which differs from (3) only by the 
right hand term, disappearing at t .  
3.   In Ref, [7] it has been presented  approach, 
based on solution of the 2-dimensional 
Schrödinger equation [20,21] for an atomic 
system in crossed fields and operator 
perturbation theory [10]. For definiteness, we 

/Ze2 m and a unit of  mZ2 e4 /h2 for energy) 
looks like: 
 
    [-(1 - N/Z) / r + F z - 0,5 - E ]  = 0    (1) 
 
where  E is the electronic energy, Z — charge 
of nucleus, N —  the number of electrons in 
atomic core. Our approach allow to use more 
adequate forms for the core potential (c.f.[25-
27]). According to standard quantum defect 
theory (c.f.[3]), relation between quantum 
defect value l, electron energy E and 
principal quantum number n is: l=n-z*(-2E)-

1/2. As it is known, in an electric field all the 
electron states can be classified due to 
quantum numbers: n, n1, n2,m (principal, 
parabolic, azimuthal: n=n1+ n2+m+1). Then 
the quantum defect in the parabolic co-
ordinates (n1n2m) is connected with the 
quantum defect value of the free (F=0) atom 
by the following relation [3]:  

(n1n2m)=(1/n) l
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J=(n-1)/2,  M=(n1-n2+m)/2; 
 
After separation of variables, equation (1) in 
parabolic co-ordinates could be transformed to 
the system of two equations for the  functions f 
and g:  
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                          -0,25 F(t)  t ] f = 0            (2) 
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                       +0,25 F(t)  t ] g = 0              (3) 
 
coupled through the constraint on the 
separation constants: 1+2=1. 
        For the uniform electric field  F(t) =F. In 
ref. [11], the uniform electric field    in  (3) 
and (4)  was  substituted  by  model function  
F(t) with parameter  (  = 1.5 t2) . Here we 
use similar  function, which satisfies to 
necessary asymptotic conditions (c.f.[11,12]) :   
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Potential energy in equation (4) has the barrier. 
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with fE's , and g1(t)  satisfying the differential equa-
tions (2) and (3). The function g2(t) satisfies the 
non-homogeneous differential equation, which 
differs from (3) only by the right hand term, dis-
appearing at t ⇒ ∞. 

3. In Ref, [7] it has been presented  ap-
proach, based on solution of the 2-dimensional 
Schrödinger equation [20,21] for an atomic sys-
tem in crossed fields and operator perturbation 
theory [10]. For definiteness, we consider a dy-
namics of the complex non-coulomb atomic sys-
tems in a static magnetic and electric fields. The 
hamiltonian of the multi-electron atom in a static 
magnetic and electric fields is (in atomic units) as 
follows: 
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where the electric field F and magnetic field 
B are taken along the z-axis in a cylindrical 
system; In atomic units: 1 a.u.B=2.35×105T, 
1a.u.F=5,144×106 kV/cm. If one consider only 
the m=0 state, thus  lz=0; V(r )  is a one-electron 
model potential, which can be in principle choos-
ed in the standard form for multielectron atom; 
naturally, it results in the usual Coulomb potential 
for hydrogen one. For solution of the Schrödinger 
equation with hamiltonian equations (7) we con-
structed the finite differences scheme which is in 
some aspects similar to method [7]. An infinite 
region is exchanged by a rectangular  region:  

0<ρ< ρL , 0<z< zL . It has sufficiently large size; 

inside it a rectangular uniform grid with steps ρh , 

zh was constructed. The external boundary condi-
tion, as usually, is: .0)( =/∂Ψ∂ rn  The knowledge 
of the asymptotic behaviour of wave function in 
the infinity allows to get numeral estimates for ρL
, zL . A wave function has an asymptotic of the 
kind as: exp[-(-2E)1/2r], where (-E) is the ioniza-
tion energy from stationary state to lowest Lan-
dau level. Then L can be estimated as L~9(-2E)-1/2. 
The more exact estimate is found empirically. The 

difference scheme is constructed as follows. The 
three-point symmetric differences scheme is used 
for second derivative on z. The derivatives on ρ 
are approximated by (2m+1)-point symmetric 
differences scheme with the use of the Lagrange 
interpolation formula differentiation. The eigen-
values of hamiltonian are calculated by means of 
the inverse iterations method. The corresponding 
system of inhomogeneous equations is solved by 
the Thomas method. To calculate the values of 
the width G for resonances in spectra of atomic 
system in crossed electric and magnetic field one 
can use the modified operator perturbation theory 
method (see details in ref.[10,20]). Note that the 
imaginary part of the state energy in the lowest 
PT order is defined as follows:  

                                                                  (10)

with the total Hamiltonian of system in an electric 
and magnetic field. The state functions YEb and 
YEs are assumed to be normalized to unity and by 
the d(k -k')-condition, accordingly. Other calcula-
tion details can be found in ref. [7]. 

The above presented method can be naturally 
generalized for description of the Stark effect for 
the Wannier-Mott excitons in the bulk semicon-
ductors [4]. Really, the Schrödinger equation for 
the Wannier-Mott exciton looks as follows: 
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where m*
e( m*

h ) are the effective-mass for the 
electron (hole), ε  is the background dielectric 
constant. Introducing the relative coordinates: 

hrerr −=  and the momentum p with reduced 
mass p= m*

e m*
h/M (the momenta P with the total-
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This equation then could be solved by the method, 
described above. The other details can be found in 
Refs. [1,4]. A problem of the combined Stark and 

/Ze2 m and a unit of  mZ2 e4 /h2 for energy) 
looks like: 
 
    [-(1 - N/Z) / r + F z - 0,5 - E ]  = 0    (1) 
 
where  E is the electronic energy, Z — charge 
of nucleus, N —  the number of electrons in 
atomic core. Our approach allow to use more 
adequate forms for the core potential (c.f.[25-
27]). According to standard quantum defect 
theory (c.f.[3]), relation between quantum 
defect value l, electron energy E and 
principal quantum number n is: l=n-z*(-2E)-

1/2. As it is known, in an electric field all the 
electron states can be classified due to 
quantum numbers: n, n1, n2,m (principal, 
parabolic, azimuthal: n=n1+ n2+m+1). Then 
the quantum defect in the parabolic co-
ordinates (n1n2m) is connected with the 
quantum defect value of the free (F=0) atom 
by the following relation [3]:  

(n1n2m)=(1/n) l
n

ml

JM
lmmMJCl 






1 2
;, ))(12(   

J=(n-1)/2,  M=(n1-n2+m)/2; 
 
