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FO. O. I'purop’eB

OtechKuii HAIIOHAJIBHIIT MOPCHKHUI yHIBEpCHTET

METO/J HBIOTOHA TA MOTO BI3VAJII3AIIIS

AxTyanbHicTh poboTu. MaremMaTudHe MOLY/IIOBAHHS B PI3HUX rajly3saX HAYKH 1 TEXHIKU da-
CTO NPUBOJUTH JIO HEJIHIAHUX PIBHsAHL aDO CUCTEM TAKMX PiBHAHB. Jlajieko He 3aBXKM IIi
PIBHSIHHST MOXKHa PO3B’sI3aTH TOYHUME METOJaMU. 1acTilie JOBOIUTHCS 3aCTOCOBYBATH Ha-
6mmkeni meronu. OmHuM i3 camMux MOMyJIsSIpHUX cepel HuX € Meron Hoprorona. VY cydacHmx
poborax meron HeioToHa 9acTO CIIy?KUTH OCHOBOIO JIJTst PO3POOKN HOBHX HAOJIMKEHUX METO-
JiB, sIKi IPUCKOPIOIOTH 3012KHICTD iTepalliiHuX mpoIeciB abo 3aCTOCOBYIOTH JIjIsi O3B’ I3aHHS
CHCTeM BEJIMKUX IOPSIKIB.

Mera poboru. BizyasizyBaTu poboTy ajropuTmy pO3B’sI3aHHSI PDIBHSIHHS, & TAKOXK CHCTEMH
piBHsIHB 3a MeTOmOM HpIoTOHA, MO0 pe3yIbTaTh 1ie€l poboTn MOXKHA 6yJI0 6 BUKOPHUCTOBYBa-
THU TIPU CKJIAJIaHHI €IEKTPOHHUX MiAPYYHUKIB 3 BUBYEHHS JAHOTO METOXY. IHIOI0 METOIo €
JIOCJTIJIZKEHHST METOJLy Y pa3i, KOJIM CUCTEeMa Ma€ JIEKiJIbKa PO3B’sI3KiB; BUBYUTH MOXKJIUBICTH
3aCTOCYBaHHS METO/Y /I PiBHSIHB 3 HECKIHYEHHOIO KiJIbKICTIO PO3B’sA3KiB.

MSC: 65H05, 65H10.

Karouo6i crosa: meainitine pieHAHHA, CUCTIEMAE HEAMTHIUHUL DIBHAHL, NOTIOHG, MAMPUUA
Sx06i, memod Hvromona.

DOI: 10.1852412519-206X.2022.1-2(89-40).285581

BcecTvn

Y paniit pobori posrisiaerbes Meros Heiorona [1] HabauzkeHoro poss’s-

3aHHS PIBHSIHHS
f(x) =0. (1)
SKio piBHSAHHS MICTUTH JIUIIE OJHY 3MIHHY &, TO HAOJUKEH] 3HAYEHHS X;

KOpeHsI ¥ 009HUCII0I0Th 3a (POPMYJIOI0

/ (%71)

I’ (Sﬂi—l)7

Tyt x( - moYaTKOBE 3HAUEHHST IIyKaHOTO KopeHsi. Merom HeioToHa y3araib-

Ty = Ti—1 —

=1,2,.... (2)

HIOIOTB 1 JIIsT PIBHSIHB y 6araroBuMipHuXx rpocropax: f : R™ — R™. Jljist bOTO
y dopmyni (1) moxigny f'(z;-1) saminionors Marpuneio Akobi, a mirenns —

06EpHEHOI0 MaTPHIECD. B mpoMmy Bunagky dpopmy/ia HaOyBa€ BULIIALY:
-1 .
Ti = Tj_1 — (f/ (331'—1)) fzic), i=1,2,... (3)

Haditiwna 23.08.2022 © T'purop’es 10. O. 2022
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Meton HrioToHa ©acTO BUKOPUCTOBYIOTH Y IPUKJIAIHUX 3a/1a9aX IIPU PO3-
B’si3aHH] HeJIHIHHUX PiBHAHB [2—6], a TakoxK 1eil MeToJ| 4acTO CIYKUTb OCHO-
BOIO JJIsT pPO3POOKN HOBUX HAOIMXKEHNX METOJIB, sIKi IPUCKOPIOIOTDH 30i:KHICTH
iTepariifiuux mporeciB abo 3aCTOCOBYIOThH JJIsi PO3B’SI3aHHSI CUCTEM BEJIUKUX I10-
pankiB. Tak, s po3B’s3aHHs CUCTEM N HEJIHINHUX PIBHAHBL 3 N HEBIIOMUMUI
JUIST BEJIMKUX 3HAYCHb 1 B POOOTI |7| 3ampomoHoBaHo HOBUI MeTOJ| PO3B’si-
3aHHS 3 BUKOPUCTAHHSM OJIOUHUX MaTpuilk JAkobi. Meron HrroTroma Mae KBa-
JpaTuYdHuil opsanok 30ikuocti. s migBuinents #0oro mopsiaky po3podsieHo
6ibine 200 pisHEX 6araTOKPOKOBUX iTepariiiHux MeTo/is [8]. 3Buuaitno Mmerosy
HperoTona 3acTocoByIOTH y BHIAJIKaX, KOJIU MaTpuid fKobi € KBaJIpaTHOIO,
a BU3HAYHMK Ii€l Marpuri BiaMiHHIi Big Hysns. Y poborax [9-11| merosn 6ys
y3arajabHeHUil Ha BUNAJIOK m # n. B pobori |9] Gysio 3ampornonoBano obuisi
YACTUHU MATPUYHOrO piBHsIHHS (1) IIOMHOXKHUTU Ha MATPUIIO, 10 CIPSKEHA
J10 sikobiana. TakuM YMHOM, 3HAXOMBCS ITICEBJIOPO3B’s130K piBHsHHS (1). YV
poGorax [10; 11] sikoBian npsMOKyTHOT hOPMU MOJABABCA Y BUIVIsII 10Oy TKY
TPHOX MATPHUIIb:

[ (@i—1) = Ri—1J55i-1,
ne R; 1 ma S;_1 - HEBUPOJKEHI MaTpHUIL, a

I;
JO' = 0 )
0 O

TyT 0 - panr marpuis Jko6i. O6epuena marpuns (f’ (mi_l))fl 3aMiHIOBAJIAChH

HaIBOOEPHEHOI MATPUIIEIO
- _ g1 xp—-1
Jii1 =85_3J5R. 5,
ne JJ - cupskeHa MaTpuiis. B pesysbrati iTepariiiiHa cxeMa IpUiTHsIIa BUTTIS
v =z —Ji_ f (wi-1), i=1,2,...

B pob6orax [9; 11| ogeprkano jesiki gocTaTHi yMoBH 301KHOCTI 1IbOTO iTepartiii-
HOT'O IIPOIIECY JI0 TOYHOIO PO3B’s13Ky piBHsHHS (1).

Y namiit poboti y BuITajkax skobiaHa MPIMOKYTHOI (popMmu mmigbupasiuch
MaTpHIl, 1o € obepHeHl 10 MaTpullb fIK06i 3 mpasol croponu. Ilepimoo MeToio

poboru € Bizyasizaliis poOOTH aJrOpPUTMYy JJIsi TOTO, 100 Pe3yabTaTh MOXKHA
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Oy/10 6 BUKOPUCTOBYBATU TPU CKJIAJAHHI €JIeKTPOHHUX MiJIPYIHUKIB, HAIPU-
KJIaJ, B KHUTaX CACTEMU JUCTaHIiiHoro nasuanas moodle. Ha moBi mporpa-
myBanus Python ckiaieno koj peastizarii 110ro MeTO/Ly Ta CKJIAJEHO KO JJIs
fioro Bigyasiizariii, To6TO [jIs OTpUMaHHd aHiMarll poboru ajnropurmy. Ipy-
OI0 METOIO € JOCJIiJI2KEHH POOOTU aJrOPUTMY y BUIAIKAX KOJIM PIBHSIHHS
(abo cucrema piBHsIHB) Ma€ JIEKLIbKa PO3B’sI3KiB UM Oe3J1iv po3s’si3kiB. B ycix

BHUIIAQIKAX POOOTY aJrOPUTMY HAOTHO OYJIO0 MPOAEMOHCTPOBAHO HA PUCYHKAX.

OCHOBHI PE3VJIbTATHU

1. Meroa HpioToHa /1jist PiBHSHHS 3 OIHIE€IO 3MiHHOIO

Y 1mpomy po3misii posristHeMo MeToj HbioToHa HAOIMKEHOTO pPO3B’d3aH-
Hst piBusinHs (1) 3 oxmiero 3minHO0. PospaxyHkoBa (opmysia HAGIUKEHOIO
PO3B’si3aHHS 1IbOIO PIBHSAHHS Mae BUIIA (2), ne z; — HaOIMKeH] 3HAUYEHHS
IITyKAHOTO KOPeHsI £, x( — oro movarkose 3uadenus. s Bigyasizarii poboTu

meroy Hetorona poss’sisanns pisasinHst (1) Mu B3sim dyHKIIIO

Ta MOYaTKOBY TOUKY xo = 3. Ha puc. 1 306paxkeno rpadik ¢pyHkIiii Ta jamany,
1o iocTpye pobory anropurmy HeroroHA.

Amnimariito poboru ajropurmy HpeioroHa Mu crBopmyin Ha MoBi Python,
BKJIIOUUBIIU IHTEPAKTUBHUI PeKUM BinoOparkeHHsi rpadikiB, 3acToCyBaBIIN
komany plt.ion(). Bukmogaerbes pexxum komanioro plt.ioff(). s onosien-

HsA JaHUX BUKOPUCTOBYEMO KOMaH/IU

plt .draw()

plt. gef().canvas. fluch _events()

i3 3arpuMmikoio 0.001 cexymn:

time .sleep(0.001)

Ha puc. 2 npejncrasiieno dpparMenT Koiy.
Tyt nukn Bemernves Bix 0 10 46 3 kpokom 0.1.

[Tpu i = 0 BUMAIBOBYETHCS TOYKA Xo Ha puc. 1 (kKomanam 64, 65).
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17.5 1 g
AY Mop
15.0 A m— [ pacik piBHAHHA f(x)=1y
-®— IniocTpauis MeToay HbloToHa
12.5
X0, X1, X2, . . . - HABMXKeHi 3Ha4YeHHA KOpeHs,
10.0 x" - KOpPiHb PIBHAHHA.
7.5 -
5.0
2.5 4
0.0 -
: e Xo
T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Puc. 1: Bisyasizamnis poboru anropurmy HeioroHa

ITpu 0 < i < 17 BUMaIBbOBYIOTHCS BiApisok xoMy (komanmu 66 - 69). Ieit
BiZpizok pos3buBaeTbcs Ha dacTuHu JOBXKWHU (.1 i BUMAJILOBYETHCS KOXKHA
YacTUHA IIbOT'O BlJIpi3Ka.