After separation of variables, equation (1) in 
parabolic co-ordinates could be transformed to 
the system of two equations for the  functions f 
and g:  
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coupled through the constraint on the 
separation constants: 1+2=1. 
        For the uniform electric field  F(t) =F. In 
ref. [11], the uniform electric field    in  (3) 
and (4)  was  substituted  by  model function  
F(t) with parameter  (  = 1.5 t2) . Here we 
use similar  function, which satisfies to 
necessary asymptotic conditions (c.f.[11,12]) :   
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Potential energy in equation (4) has the barrier. 
Two turning points for the classical motion 
along the  axis, t1 and t2 , at a given energy E  
are the  solutions  of  the   quadratic equation  
( = 1, E = E0 ). It is necessary to know two 
zeroth order EF of the H0: bound state function 
Eb (  ) and scattering state function Es 
(  ) with the same EE in order to calculate 
the width G  of  the concrete quasi-stationary 
state in the lowest PT order. Firstly, one would 
have to define the EE of the expected bound 
state. It is the well known problem of states 
quantification in the case of the penetrable 
barrier.  We solve the (2, 3) system here with 
the total  Hamiltonian H  using the conditions 
[11]:    

f(t) 0 at t   
(5) 

x(, E) / E = 0 
with 
x(, E) = lim

t 
 [ g2 (t) + {g(t) / k}2 ] t| m| + 1.                                                                    

These two conditions quantify the bounding  
energy E, with separation constant 1 . The 
further procedure for this two-dimensional 
eigenvalue problem results in solving of the 
system of the ordinary  differential 
equations(2, 3) with probe pairs of E, 1. The 
bound state EE, eigenvalue 1 and EF for the 
zero order Hamiltonian H0 coincide with those 
for the total Hamiltonian H at   , where all 
the states can be classified due to quantum 
numbers: n, n1, l , m  (principal, parabolic, 
azimuthal) that are connected with E, 1, m by 
the well known expressions.. The scattering 
states' functions must be orthogonal to the 
above defined bound state functions and to 
each other. According to the OPT ideology 
[11,12], the following form of gEs  :is possible: 
 
              gEs(t) = g1 (t) - z2 g2(t)                    (6)   
with fEs , and g1(t)  satisfying the differential 
equations (2) and (3). The function g2(t) 
satisfies the non-homogeneous differential 
equation, which differs from (3) only by the 
right hand term, disappearing at t .  
3.   In Ref, [7] it has been presented  approach, 
based on solution of the 2-dimensional 
Schrödinger equation [20,21] for an atomic 
system in crossed fields and operator 
perturbation theory [10]. For definiteness, we 

consider a dynamics of the complex non-
coulomb atomic systems in a static magnetic 
and electric fields. The hamiltonian of the 
multi-electron atom in a static magnetic and 
electric fields is (in atomic units) as follows:  
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                                                                    (7) 
where the electric field F and magnetic field B 
are taken along the z-axis in a cylindrical 
system; In atomic units: 1 a.u.B=2.35105T, 
1a.u.F=5,144106 kV/cm. If one consider only 
the m=0 state, thus  lz=0; V(r )  is a one-
electron model potential, which can be in 
principle choosed in the standard form for 
multielectron atom; naturally, it results in the 
usual Coulomb potential for hydrogen one. For 
solution of the Schrödinger equation with 
hamiltonian equations (7) we constructed the 
finite differences scheme which is in some 
aspects similar to method [7]. An infinite 
region is exchanged by a rectangular  region: 
0<< L , 0<z< zL . It has sufficiently large 
size; inside it a rectangular uniform grid with 
steps h , zh was constructed. The external 
boundary condition, as usually, is: 

.0)(  rn  The knowledge of the 
asymptotic behaviour of wave function in the 
infinity allows to get numeral estimates 
for L , zL . A wave function has an asymptotic 
of the kind as: exp[-(-2E)1/2r], where (-E) is 
the ionization energy from stationary state to 
lowest Landau level. Then L can be estimated 
as L~9(-2E)-1/2. The more exact estimate is 
found empirically. The difference scheme is 
constructed as follows. The three-point 
symmetric differences scheme is used for 
second derivative on z. The derivatives on  
are approximated by (2m+1)-point symmetric 
differences scheme with the use of the 
Lagrange interpolation formula differentiation. 
The eigen-values of hamiltonian are calculated 
by means of the inverse iterations method. The 
corresponding system of inhomogeneous 
equations is solved by the Thomas method. To 
calculate the values of the width G for 
resonances in spectra of atomic system in 
crossed electric and magnetic field one can use 

the modified operator perturbation theory 
method (see details in ref.[10,20]). Note that 
the imaginary part of the state energy in the 
lowest PT order is defined as follows:   
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with the total Hamiltonian of system in an 
electric and magnetic field. The state functions 
Eb and Es are assumed to be normalized to 
unity and by the (k -k')-condition, 
accordingly. Other calculation details can be 
found in ref. [7].  
The above presented method can be naturally 
generalized for description of the Stark effect 
for the Wannier-Mott excitons in the bulk 
semiconductors [4]. Really, the Schrödinger 
equation for the Wannier-Mott exciton looks 
as follows:  
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where m*

e( m*
h ) are the effective-mass for the 

electron (hole),   is the background dielectric 
constant. Introducing the relative coordinates: 

hrerr   and the momentum p with reduced 
mass p= m*

e m*
h/M (the momenta P with the 

total-mass M= m*
e + m*

h ,) and center-of-mass 
coordinate  )'/()( ****

hehhee mmrmrm  , one 
could rewrite (15) as: 
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                                                                    (12) 
This equation then could be solved by the 

method, described above. The other details can 
be found in Refs. [1,4]. A problem of the 
combined Stark and Zeemane effects for 
quantum dots requires more detailed 
consideration.  
4. As an illustration,, we make computing  the 
energy of the ground state of the hydrogen 
atom in crossed fields and compare results 
with data obtained within analytical 
perturbation theory by TurbinerV (see. [8]) for 
the case of sufficiently weak fields. According 
TurbinerV, the expansion for the energy of the 
hydrogen atom in crossed fields is as follows: 