IIpu i = 17 BumasboByeThCst TOUKa My (Komangm 70 -72).

IIpu 17 < i < 34 BUMaJILOBYIOThCSI KyCOUKH Binpisky Moz (komanmu 73 -
79). st mporo Mu mobyyBaam BekTop Moz, 3a KoopamHaTamm TouoK My Ta
21, THOJIMJIN HA MOT0O JIOBXKUHY Ta OTPUMAJIHA OJMHUIHUI HAIPSIMHUN BEKTOD
€1 Bigpizka Moyxi. Koopaunaru 1iporo BekTopa Mu nosnadnsum depes el[0] ra
el[l]:

e (el[0], el[1]).

Ha nuisixy Moz, BumanboByemo tepinny ginsiaky MoP nosxuaum 0.1. 1106

OTPUMATH KOOPJIMHATH TOYKHA P KOPUCTYEMOCH BEKTOPHOIO PiBHICTIO
OP = OMjy + 0.1é4,

jge O — novarok koopauHatr. OCKIJIbKE HaJ[ BEKTOPAMH BUKOHYIOTHCS JIHIHHI
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Jil, To Taki caMi /il cupaBesJIuBI 1 JJIsT KOOPAMHAT ITUX BEKTOPIB:
xp = x0+ 0.1e1]0], vy, =yo + 0.1el[1],

Je Zp, Yp — KOOpPIMHATH TOYKH P, xo, Yo - Koopaunaru Touku M. Ana-
JIOTIYHO BEUMAJILOBYEMO iHINI miisgaku Binpizka Mori. B xomi e peasizoBamno
KoMaHzaMu 76 Ta 78. Tak caMo BUMAJIBOBYEMO PEIITY BiJIPi3KiB JlaMaHOI, 10

300paxkeHa Ha puc. 1.

63/ for 1 in np.arange(0,46,0.1):

64 if i==0:

65 plt.plot(x[0],0,'0",color="orange',linewidth=4)
66 if i<17:

67 ypl0l=1

68 yplll=i+0.1

69 plt.plot(xp,yp,color="orange",linewidth=2)

70 if i==17:

71 line3.set data(x[0],y[0])

72 plt.text(x[0]1-0.22,y[0]1-0.4,"5M 05", fontsize=14)
73 ypll]l=y[0]

74 it i»17 a2nd i<34:

75 Xpl0]=xp[l]

76 Xp[l]=xp[0]+0.1*el[0]

77 ypl0l=ypll]

78 yplll=ypl[0]+0.1%el[1]
9 plt.plot(xp,yp,color="orange",linewidth=2)

Puc. 2: ®parmMeHT KOy CTBOPEHHS aHiMAaIlil

[ToBHicTIO KOJT OTPUMAHHS AHIMAITT MOXKHA MTEPETVISHYTH 33 MOCUJIAHHSIM

https://bit.ly /43fX85B

Tyr Oysa BukKopucTrana mporpamMa Hamucana na Mosi Python sepcii 3.10.5
Ta 6ibsioreku time, numpy, matplotlib.pyplot. Pesyibrar poboru amaropurmy
y dopmari GIF MoxkHA TEeperissHyTH 38 HACTYIHUM TTOCAJTAHHSIM:

https://bit.ly /3PJrNp3

2. Meton HbioTOHA OJisi CUCTEMUM PiBHSIHbB.

Y mpoMy MyHKTI posrisHeMo Metol HeloToHa /111 cucTeMu piBHAHB. fKITIO
piBusiHg (1) 3azae cucremy piBHsIHB, TO dopmyiay (2) cuig 3aminuru dbop-
myaoo  (3). Tyr f'(x) — noximna @pere (s 6GaraToBUMIPHUX IIPOCTOPIB
BOHA SIBJII€ CODOI0 MATPUIO fIKOOI, MO CKIAIAETHCS 13 YaCTUHHUX MOXITHUX

ynxniit saganoi cucremu), (f (x))”" — obepuena MaTpuI.
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ITpukmana. 3a meromom HeroroHa pose’s3artu cucrteMy piBHSIHB

22 +y—5=0.

N [ P+ -91
X_<y>7 f(X)_<.’IJ2+y—5 )

, _ 322 2y
f(X)_<2$C 1)7

(f (X))*1 — obepHEHa MATPHIS. 3ayBaykKMMO, IO ODepHeHa MaTpHIA iCHYE,

{ 234+ 9?2 —9.1=0,

IToznaunmo

Tomi

axio BusHavnvK |f’ (x)| Blaminawmit Big Hysas, To6TO
322 — dzy # 0.

3HauuTh, OOepHEHA MATpPHIlS He icHye Ha npsamux x = 0 ta 3x — 4y =
0. Ha mux npsiMux He MOXKHa OpaTh MOYATKOBI TOUKH T = Xg, Y = Yo JJId
3HAXO/[KEHHSI PO3B’A3KIB cucTeMu 3a MeToJIoM HbioToHa. 3a 0YaTKOBY TOUYKY

BizbMeMO g = 3, yo = 5. IIpu 7 = 0 Oyzmemo marTu

xO:(§>, f(xO>=<;"2'9>,
27 10 _ -1 10
f’(Xo)=< 6 1 ); (f' (x0)) 129}3( 6 _27>-

Ba dopmymnoro Helorona (3) 3naiijeMo mepiie HaOJIMKEHHST KOPEHsT

3 1 (-1 10 42.9 1.57273
x| = - — = .
! 5 33\ 6 —27 9 4.56364

Awnasyoriuno, nigcrasnsouan y dopmyny (3) x1 3amicTb Xq, 3HaiiIEMO X
— Ipyre HaOJIMXKeHHsT KOpeHst. [[poioBKyroun mporec Tak jgaJji, 3HaiijieMo Ha

LIOCTOMY KPOIi PO3B’SI30K CUCTEMMU
rg = 1.753, yg = 1.927

3 moxu6komo 1 = |f (z¢,y6)| = 2.4 - 107°.
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PERSTE B I
y=5-x2
Route —{—
4l Nesovmestimost = =
Nesovmestimost = =
-
-
-
F - -
2 -
0
a2t
-
_4 F
6}
_S i

6

HaOJIMKEeHHs! BiJ| HouaTkoBol Touku (3,5)

Nesovmestimost = = | 4
Nesovmestimost = =

X34y2-0.120 m——m
YE5%? e

Route ~@—
Nesovmestimost — —
Nesovmestimost = =

ey P p— a1 —
i ye5? y=5xE —
Route —— Route —@—
Hesovmestimast = = Nesovmestimast = =
B Hesovmestmast = = Nesovmestimast = =
6 L
4
2 -7
o
2
-
K]
-8
4 -2 ] 2 4 2 ] 2 il

. 5: MapuipyTtu Habiauzkenb Bl nodarkosux touok (1,1) i (-1,-6)
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Ha puc. 3 zobpakeno rpadiku 3a/1aHux piBHSHb, MApPHUIPYT OTPUMAaHUX
HabJIMKEeHb Bif 3aJaHOl TOYKH Tg = 3, Yo = D JIO PO3B’SI3KY CHCTEMH Tg =
1.753, 'y = 1.927 (uepBona samMana), a TAKOXK JIHII, HA SJKUX HE MOXKHA
6parn HoYaTKOBI TOUKH (IITPUXOBI JiHil).

Ha puc. 3 Bummo, mo cucreMa piBHIHb Ma€ YOTUPU PO3B’sa3ku. B3ss-
1 3a MOYATKOBY TOUYKY Xg = 3, Yo = D, MU 3HaAUNUIM HAROIMKIMI 10
miel ToYKM POo3B’s130K. BasaBmm apyry modatrkoBy TOYKy g = 4, yo = 1,
sHalizeMo spyruil poss’sizok x7 = 2.022, y; = 0.9097 (puc. 4 siBopy4).
BzsBmu Tperio mouaTkoBy TOUKY xg = —2, yg = —6, 3Halimemo Tperiit
po3B’sizok x4 = —3.491, y4 = —7.186 (puc. 4 upasopyu). Bassmu dge-
TBEPTY IOYATKOBY TOUKY g = —4, yo = 1, 3HaiieMo deTBepTHil PO3B’I30K
rs = —1.285, ys = 3.35. B po3ryigHyTHUX BUINE YOTUPHOX BUIMAIKAX METO/I
Hprorona npuBojuB 10 poO3B’si3Ky, HANOJ/IMKYe PO3TAIIOBAHOMY 10 BUOpaHOL
MOYaTKOBOI TOUKHU. AJie, SIKIO MOYATKOBA TOYKA B3dATa OJM3LKO JI0 JTiHil, j1e He
MO2KHA OpaTH MOYATKOBI TOYKHU, TO MaPIIPYT CTAE Helepe0adyBaHIM 1 MOXKe
PUBECTH He JI0 Hallb/m»K4I0ro po3s’s3Ky cucremu (puc. 5). Ha puc. 5 siBopyu
3a MOYATKOBY TOUKY OyJIO B34ATO Tg = 1, yg = 1, a MpaBoOpydY 3a MOYATKOBY TO-
4uKy OyJsio B3sTO 9 = —1, yo = —6. Ha npaBomy pucyHKy jpyre HabJIMKEHHsI
JT0 KOPeHsI 3HAXOINThCsT HEITOIAJIEKY Bif JIiHil, j1e He MOKHA OpaTH MOIATKOBIX
TOYOK.

3. HaGaum>keHHst 0 eJiimca.

YV monepesHbOMY TMYHKTI MU PO3B’sI3aJI CUCTEMY JIBOX PIBHSHBL 3 JIBOMA
HeBimoOMUMHY, sTKa MaJjia d0Tupu po3s’s3ku. LlikaBo, sk Oyme BecTn cebe MeTor
Hprorona y Buma Ky, Koju piBHsIHHsT Ma€ 0e3J1i9 po3B’si3kiB? Y JTaHOMY ITyHKTI
MU PO3IVITHEMO PIBHSIHHS €JIIICa