                   _)|_(||,EEE SZ              (13) 

consider a dynamics of the complex non-
coulomb atomic systems in a static magnetic 
and electric fields. The hamiltonian of the 
multi-electron atom in a static magnetic and 
electric fields is (in atomic units) as follows:  
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where the electric field F and magnetic field B 
are taken along the z-axis in a cylindrical 
system; In atomic units: 1 a.u.B=2.35105T, 
1a.u.F=5,144106 kV/cm. If one consider only 
the m=0 state, thus  lz=0; V(r )  is a one-
electron model potential, which can be in 
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usual Coulomb potential for hydrogen one. For 
solution of the Schrödinger equation with 
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finite differences scheme which is in some 
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are approximated by (2m+1)-point symmetric 
differences scheme with the use of the 
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by means of the inverse iterations method. The 
corresponding system of inhomogeneous 
equations is solved by the Thomas method. To 
calculate the values of the width G for 
resonances in spectra of atomic system in 
crossed electric and magnetic field one can use 

the modified operator perturbation theory 
method (see details in ref.[10,20]). Note that 
the imaginary part of the state energy in the 
lowest PT order is defined as follows:   
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electric and magnetic field. The state functions 
Eb and Es are assumed to be normalized to 
unity and by the (k -k')-condition, 
accordingly. Other calculation details can be 
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The above presented method can be naturally 
generalized for description of the Stark effect 
for the Wannier-Mott excitons in the bulk 
semiconductors [4]. Really, the Schrödinger 
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as follows:  
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This equation then could be solved by the 

method, described above. The other details can 
be found in Refs. [1,4]. A problem of the 
combined Stark and Zeemane effects for 
quantum dots requires more detailed 
consideration.  
4. As an illustration,, we make computing  the 
energy of the ground state of the hydrogen 
atom in crossed fields and compare results 
with data obtained within analytical 
perturbation theory by TurbinerV (see. [8]) for 
the case of sufficiently weak fields. According 
TurbinerV, the expansion for the energy of the 
hydrogen atom in crossed fields is as follows: 
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Zeemane effects for quantum dots requires more 
detailed consideration. 

4. As an illustration,, we make computing  the 
energy of the ground state of the hydrogen atom 
in crossed fields and compare results with data 
obtained within analytical perturbation theory by 
TurbinerV (see. [8]) for the case of sufficiently 
weak fields. According TurbinerV, the expansion 
for the energy of the hydrogen atom in crossed 
fields is as follows:

                   _)|_(||,EEE SZ +=               (13)
where ESZ - the total energy of the fields F and 

B separately:

(14)

а Е║,┴ contains a previously unknown cross 
members for mutually parallel (Е║) and perpen-
dicular (Е┴) directions of fields F и В:

                 
                                                                   

Table 1 shows the values   of the energy of the 
ground state of the hydrogen atom (the following 
designations: E+E|| - energy for the case of the 
electric and magnetic fields are parallel;E+E cor-
responds to the case of the electric and magnetic 
fields are perpendicular). Since the examined 
fields are sufficiently weak, between the results of 
both calculations there is a very good agreement. 
At the same time it is clear that the perturbation 
theory in the version by Turbiner V is correct only 
for weak fields, while for strong fields it can lead 
to substantially inaccurate data. Numerical finite-
difference method can be used to calculate the 
characteristics of the atom in crossed electric and 
magnetic fields of arbitrary strength. 
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Table 1 shows the values of the energy of the 
ground state of the hydrogen atom (the 
following designations: E+E|| - energy for the 
case of the electric and magnetic fields are 
parallel;E+E corresponds to the case of the 
electric and magnetic fields are perpendicular). 
Since the examined fields are sufficiently 
weak, between the results of both calculations 
there is a very good agreement. At the same 
time it is clear that the perturbation theory in 
the version by Turbiner V is correct only for 
weak fields, while for strong fields it can lead 
to substantially inaccurate data. Numerical 
finite-difference method can be used to 
calculate the characteristics of the atom in 
crossed electric and magnetic fields of 
arbitrary strength.  
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Table 1 shows the values of the energy of the 
ground state of the hydrogen atom (the 
following designations: E+E|| - energy for the 
case of the electric and magnetic fields are 
parallel;E+E corresponds to the case of the 
electric and magnetic fields are perpendicular). 
Since the examined fields are sufficiently 
weak, between the results of both calculations 
there is a very good agreement. At the same 
time it is clear that the perturbation theory in 
the version by Turbiner V is correct only for 
weak fields, while for strong fields it can lead 
to substantially inaccurate data. Numerical 
finite-difference method can be used to 
calculate the characteristics of the atom in 
crossed electric and magnetic fields of 
arbitrary strength.  
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Table 1 shows the values of the energy of the 
ground state of the hydrogen atom (the 
following designations: E+E|| - energy for the 
case of the electric and magnetic fields are 
parallel;E+E corresponds to the case of the 
electric and magnetic fields are perpendicular). 
Since the examined fields are sufficiently 
weak, between the results of both calculations 
there is a very good agreement. At the same 
time it is clear that the perturbation theory in 
the version by Turbiner V is correct only for 
weak fields, while for strong fields it can lead 
to substantially inaccurate data. Numerical 
finite-difference method can be used to 
calculate the characteristics of the atom in 
crossed electric and magnetic fields of 
arbitrary strength.  
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Table 1 shows the values of the energy of the 
ground state of the hydrogen atom (the 
following designations: E+E|| - energy for the 
case of the electric and magnetic fields are 
parallel;E+E corresponds to the case of the 
electric and magnetic fields are perpendicular). 
Since the examined fields are sufficiently 
weak, between the results of both calculations 
there is a very good agreement. At the same 
time it is clear that the perturbation theory in 
the version by Turbiner V is correct only for 
weak fields, while for strong fields it can lead 
to substantially inaccurate data. Numerical 
finite-difference method can be used to 
calculate the characteristics of the atom in 
crossed electric and magnetic fields of 
arbitrary strength.  
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ATOM OF HYDROGEN AND WANNIER-MOTT EXCITON IN CROSSED ELECTRIC  
AND MAGNETIC FIELDS

Abstract
Spectroscopy of atoms in the crossed external electric and magnetic fields is investigated on the 

basis of the operator perturbation theory. The data for ground state energies of the hydrogen atom in 
sufficiently weak crossed external electric and magnetic fields are calculated. Generalization of the 
method on a case of the Wannier-Mott excitons in the bulk semiconductors in a case of the crossed 
fields is given.    .    
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О. П. Федчук, О. В. Глушков, Я. І. Лепіх,  Г. В. Ігнатенко, Г. С. Квасікова

АТОМ ВОДНЮ І ЕКСІТОН ВАНЬЄ-МОТТА В СХРЕЩЕНИХ ЕЛЕКТРИЧНОМУ І 
МАГНІТНОМУ ПОЛЯХ

Резюме
Вивчається спектроскопія атомів в схрещених зовнішніх електричних і магнітних полях на 

основі операторної теорії збурень. Наведено результати розрахунку енергії основного стану 
атому водню  в достатньо слабких схрещених електричному та магнітному полях. Надано уза-
гальнення методу на випадок екситонів Ваньє-Мотта в напівпровідниках у випадку наявності 
схрещених зовнішніх полів.   

Ключові слова: атом, екситон, схрещені електричне і магнітне поля
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АТОМ ВОДОРОДА И ЭКСИТОН ВАНЬЕ-МОТТА В СКРЕЩЕННЫХ 
ЭЛЕКТРИЧЕСКОМ И МАГНИТНОМ ПОЛЯХ

Резюме
Изучается спектроскопия атомов в скрещенных внешних электрических и магнитных полях  

на основе операторной теории возмущений. Приведены результаты расчета энергии основного 
состояния атому водорода в достаточно слабых скрещенных электрическом и магнитном по-
лях. Дано обобщение метода на случай экситонов Ванье-Мотта в полупроводниках в случае 
наличия скрещенных внешних полей.