22 y?
2T,

a
npu a =5, b= 3. Kopersamu 1iboro piBHsIHHA € BCl TOUKHU eJinca. 3HARIeMO

—1=0

OJIVH 13 X KOPEHIB, KOPUCTYIOINCh MeTo0M HpIoToHA. 3a M0oYaTKoBy TOUKY

Bi3bMeMO zg = 6, yo = 5. Ilosnaunmo

T 22 2

X = c fE) =gt e L

Tomi
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/ -1 " .. .
Tyr obeprenux marpunp (f' (x))” y 3Buvaiinomy posyminai He icHye. Auie
icuye (i He omHA) MaTPUI, 10 € 0OGEPHEHOIO JI0 OTPUMAHOI MATPHII 3 TPABOL
CTOPOHU. ¥ SKOCTI TaKol Bi3bMEMO
2
a
/ -1 _ 1 2
(f (X)) =5\l
2y
3ayBakuMo, 110 0bepHEHA MATPUIlS HE ICHY€ Ha KOOPJAMHATHUX OcAX T = ()
ta y = 0. Ha nux ocsix He MoxkHa 6paTn 1MOYaTKOBUX TOYOK.
Y Bubpawiit moyaTkoBiit Touni xg = 6, yg = b orpuMaemMo

6 36 25 724 -1 1.042
= =2 30 ‘ - .
X0 ( 5 > ) f (XO) + 9 295 3 87 (f (XO)) ( 0.45 )

3a ¢opmyaoo Hoioromna

x1 =x0 — (f' (x0))

3HaMIEeMO TIepIie HaOINKEHHsT

1. .
= 6) 042 3918 — 2.647 '
5 0.45 3.552

Ha cromoMmy KpoIli OTpUMaeMO OUH i3 KOPEHIB PiBHSIHHS:

-1

f (x0)

z7 = —0.122, y7 = 3.0

3 moxu6komwo f (r7,y7) = 3.8 - 1074

Ha puc. 6, mo giBopyd, 300pakeHo rpadik ejinca Ta MapuIpyT OTPUMaHUIX
HabJIMKEeHb BiJl 3amaHol Touku xrg = 6, Yo = D 10 HADJIUKEHOTO PO3B’A3KY
piBasinast 7 = —0.122, y; = 3.0 (uepBoHa JlamaHa).

AxImo 3a MoYaTKOBY TOYKY BizbMeMo xg = 1, yg = 1, To aiiijiemMo 10 iHITIOTO
KOpeHsl piBHsiHHS x4 = 4.442, y4 = 1.377 (puc. 6, mo npasopy4).

4. HabsmkeHHsa go mapadoJsin.

YV JIaHOMY IIYHKTI MU PO3IJISTHEMO DIBHSIHHSI apabosiu
z°—y=0.

Kopensmu 115010 piBHSHHS € BCi Touku napabosu. 3HaiijieMo OjnH i3 1ux
KOpEHIB, KOpUCTyounch MeTonoM HbioroHa. 3a 1MOYaTKOBY TOYKY Bi3bMEMO

xg = —1, yg = 7. [lozuaaumo

X:<m>, fx)=2*—y.
Y
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Ay Route Y Route

-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

Puc. 6: Mapmpytn HabimKkeHb Bl nodarkoBux To4ok (6,5) i (1,1)

Tomi
f(x) = (21: —1) .

V grocTi 0bepHeHol 3 MpaBoi CTOPOHH Bi3bMEMO MATPHUIIIO

(F )" =3 (jl) -

SayBaxkumo, 1Mo obepHeHa MaTpulls He icaye Ha npsamiit @ = 0. Ha mii
psiMiil He MOXKHA, OpaTH MOYATKOBUX TOUOK.

Y Bubpawiit moyaTkoBiit Touni xg = —1, Yo = 7 oTpuUMaEmMo

o-( ) rmmerse e =3 (70

Ba dopmynoro Heorona (3) 3uaiigeMo mepiie HaOJIMKEHHsI

-1 1 (-0.5 —2.5
X] = - = —6) = .
Ha 3-My xpori Mu oTprMan ONWH i3 KOPEHIB PiBHSIHHSI:

r3 = —2.269, y3 =5.150

3 moxubKoio f (x3,y3) = 3 - 1075.
Ha puc. 7, mo siBopyd, 300pakyemo rpadik mapabdosm Ta MapIiipyT OTPH-
MaHuX HabJMXKeHb Bil 3a7aHol TOYKH Tg = —1, yo = 7 00 HAOJIMKEHOIO

pO3B’si3Ky piBHsHHA 3 = —2.269, y7 = 5.150 (uepBona JsaMaHa).
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AxIo 3a TOYaTKOBY TOUKY BizbMeMO xg = 3, yg = 1, TO ZiiijiemMo J10 iHIoro
KOpeHsl piBHsAHHS T3 = 2.285, y3 = 5.223 (puc. 7, 110 paBopyd) 3 HOXUOKOIO

f(x3,y3) =6-107%.

Q 9

.‘V Route l\/ Route

3 8

7 | 7

Puc. 7: MapupyTu zHabimkeHb Bijg mouarkoBux Touok (-1,7) 1 (3,1)

5. Habau>keHHsi g0 eJimcoiga.

Y naHOMY IIYHKTI MU PO3IVISTHEMO DIBHSHHS €JIIICOIIa
da? —2xy +3y° + 2yz+ 222 —x +y— 2= 0.

Kopensimu 115010 piBHSIHHS € BCI TOYKH eJIIcolga. SHAKAEMO OJUH i3 IUX Kope-
HIB, KOPUCTYIOYHCH MeTooM HbioToHa. 3a 11o4aTKoBy TOYKY BizbMmeMo xg = 0,

1Yo = 0, zg = 1. IlozHauumo

x=|y |, fx)=42®—2zy+3y°+2yz+22 —x+y— 2

Tomi
f(x) = (8x—2y—1 —2u + 6y + 22 + 1 2y+4z—1).
VY sgKocTi 06epHEeHOT 3 TIPaBOl CTOPOHU BI3bMEMO MATPHILO

L
1 8xr—2y—1

/ -1 1
(f (X)) 3| “2@r6yT2etl
1
2y+4z—1

BayBaxkumo, 1m0 00epHEHA MATPUIlst He ICHY€E Ha ILJIONIUHAX

8r—2y—1=0, —2x+6y+22+1=0, 2y+4z—1=0.
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Ha mux mromuHax He MOXKHa OpaTH MOYaTKOBUX TOYOK. ¥ BHOpaHiil moyaTko-

Bi#t Touri xg = 0, yg = 0, 20 = 1 orpumaemo

-3

I
o
|
|
—_
I
|
I
[y

X1

Takum anHOM,

1 ~1 8
1= 50333, 1= =011l 2= ~0.88.

Ha werBepTOMy KpOIli MU OTpUMAJIM OIUH i3 KOPEHIB PiBHIHHSI:
4 =0.194, y4=-0324, 24=0.777

3 moxubKoIo f (x4,ys,24) = 7- 1074
Ha puc. 8 306pazkyemo rpadik esiircoiza ta MapipyT OTpuMaHux HabJiu-
»KeHb Bif 3aganol Touku xrg = 0, yg = 0, 20 = 1 10 HAOJIUKEHOrO PO3B’A3KY

piBusiHHA T4 = 0.194, y4 = —0.324, z4 = 0.777 (uepBoHa JlaMaHA).

Puc. 8: MapupyT HabimkernHs Bijg nodarkosoi Touku (0,0,1)
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6. MeTon HbroTOHA [1JIsi HEBU3HAYEHOI CUCTEMU.

Y manomy po3mini 3acTocyemo MeTon, HbioTona 10 HACTYyHmHOI cucTeMu PiB-
HAHD

2?24+ y?—2=0,
y+z2—-2=0.
OueBuiHO, MO I cucTeMa Mae 6e3jiid po3s’sa3kiB. Bel poss’si3ku cucreMu

JIexKaTh Ha JIHIA mepeTuHy napaboJoina 3 IIONIMHOK. SHANIEMO JIedKl 3 IHUX
PO3B’A3KiB.

Ilozmaunmo

2 2
¢+ Yy -z
f(x) =
y+z—2
Toumi
2z 2y -1
0 1 1

V stkocTi 06epHEHOI 3 MPaBol CTOPOHU Bi3bMEMO

1
2x

-1
(&) =10 55
0 2
2y+1

SayBakumo, 1110 obepHeHa MaTpulld He icHye Ha miomuaax x = 0 Ta 2y +

1 = 0. Ha mux mrommHax He MOXKHA OpaTH IMOYATKOBI TOYKH. 3a MOYATKOBY
TOYKY BizbMeMoO g = 1, yg = 1, 29 = 3. OTpumaemo

—
iy
—~ kﬂ
o) =
S—
| 2
- I
|
S O N ,l_.
Wi W= O ~—
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Ba dopmysnoro Hetorona (3) suaiigemo mepiie HabOIMKeHHsI

1 : 0
1 0 !
X1 = — = =
1 g 9
3 0 3
—1 3
1 2 2
= — 2 — 1
3 3
4 5
3 3 3
Takum arHOM,
3 1 5
=—-=15 = — =~ 0.333 = -~ 1.667.
1 5 ) 3 y 2l 3

Ha TperboMy Kpori Mu OTpuMaJId OJNH i3 KOPEHIB CUCTEMU:
r3 = 1.247, y3=0.333, z3=1.667

3 TOXU6KO™0 | f (T4, s, 24)| = 4 - 10724,
ko 3a mMOYaTKOBY TOYKY BisbMemo xg = 1, yog = —1,5, 29 = 3, T0o Ha

TPEeThOMY KPOI[l OTPUMAEMO HACTYIHUI KOPIHb CUCTEMU:
3 =0.829, y3=—-1.75, 2z3=3.75

3 ToXu6Ko™0 | f (74,4, 24)| = 41076,
Bassmm 3a mogatkoBy TOouky g = 0.5, yg = —2, 29 = 5, TO 3a YOTHUPH

KPOKHU IIPHIIEMO 10 HACTYIIHOTO KOPEHS CUCTEMU:
4 =0.943, ys=—-1.667, z4=3.667

3 ToxXu6Ko1o | f (74,4, 24)| = 5-1077.
SIKIMO K MOYaTKOBY TOYKY B3STH HOIAJi BiJ PO3B’sI3KiB CHCTEMH, HAIIPU-

KJIAT, o = 2, Yo = 2, 29 = 2, TO OTPUMAEMO PO3DIXKHY MOCJIIIOBHICTh TOYOK.

BucHOBKUu

Pobota npucssiaena q0c/Ti2KeHHIO Ta BidyaJtizariil meroay Hoiorona Habn-

JKEHOI'0 PO3B’si3aHHsl piBHsHb Buiy (1), 1e

f:R"— R™.
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Y pozaii 1 po3miIgHyTO NPUKJIAJ] HAOJMXKEHOTO pPO3B’SI3aHHS 33 METO-
JjoM HeioroHa ofHOrO piBHSHHS 3 OfHi€0 3MiHHO0. Ha MOBi nmporpamyBaHHs
Python ckiameno kox po3s’sa3ambs MbOro MpUKJIaLy. B pe3yabTari OTpuMaHo
daiin y dopmari gif, sskuit HAOIHO TEMOHCTPYE PODOTY AJITOPUTMY.