Ключевые слова: атом, экситон, скрещенные электрическое и магнитное поля  
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RELATIVISTIC THEORY OF SPECTRA OF HEAVY PIONIC ATOMS 
WITH ACCOUNT OF  STRONG PION-NUCLEAT INTERACTION 
EFFECTS: NEW DATA FOR 175Lu, 205Tl, 202Pb,

New relativistic method of the Klein-Gordon-Fock equation with an generalized pion-
nuclear potential is used to determine the transition energies with accounting for the strong 
pion-nuclear interactions effects in spectroscopy of some heavy pionic atoms. As example, 
there is carried out studying the Coulomb, nuclear and strong interaction contributions into 
the 4f-3d, 5g-4f transitions energies for the 175Lu, 205Tl, 202Pb pionic atoms.

1.  Introduction

In papers [1-3] we have developed a new rela-
tivistic method of the Klein-Gordon-Fock equa-
tion with an generalized pion-nuclear potential 
to determine transition energies in spectroscopy 
of light, middle and heavy pionic atoms with ac-
counting for the strong interaction effects. In this 
paper, which goes on our studying on spectros-
copy of pionic atoms, we firstly applied method 
[1-3] to calculating transition energies in a set of 
the heavy pionic atoms, in particular, atoms of 
175Lu, 205Tl, 202Pb, with accounting for the strong 
pion-nuclear interaction effects.

Following [1-3], let us remind that  spectros-
copy of hadron atoms has been used as a tool for 
the study of particles and fundamental properties 
for a long time. Exotic atoms are also interesting 
objects as they enable to probe aspects of atomic 
and nuclear structure that are quantitatively dif-
ferent from what can be studied in electronic or 
“normal” atoms. At present time one of the most 
sensitive tests for the chiral symmetry breaking 
scenario in the modern hadron’s physics is pro-
vided by studying the exotic hadron-atomic sys-
tems. Nowadays the transition energies in pionic 
(kaonic, muonic etc.) atoms are measured with an 
unprecedented precision and from studying spec-

tra of the hadronic atoms it is possible to investi-
gate the strong interaction at low energies meas-
uring the energy and natural width of the ground 
level with a precision of few meV [1-10].  

The strong interaction is the reason for a shift 
in the energies of the low-lying levels from the 
purely electromagnetic values and the finite life-
time of the state corresponds to an increase in the 
observed level width. The possible energy shifts 
caused by the pion-induced fluorescence X-rays 
were checked in the measurement of the pion 
beams at PSI in Switzerland. For a long time the 
similar experimental investigations have been 
carried out in the laboratories of Berkley, Virginia 
(USA), CERN (Switzerland).

The most known theoretical models to treat-
ing the hadronic (pionic, kaonic, muonic, antipro-
tonic etc.) atomic systems are presented in refs. 
[1-5,7,8]. The most difficult aspects of the theo-
retical modeling are reduced to the correct de-
scription of pion-nuclear strong interaction [1-3] 
as the electromagnetic part of the problem is rea-
sonably accounted for. Besides, quite new aspect 
is linked with the possible, obviously, very tiny 
electroweak and hyperfine interactions. 
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2.  Relativistic approach to pionic atoms 
spectra

As the basis’s of a new method has been pub-
lished, here we present only the key topics of an 
approach [1-3]. All available theoretical models 
to treating the hadronic (kaonic, pionic) atoms are 
naturally based on the using the Klein-Gordon-
Fock equation [2,5], which can be written as fol-
lows : 

                     (1)

where c is a speed of the light, h is the Planck con-
stant, and Ψ0(x) is the scalar wave function of the 
space-temporal coordinates. Usually one consid-
ers the central potential [V0(r), 0] approximation 
with the stationary solution:

                                                       
             )( )/=Ψ xt ϕexp(-iE  (x) ,              (2)

where )(xϕ is the solution of the stationary equa-
tion:

                             (3)

Here E is the total energy of the system (sum 
of the mass energy mc2 and binding energy e0). 
In principle, the central potential V0 naturally in-
cludes the central Coulomb potential, the vacu-
um-polarization potential, the strong interaction 
potential. 

The most direct approach to treating the strong  
interaction is provided by the well known optical 
potential model (c.g. [2]). Practically in all papers 
the central potential V0  is the sum of the following 
potentials. The nuclear potential for the spherical-

ly symmetric density ( )Rrρ  is [6,13]:
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The most popular Fermi-model approxima-

tion the charge distribution in the nucleus ( )rρ  
(c.f.[11]) is as follows:  

              (5)

where the parameter a=0.523 fm, the param-
eter с is chosen by such a way that it is true the 
following condition for average-squared radius: 

The effective algorithm for its definition is 
used in refs. [12] and reduced to solution of the 
following system of the differential equations: 

                             

with the corresponding boundary conditions.  An-
other, probably, more consistent approach is in 
using the relativistic mean-field (RMF) model, 
which been designed as a renormalizable meson-
field theory for nuclear matter and finite nuclei 
[13].To take into account the radiation correc-
tions, namely, the effect of the vacuum polariza-
tion we have used the generalized  Ueling-Serber 
potential with modification to take into account 
the high-order radiative corrections [5,12]. 

The most difficult aspect is an adequate ac-
count for the strong interaction. In the pion-nu-
cleon state interaction one should use the follow-
ing pulse approximation expression for scattering 
amplitude of a pion on the “i” nucleon [2,3]: 

( ) ( ) ( ){ } ( )0 1 0 1 ;i if r b b t c c t kk r rτ τ δ′ ′ ′ ′ ′ = + + + −   (9)

where t  and τ are the isospines of pion and nu-
cleon. The nucleon spin proportional terms of the 

kind [ ]kkσ ′  are omitted. The constants in (9) can 

be expressed through usual s-wave  ( )2Tα  and p-

wave ( )2 ,2T Jα  scattering length (T and J -isospin 
and spin of he system Nπ . The corresponding 

parameters in the Compton wave length π terms 
are as follows: 
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with the corresponding boundary conditions.  
Another, probably, more consistent approach 
is in using the relativistic mean-field (RMF) 
model, which been designed as a 
renormalizable meson-field theory for 
nuclear matter and finite nuclei [13].To take 
into account the radiation corrections, 
namely, the effect of the vacuum polarization 
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potential with modification to take into 
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The most difficult aspect is an 
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In the pion-nucleon state interaction one 
should use the following pulse approximation 
expression for scattering amplitude of a pion 
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with the corresponding boundary conditions.  
Another, probably, more consistent approach 
is in using the relativistic mean-field (RMF) 
model, which been designed as a 
renormalizable meson-field theory for 
nuclear matter and finite nuclei [13].To take 
into account the radiation corrections, 
namely, the effect of the vacuum polarization 
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potential with modification to take into 
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( )0 1 32 3 0.0017 .b πα α λ′ = + = −