Y pozsmpitax 2 — 6 pobory meroxy Heroroma Oysio JocaimzKeHO Ha BUIA-
JIOK, KOJIM PIBHSIHHsI (YU CHCTeMa DIBHsIHB) Ma€ JIeKLIbKa Po3B’s13KiB abo Ges-
jia pose’s3kiB. Ha mpukiamax Oy/i0 MpoiIeMOHCTPOBAHO, 10 MeToj Hbroro-
Ha MPAIoE 1 TOi, KoM PIBHSAHHS abo cucTeMa pIBHSHL MAOTh HAaBITH 0e3-
JIig po3B’s3KiB. B nux Bumajkax y 3BUYaiHOMY PO3YMIiHHI HE iICHYE MaTpPHIb,
obepHeHHUX J10 MaTpuIlpb IKo6i. Ajte icHye 6araTo MaTpuIlh, 0OEPHEHUX 3 IPaBOI
croponu. [lutanug: aky 3 HUX Kpalle BUOpaTu moTpedye MOTAJIBIIION0 TEOPETH-
YHOTO JoCJIizKeHHs. B poboTi nmpasi obepHeHi MaTpulli Mu 1migdupaJm HaBMaH-
us. g gactura poboTn Oy/1a BUKOHAHA B CHCTEMi KOMIT IOTEPHOI MaTeMaTUKN

wxMaxima. Pe3ynbraTtn Hao4uHO mpejcTaB/ieHo Ha rpadikax.
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Hryhoriev Yu.
NEWTON’S METHOD AND ITS VISUALIZATION

Summary

Relevance of work. Mathematical modulation in various fields of science and
technology often leads to nonlinear equations or systems of such equations.
Far from always, these equations can be solved by exact methods. More of-
ten it is necessary to use approximate methods. One of the most popular of
them is Newton’s method. In modern works, Newton’s method often serves as
the basis for the development of new approximate methods that accelerate the
convergence of iterative processes or are used to solve systems of large orders.
The goal of the work. Visualize the work of the algorithm for solving the equa-
tion, as well as the system of equations according to Newton’s method, so that
the results of this work could be used when compiling electronic textbooks on
the study of this method. Another goal is to study the method in the case
when the system has several solutions; to study the possibility of using the
method for equations with an infinite number of solutions.

Key words: nonlinear equation, system of nonlinear equations, derivative, Ja-

cobi matriz, Newton’s method.
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B. M. €BryxoB, C. B. TI'osrybeB

Opechkuit Hamionaapuuil yaisepcuret imeni 1. I. Meunukosa

ACHMIITOTUYHA IOBEAIHKA PO3B’4I3KIB OJTHOI'O KJIACY
HEJIIHINHUX JUPEPEHIIAJBHIX PIBHSIHb YETBEPTOI'O
TIOPIIKY

1151 IBOYJIEHOTO HEABTOHOMHOIO 3BHYAHOrO MudepeHIiaJbHOr0 PiBHAHHS YE€TBEPTOIO II0-
PSIKY 3 €KCIIOHEHIIaIbHOIO HEJIIHIMHICTIO Ta HENepEPBHUM i BIIMIHHUM BiJ HYJIS Y JESKOMY
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e ap € {—1;1}, p: [a,w[—>]0, +00[ — HenepepBHa dyHKIHA, 0 < w < 400 Ta
¢ : Ay, —]0, +o0] — aBiui HenepepBHO AudepenIitoBHa DYHKINA Taka, 1o

. abo 0, )
©'(y) #0, y € Ay, lim p(y) = i P /290 W _
yXo abo +oo, came  v—Yo ()
yEAY, Jeny)

Yy nopiBuioe abo mysmo, abo oo, Ay, - ogHObIYHIiT oKl Y.

BaxkamBum okpeMmM BUNAIKOM TAKWX PIBHAHDL € PIBHAHHS 3 €KCIIOHEH-
niaJpHOIO HeJstiHikHicTIO. JIs nux piBHsIHB B paborax €pryxosa B.M., Jlpik
H.I.[1], €BryxoBa B.M., Illunkapenko B.M.[2|, €sryxoBa B.M., Xapbkosa
B.M.[3] 6ysin po3pobiieni MeTO 1 JTOC/IJIZKEHHST ACUMIITOTHYHOT OBEIIHKY KJIa~
Cy PO3B’sI3KIB, 9Ki BU3HAYAIOTHCS U€pe3 eKCIIOHEHIIAIbHY HEeIiHIHHICTD, 10 He
30BciM € npupojnnM. Haibiabn npupoiHuM IpeacTaB/Is€ThCA BCTAHOBIEHHS
ACUMIITOTUIHUX BJIACTUBOCTEH TUX PO3B’s3KIB, SKi JIOCTIIKYBaJIMCS pPaHilie
npu po3rysal gudepeHIiaJbHUX PiBHSIHD 3 MPABUWIBHO 3MIHHUMU HeJiHITHO-

crsimu, a came, Tak 3BaHuX, P, (Yp, A\g)-po3B’s3kiB (nuB.,HapuKIa, poboTy

14].