( )0 3 1 3 0.086 .b πα α λ′ = − = −

( ) ( )3
0 33 13 31 114 2 2 3 0.208 .c πα α α α λ′ = + + + = −

( ) ( )3
1 33 13 31 112 2 3 0.184 .c πα α α α λ′ = − + − = −                              

(10)
The scattering amplitude for pion on a nucleus 

can be  further received as a coherent sum of the  
Nπ -scattering lengths. рассеяния. In approxi-

mation of the only s-wave interaction the cor-
responding potential can be written in the Dezer 
form: 

( ) ( ) ( )2 1 1 12 .N p nV r ZA a A Z A a rππ µ ρ− − − = − + − 

(11)

The s-wave lengths of the 1 pπ − -scattering  

( )1 32 3pa α α= +  и 1nπ − - scattering 3na α= ; 
scattering are introduced to Eq. (11).  Because of 

the equality between 0 1na b b′ ′= +  and  0 1pa b b′ ′= −  
(with an opposite sign) the theoretical shift of 

the s-level with 0T = ( )2A Z=  from Eq. (12) is 
much less than the observed shift. So, the more 
correct approximation must take into account the 
effects of the higher orders. 

In whole the energy of the hadronic atom is 
represented as the sum:  

            ;KG FS VP NE E E E E≈ + + +             (12)

Here KGE -is the energy of a pion in a nucle-
us ( ),Z A  with the point-like charge (dominative 
contribution in (12)), FSE  is the contribution due 
to the nucleus finite size effect,  VPE is the radia-
tion correction due to the vacuum-polarization 
effect, NE  is the energy shift due to the strong 
interaction NV .

The strong pion-nucleus interaction contribu-
tion can be found from the solution of the Klein-
Gordon equation with the corresponding pion-
nucleon potential.

3.  Results and conclusions

In table 1 the data on the transition energies 
in some pionic atoms of 175Lu, 205Tl, 202Pb (from. 
Refs. [4-7]): the measured values form the Berk-
ley, CERN and Virginia laboratories, the theoreti-
cal values for the  4f-3d, 5g-4f pionic transitions  
( N

thE 1  - values from the Klein-Gordon-Fock equa-
tion with the pion-nucleus potential [2]; EKGF- val-
ues from the Klein-Gordon-Fock equation with 
account of radiative corrections (our data); EKS 
– the RMF finite nuclear size contribution (our 
data), N

thE 2 - values from the Klein-Gordon-Fock 
equation with the generalized pion-nuclear poten-
tial [5] (our data). 

The analysis of the presented data indicate on 
the necessity of the further more exact experi-
mental investigations and further improvement of 
the pion-nuclear potential modelling. 

 
 
 
 
 
 
of the kind  kk   are omitted. The constants 
in (9) can be expressed through usual s-wave  
 2T  and p-wave  2 ,2T J  scattering length 
(T and J -isospin and spin of he system N . 
The corresponding parameters in the 
Compton wave length  terms are as 
follows:  

 
 0 1 32 3 0.0017 .b         

 0 3 1 3 0.086 .b         

   3
0 33 13 31 114 2 2 3 0.208 .c             

                                      
   3

1 33 13 31 112 2 3 0.184 .c                                         
(10) 

 
The scattering amplitude for pion on 

a nucleus can be  further received as a 
coherent sum of the  N -scattering lengths. 
рассеяния. In approximation of the only s-
wave interaction the corresponding potential 
can be written in the Dezer form:  
 

        
     2 1 1 12 .N p nV r ZA a A Z A a r         

    (11) 
The s-wave lengths of the 1 p  -

scattering   1 32 3pa     и 1n  - 
scattering 3na  ; scattering are introduced 
to Eq. (11).  Because of the equality between 

0 1na b b    and  0 1pa b b    (with an 
opposite sign) the theoretical shift of the s-
level with 0T   2A Z  from Eq. (12) is 
much less than the observed shift. So, the 
more correct approximation must take into 
account the effects of the higher orders.  

 
 
In whole the energy of the hadronic 

atom is represented as the sum:   
  

;KG FS VP NE E E E E                                                               
                                                              (12) 

Here KGE -is the energy of a pion in a 
nucleus  ,Z A  with the point-like charge 

(dominative contribution in (12)), FSE  is the 
contribution due to the nucleus finite size 
effect,  VPE is the radiation correction due to 

the vacuum-polarization effect, NE  is the 

energy shift due to the strong interaction NV . 
The strong pion-nucleus interaction 
contribution can be found from the solution 
of the Klein-Gordon equation with the 
corresponding pion-nucleon potential. 

3.  Results and conclusions 
In table 1 the data on the transition 

energies in some pionic atoms of 175Lu, 205Tl, 
202Pb (from. Refs. [4-7]): the measured values 
form the Berkley, CERN and Virginia 
laboratories, the theoretical values for the  4f-
3d, 5g-4f pionic transitions ( N

thE 1  - values 
from the Klein-Gordon-Fock equation with 
the pion-nucleus potential [2]; EKGF- values 
from the Klein-Gordon-Fock equation with 
account of radiative corrections (our data); 
EKS – the RMF finite nuclear size 
contribution (our data), N

thE 2 - values from the 
Klein-Gordon-Fock equation with the 
generalized pion-nuclear potential [5] (our 
data).  

Table 1. Transition energies (keV) in the spectra of some heavy pionic atoms (see text) 

Atom EEXP Berkley EEXP CERN EKGF EFS N
thE 1  N

thE 2  
Transition 4f-3d 

133Cs 560,5 1,1 562,0 1,5 556,80 -0,33 561,47 560.88 
205Tl - - - 963.920 - 968.25 

Transition 5g-4f 
175Lu - - - 427.313 - 428.80 
205Tl - 561.67 0.25 559.65 559.681 560.93  561.63 

Table 1 
Transition energies (keV) in the spectra of some heavy pionic atoms (see text)
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One can see that the contributions provided 
by the finite size effect should be accounted in 
a precise theory. Really, under availability of the 
”exact” values of the transitions energies one can 
perform the comparison of the theoretically and 
experimentally defined transition energies in the 
X-ray spectra in order to make a redefinition of 
the pion-nucleon model potential parameters us-
ing Eqs. (9)-(11). Taking into account the increas-
ing accuracy of the X-ray pionic atom spectros-
copy experiments, one can conclude that the such 
a way will make more clear the true values for 
parameters of the pion-nuclear potentials and cor-
rect the disadvantage of widely used parameter-
ization of the potentials (9)-(11). 
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ELECTROMAGNETIC AND STRONG INTERACTIONS 
EFFECTS IN NUCLEAR SPECTROSCOPY OF HADRONIC ATOMS

Theoretical studying transition energies and widths from X-ray spectroscopy of 
hadronic atoms is carried out. The electromagnetic and strong interaction effects in  nuclear 
spectroscopy of hadronic (kaonic) atoms are analyzed from the pointview of a new tool for 
studying nuclear structure.

1.  Introduction

Theoretical and experimental studying exotic 
hadronic atomic systems such as kaonic  or pionic 
or hyperonic atoms represents a great fundamen-
tal and applied  interest as for further develop-
ment of atomic and nuclear theories as for search 
of a new tools for investigation a nuclear structure 
and  strong pion-hyperon-kaon- nuclear  interac-
tion etc. Surely, studying these complex systems 
gives a new low-energy key to understanding and 
even further check of the Standard Model [1-16].  
In the last few years transition energies in the ka-
onic atoms [1-7] have been measured with an un-
precedented precision. The spectroscopy of kaon-
ic hydrogen allows to study the strong interaction 
at low energies by measuring the energy and natu-
ral width of the ground level with a precision of 
few meV [6,7]. Let us remind about well-known 
application of the  light kaonic atoms as the new 
low-energy X-ray standards and unique possibili-
ty to  evaluate the kaon (pion) masses using meth-
ods of theoretical and experimental high accuracy 
X-ray spectroscopy. The known example of the 
experimental studying is the E570 collaboration 
experiment [6,7] on measurement of the X-ray 
energies in the  kaonic helium atom, which is an 
atom consisting of a kaon (a negatively charged 
heavy particle) and a helium nucleus. Another 
impressive experiment is with DEAR allowed to 

perform an improved measurement of kaonic hy-
drogen [4] (look fig.1). It has been received sig-
nificantly higher precision and smaller shift and 
width values than the KpX experiment [11], still 
for the given precision the results are compatible. 
The similar experiments are performed or in a sta-
tus of preparing for the pionic systems (look c.g. 
[1,2,9,10]). It is important to note that because 
of the tiny strong interaction effect the study of 
pionic hydrogen and other elements calls for an 
X-ray spectrometer system with ultimate preci-
sion - provided by a crystal spectrometer which 
is feasible due to the huge pion beam intensity 
provided at PSI - whereas kaonic hydrogen can be 
studied with X-ray detectors like CCDs or SDDs 
directly.  Batty et al [5] had carried out performed 
theoretical and experimental studying the strong- 
interaction effects in spectra of high Z kaonic 
atoms. Now new exciting experiments are been 
preparing in order to make sensing the strong in-
teraction effects in other hadronic atoms. 

Studying the low-energy kaon-nuclear strong 
interaction with strangeness have been performed 
by measurements of the kaonic atom X-rays with 
atomic numbers Z=1-92 [1]. It is known that the 
shifts and widths due to the strong interaction can 
be systematically understood using phenomeno-
logical optical potential models. Nevertheless, 
one could mention a large discrepancy between 
the theories and experiments on the kaonic heli-
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um 2p state. A large repulsive shift (about -40 eV) 
has been measured by three experimental groups 
in the 1970’s and 80’s, while a very small shift (< 
1 eV) was obtained by the optical models calcu-
lated from the kaonic atom X-ray data with Z>2 
[1-6]. This significant disagreement (a difference 
of over 5 standard deviations) between the exper-
imental results and the theoretical calculations is 
known as the “kaonic helium puzzle”. A possible 
large shift has been predicted using the model as-
suming the existence of the deeply bound kaonic 
nuclear states. However, even using this model, 
the large shift of 40 eV measured in the experi-
ments cannot be explained. A re-measurement of 
the shift of the kaonic helium X-rays is one of the 
top priorities in the experimental research activi-
ties. In the theory of the kaonic and pionic atoms 
there is an important task, connected with a di-
rect calculation of the X-ray transition energies. 
The standard way to solution the hadronic atom 
problem is using the Klein-Gordon-Fock equa-
tion. Here one deal with important problem of the 
accurate accounting for as kaon-nuclear strong 
interaction effects as QED radiative corrections 
(firstly, the vacuum polarization effect etc.) [1-
13]. 

In the present paper awe present the results of 
theoretical studying transition energies and widths 
from X-ray spectroscopy of hadronic atoms. The 
electromagnetic and strong interaction effects in  
nuclear spectroscopy of hadronic (kaonic) atoms 
are analyzed from the pointview of a new tool for 
studying nuclear structure

 
2.  Electromagnetic and strong effects in 

spectroscopy of kaonic atoms

Earlier we presented the detailed description 
of approach to kaonic atom spectra problem, so 
here we are stopping only at the key fundamental 
topics [11-15]. All available theoretical models to 
treating the hadronic (kaonic, pionic) atoms are 
naturally based on the using the Klein-Gordon-
Fock equation. Its stationary version is as follows 
(in atomic units!): 

                                                                            
                                                                      (1)

Here a is the fine structure constant,  E is the 
total energy of the system, V0 is a central potential, 
which contents the nuclear electric potential (due 
to the charge distribution in a nucleus), potential, 
provided by the radiative (QED) effect of vacuum 
polarization and, at last, the strong kaon-nucle-
ar interaction potential (for example, the optical 
model potential). Earlier we computed spectral 
characteristics of some hadronic systems using the 
nuclear charge distribution in the Gaussian form 
(c.f. [12]). The advantage of the Gaussian form 
nuclear charge distribution is provided by using 
the smooth function instead of the discontinuous 
one as in the model of a uniformly charged sphere 
[16]. It is obvious that it simplifies the calcula-
tion procedure and permits to perform a flexible 
simulation of the real distribution of the charge in 
a nucleus. 

The new important topic is connected with a 
correct accounting the radiation QED corrections 
and, first of all, the vacuum polarization correc-
tion. Procedure for an account of the radiative 
QED corrections in a theory of the multi-electron 
atoms is given in detail in refs. [11,12]. Regarding 
the vacuum polarization effect let us note that this 
effect is usually taken into account in the first PT 
order by means of the Uehling-Serber potential:

                                                                

where 
Z
rg

α
= . 

In our calculation we usually use more exact 
approach [16]. The Uehling-Serber potential, is 
usually derived determined as a quadrature (2.). 
Nevertheless, [10, 17], it can be  approximated 
with high precision by a definite analytical func-
tion. The use of new approximation of the cited 
potential [17] permits one to decrease the comput-
ing  error for this term down to 0.5 – 1%. Besides, 
using such  a  simple analytical function form for 
approximating the Uehling-Serber potential allows 
its easy  inclusion into the general system of dif-
ferential equations [12,14,15]. 

.
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3. Some results for heavy systems and 
conclusions

In ref. [11-15] we have presented some re-
sults of calculation for a selection of kaonic atom 
transitions. The kaon mass was assumed to be 
493.677±0.013MeV [1]. In table 1 we present the 
calculated electro-magnetic (EM) X-ray energies 
of kaonic atoms for transitions between circular 
levels.  

Table 1 
Calculated electromagnetic (Ec ) and mea-

sured (Em) energies (keV) of the X-ray transi-
tions in the KA: the Batty et al theory ЕМ1,2 
[5] with using simple cascade Fermi-Teller 
model (Leon-Seki code), data by Indelicato et 
al (theory ЕМ3) [3,4] and theory [11]  (theory 

ЕМ4) and our work (EM5).  

KA Tran-
sition

Ec, our
theory 
ЕМ4

Ec, [5]
theory 
ЕМ1

Ec, [5]
theory
ЕМ2

W 8-7 346.586 346.54 -

Pb 8-7 426.175 426.15 426.201

U 8-7 538.520 538.72 538.013

KA Tran-
sition

Ec, [3,4]
theory
ЕМ3

This 
work
ЕМ5

Em ,
[1,12]

W 8-7 346.571 346.603 346.624(25)

Pb 8-7 426.180 426.198 426.221(57)

U 8-7 537.44 538.945 538.315(100)

The transitions are identified by the initial (ni) 
and final (nf ) quantum numbers. The calculated 
values of transition energies are compared with 
available measured (Em) and other calculated (Ec) 
values [1-7]. 

It is easily to understand that when there is the 
close agreement between theoretical and experi-
mental shifts, the corresponding energy levels are 
not significantly  sensitive to strong nuclear in-

teraction, i.e the electromagnetic contribution is 
dominative. In the opposite situation the strong-
interaction effect is very significant. 

The detailed analysis of theoretical and sepa-
rated experimental data shows that indeed there 
is a physically reasonable agreement between the 
cited data. But, obviously, there may take a place 
the exception too as it is shown on example of 
the kaonic uranium. Further one can perform the 
comparison of the theoretically and experimen-
tally determined transition energies in the X-ray 
spectra and further to find the strong interaction 
contribution into transition energy. From the oth-
er side, solution of the Klein-Gordon-Fock equa-
tion with directly implemented  kaon-nucleon 
(say, from optical model) potential with  a set of 
parameters allows to estimate the correctness of 
their definition. parameters using Eqs. (8)-(11). 
Moreover, such a way will make more clear the 
true values for parameters of the kaon -nuclear 
potentials and correct the disadvantage of wide-
ly used parameterization of the cited potential.  
Let us also in conclusion to note that the known 
perspective can be opened on the way of sens-
ing the parity non-conservation in the heavy had-
ron atomic systems, in particular, kaonic atoms. 
Obviously, this effect will be small in the light 
hadronic systems as K-- H, K-- N, but its contri-
bution is increasing as Z3, so one could wait for 
the increased contribution in the high-Z atoms (as 
K-- Pb, K-- W , K- -U etc.).  
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NON-LINEAR CHAOTIC TREATING VIBRATIONAL MOTION FOR 
MOLECULES IN THE MULTI-PHOTON PHOTOEXCITATION REGIME 

It has been studied a stochastization of vibrational motion for molecules in the multi-
photon photo-excitation regime on example of the CF3I, SF5 molecules within quantum-
stochastic kinetic approach and given more accurate data for stochastization threshold 
energies.

At present time the topics of laser –molecular 
interactions has a great interest as for molecular 
spectroscopy , laser physics, photochemistry as 
for different applied applications in construc-
tion of optical devices and optical [1-13]. It is 
known that while the dynamical aspects of ioni-
zation of molecules in a strong laser field are 
considered to be well understood at least within 
quantitative simplified models, the multi-photon 
dissociation and excitation of molecules in real 
laser field is a topic of actuality and importance. 
Many experiments of studying the multi-photon 
processes were fulfilled in the conditions, when 
the collisional factor may be missed. A question 
about chaotic elements of the  vibrational motion 
of molecules in a laser field, when the vibrational 
energy is randomly distributed among the vibra-
tional modes during interaction with laser pulse is 
to be very actual and complicated task. 

In Refs. [12,13] it has been presented new the-
oretical scheme to sensing dynamics of the zone 
type multi-level system in a laser field, which is 
based on the quantum stochastic kinetic approach, 
developed in refs. [11]. Dependencies of the 
multi-photon dissociation yield, selectivity coef-
ficient and absorbed energy upon the laser pulse 
energy density for BCl3 molecules in the oxygen 

O2 buffer gas are calculated. It has been studied a 
phenomenon of stochastization of the vibrational 
motion for molecules in the multi-photon photo-
excitation regime on example of the CF3I, SF6and 
BCl3 molecules with using the non-linear inter-
mode resonances interaction model and stochas-
tic Focker-Plank equation.  

Here we study stochastization of vibrational 
motion for molecules in the multi-photon photo-
excitation regime on example of a set of mole-
cules within quantum- stochastic  model [13] and 
obtain more accurate estimates for the stochasti-
zation energy. The obtained data are compared 
with earlier obtained theoretical and experimental 
results [2,10,13]. 

Taking into account the possible manifesta-
tions of a chaos phenomenon on molecular dy-
namics one should use molecular hamiltonian (in 
variables “action I-angle q”)of influence on the 
mode 1 from the side of other modes as a sum 
of resonant contributions, which are lying inside 
non-linear width Dw1 (look full details look in 
Refs. [12,15]):

∑ θ−θ=
n

nnFIH )cos( 1
2/1

1
int
1

    (1)
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Condition of periodicity on  q results in the 
quantization of action and energy, i.e. In=nħ and 
En=H0(nħ). Resonances are arisen for such values 
of the action that it is right:

kw(I0)=lW , w(I)=dH0/dI
for whole numbers k,l. The interaction (1) 

changes quasi-energy of the mode 1as follows:

         (2)

The first term in eq.(2) describes the inter mode 
relaxation; second term –the interaction with an 
external field. The whole  process of the energy 
acceptance is in fact stochastic. Speech is about 
the diffusion with coefficient D(E) (see below). 
Its calculation gives the following result:

    

                                        (3)

Here a variable J(W) has an essence of spec-
tral intensity of the perturbation  H1

(int) on the field 
frequency. In ref. [12-15] it has been formulated 
an effective Focker-Plank equation approach to 
process of the multi-photon molecular excitation. 
Till its application, the the vibrational spectrum is 
usually divided into two parts: a). the low-lying 
discrete states and b). high-excited levels of the 
quasicontinuum. At the definite energy threshold 
the vibrational energy can be randomly distribut-
ed among the vibrational modes during the inter-
action with the laser pulse. The excitation process 
into continuum is described by system of the ki-
netic equations [13-15]:

(4)

where  zn are the populations of the laser-excit-
ed states with energy En ; Wn,n±1 is the rate of the 
radiative transitions; Wn,n±1 =sn,n±1I(t), where sn,n±1 
are the cross-sections of the radiative transitions 
up and down, I(t) is the laser radiation intensity 
(photon×cm-2×s-1) ; kVT

n,n±1 are the constants of 
rate of the V-T relaxation; dn is the mono-molecu-
lar decay rate; Q(n-Nmin) is the Heaviside function 
as an additional multiplier in the diffusion coeffi-
cient D(R)n3, which “freezes” the stochastic pro-
cesses in the area of the low-lying states accord-
ing to the well known Chirikov’s criterion [10]. 

The model presented explicitly accounts for 
effect of stochastic diffusion into quasi-continu-
um. The constants of relaxation rate kVT

n,n-±1 are 
defined by the physical parameters of molecule. 
According to ref. [2,15] the collisional redistri-
bution of populations is determined by the prob-
ability function of transition due to the collision k 
(E®E'). The physically significant variable is an 
energy, transmitted during collision:

       ∫
∞

′→′−′=∆
0

)()()( EEkEEEdEE      (5)

The similar parameter in eqs. (6) is defined as 
follows: 

             (6)

Here Z is a frequency of the gas-kinetic colli-
sions. The condition DE(En)=DEn  determines the 
relationship between phenomenological relaxa-
tion constants in eqs.(1) and microscopical vari-
able DE(E). 

To describe an influence of the collisions on 
excitation of the molecule at the lowest discrete 
levels, we suppose that q-factor in the uncol-
lisional case is created due to the heterogeneity 
of interaction of the different initially populated 
states with a field. 

System of the low levels is characterized by 
two rates: the radiative rate of excitation of the 
states W0 and rate of the rotational relaxation kRp , 
which is proportional to the pressure. According 
to [14,15], the equations defining the molecule in-
volvement into quasi-continuum during the laser 
pulse are as follows: 
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The first term in eq.(2) describes the inter 
mode relaxation; second term –the 
interaction with an external field. The whole  
process of the energy acceptance is in fact 
stochastic. Speech is about the diffusion with 
coefficient D(E) (see below). Its calculation 
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lying discrete states and b). high-excited 
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where  zn are the populations of the laser-
excited states with energy En ; Wn,n1 is the 
rate of the radiative transitions; Wn,n1 
=n,n±1I(t), where n,n±1 are the cross-
sections of the radiative transitions up and 

down, I(t) is the laser radiation intensity 
(photoncm-2s-1) ; kVT

n,n±1 are the constants of 
rate of the V-T relaxation; dn is the mono-
molecular decay rate; (n-Nmin) is the 
Heaviside function as an additional multiplier 
in the diffusion coefficient D(R)n3, which 
"freezes" the stochastic processes in the area 
of the low-lying states according to the well 
known Chirikov's criterion [10].  
The model presented explicitly accounts for 
effect of stochastic diffusion into quasi-
continuum. The constants of relaxation rate 
kVT

n,n-±1 are defined by the physical 
parameters of molecule. According to ref. 
[2,15] the collisional redistribution of 
populations is determined by the probability 
function of transition due to the collision k 
(EE'). The physically significant variable is 
an energy, transmitted during collision: 
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sections of the radiative transitions up and 

down, I(t) is the laser radiation intensity 
(photoncm-2s-1) ; kVT

n,n±1 are the constants of 
rate of the V-T relaxation; dn is the mono-
molecular decay rate; (n-Nmin) is the 
Heaviside function as an additional multiplier 
in the diffusion coefficient D(R)n3, which 
"freezes" the stochastic processes in the area 
of the low-lying states according to the well 
known Chirikov's criterion [10].  
The model presented explicitly accounts for 
effect of stochastic diffusion into quasi-
continuum. The constants of relaxation rate 
kVT

n,n-±1 are defined by the physical 
parameters of molecule. According to ref. 
[2,15] the collisional redistribution of 
populations is determined by the probability 
function of transition due to the collision k 
(EE'). The physically significant variable is 
an energy, transmitted during collision: 
 

       



0

)()()( EEkEEEdEE      (5) 

 
The similar parameter in eqs. (6) is defined 
as follows:  
 
          En=(k 

VT
n,n-1-k 

VT
n,n+1)hv/Z                    (6) 

 
Here Z is a frequency of the gas-kinetic 
collisions. The condition E(En)=En  
determines the relationship between 
phenomenological relaxation constants in 
eqs.(1) and microscopical variable E(E).  
To describe an influence of the collisions on 
excitation of the molecule at the lowest 
discrete levels, we suppose that q-factor in 
the uncollisional case is created due to the 
heterogeneity of interaction of the different 
initially populated states with a field.  
System of the low levels is characterized by 
two rates: the radiative rate of excitation of 
the states W0 and rate of the rotational 
relaxation kRp , which is proportional to the 
pressure. According to [14,15], the equations 
defining the molecule involvement into 
quasi-continuum during the laser pulse are as 
follows:  
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dN0/dt=-W0z0,
       

      dz0/dt=-W0z0+kVp (fN0-z0),             

                      dq/dt=-dN0/dt,                   (7)

N0(0)=l,   z0(0)=f,

Here f is the part of molecules interacting reso-
nantly with a laser field. In difference of the pre-
vious works [14,15] we have a real model for the 
shape of laser pulse [2,10]. This is related to more 
accurate data for dependence DE(E) in the qua-
sicontinuum.  The following estimate has been 
taken for. Dn=kdissr(En-D)r(En) [2], where r is the 
density of vibrational states. 

From physical point if view, a chaotic c feature 
of vibrational motion is arisen during process of 
interaction with the IR laser field because of the 
non-linear inter-mode resonance interaction. In 
fact speech is about a strong non-linear interac-
tion of resonances with possible 

We carried out more accurate estimates of the 
stochastization threshold using more real input 
parameters of the quantum-stochastic modeling. 
Minimal density of energy of the CO2 laser pulse 
was taken as 0,06J/cm2 [2]. From known values 
of q and eq (F) one can calculate an average ab-
sorbed energy. With accounting for initial average 
vibrational energy (T= 293 K) we  obtained the 
following estimates for stochastization threshold 
energy Eb=4080 cm-1 that is in agreement with ex-
periment [2,3,8,9]: Eb»(3900±500) cm-1 for SF6,. 
The  theoretical value obtained in Ref. [13] is 
3970 cm-1. Data for other molecules are as:    Eb= 
3620 cm-1  for BCl3, Eb=5760cm-1  for  CF3Br.  
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