Osnauvenns 1 ([5]). Posp’si30k y Bkasasoro judepeHiaabHOro piBHSIHHS n-
nopsiziky Hasuaerbest P, (Y, \g)-poss’sizkom, e —oo < A9 < 400, AKIIO BiH

BU3HAYEHUIT Ha MPOMIKKY [to, w[C [a,w] 1 38/10BOJIbHSIE HACTYIIHI YMOBH

y(t) € Ay, mupu t € [to,w], ltiTHly(t) = Yo,

6o O, (n—=1) (4)12
hmy( )()— abo (k=1,2,..n—1), limuz)\o_
ttw abo =+ oo, ttw y(=2) (t)y(m)(¢)
B nmamiit poboti posriisgaeThes JBOYIEHE HEeaBTOHOMHE audepeniiaibHe

PIBHSHHS 9€TBEPTOTO MOPSJIKY BUJLY

y W = aopo(t)[L +r(8)]e™? (o # 0), (1)

e ag € {—1,1}, po : [a,w][—>]0, +00[ — HenepepBHa, abo HenepepBHO jude-
penriiioBaa GyHkIsa, —00 < a < w < 400, 7 : [a, w[—] — 1, +o0[-HenepepBHa
dyHKIS Taka, 1Mo

ltlTrerl r(t) = 0. (2)
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B upomy pisasiaai dyukiis ¢(y) = €Y (o # 0) € mBuaKko 3MiHHOI QYHKITEO
Tinpku npu y — Yy = £oo Ilpu mpomy y sikocti okosiB Ay, Touok Yy = 00
MOXKEMO OOMPATH MPOMIXKKHI

10, +o0[, sxmo Yy = +oo,

Ay, = 3
Yo | —00,0[, skmo Yp=—o0, ®)

Takum gunHOM, JJIst piBHsIHHS (1) OTpUMyEMO HACTYIIHE

Osnauennst 2. Posp’a30k y naudepenniaabHoro pisasinas (1) HA3MBAETHCs
P, (Yp, \o)-posB’sizkom, ge —o0 < Ag < 400, SIKIO BiH BU3HAYEHUIT HA MPO-

MIKKY [0, w[C [a,w] i 38/10BOJIbHSIE HACTYIIHI YMOBI

y(t) € Ay, upu t€ [to,w], ltle y(t) =Yy = £o0, (4)
, 6o 0 [y (1)
lmy® (@) = | 0 0 k=1,2,3 _W 5
0= o 2o, FTEEE agee T O

3 ObOr'o O3Ha4YCHHA, 30KpEMa, BUILJIMBa€, IO YUCJIO

Vo = 1, saxmo Yy= +oo, (6)
—1, gakmo Yy= —o0.
Bu3Havae 3Haku Oyab-akoro P, (Yp, \g)-po3s’sizky i iforo meprmol moximnoi B
JeIKOMY JIIBOMY OKOJI w.

Metoro poboTH € BCTaHOBJIEHHST HEOOXITHUX 1 JIOCTATHIX YMOB iCHYBaHHS y
nmudepenrianbaoro pisusaus (1) P, (Yp, Ag)-po3B’a3KiB y BUNAJKY, KOTH Ao €
R\ {0, %, %, 1} (He ocobsMBHil BUIIAJIOK ), & TAKOXK ACUMITOTUIHUX 300paKeHb
npu t T w AJId TAKUX PO3B I3KiB Ta X MOXITHUX IO TPETHOIO HOPAIKY BKJIIOTHO
13 BUBHAYEHHSAM 1X KIJIBKOCTI.

Bubip y mamomy mociizKeHHI PIBHSIHHSI Y€TBEPTOrO MOPSJIKY OB sI3aHUII
3 THM, 0 OTPUMAaHI paHiiie Jisi PIBHSHb JIPYTOro 1 TPEThOro HMOPsIKIB |7],
[8]pesybraru npo noseninky B, (Yp, Ag)-po3s’si3kiB He MOXKyTH OyTH Ge3noce-
PEJIHBO TIOMMPEHUME Ha PIBHSHHS N-T'0 HOPSIKY 0663 MOIepeHbOrO JIeTATbHOTO
JIOCJI/PKEHHS PIBHAHHSA YETBEPTOrO MOPSJIKY.

IIpu BcTanosierHi HeOOXiTHUX yMOB iCHYBaHHS y AudepeHIliaIbHOIO piB-
usians (1) P, (Yo, Ao)-po3s’si3kis Oyje Bukopucranuii Bigomuii pesyabrar B.M.
€BTYXOBa PO AIPIOPHI ACUMIITOTUTYHI BJIACTUBOCTI TAKUX PO3B’s3KiB, KWl

BUILIUBAE 3 poboru [5]
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JIema 1 ([5], Posuin 3, §10). Hxwo Ao € R\ {O,%,%,l}, mo KoscHull
P, (Yy, \o)- poss’asox dugepenuianvrozo pishanns (1) 3adosorvhae nacmynii

2PAHUNHT YMOBU!

Tw (t)y(k) (t) Aok

tlTIS S10) :)\071 (k=1,...,4), de apr=(4—k)Xo+Ek—3, (7)

) t, AKULO W = 400,
T, =
v t—w, arwo w <400,

Kpim Toro, B pobori Oy/ie BUKOPHCTOBYBATHChH OJIHE BiOME TBEPI?KEHHS
PO ICHYBaHHS 3HUKAIOYUX B OCOOJIMBIM TOUI PO3B’S3KIiB Yy CHCTEMH KBa3iJi-

HiltHUX AudepeHIiajbHuX PiBHIHb BUIY

4

F)+ calt)or + Viton,. )| (i=1,....4), (8
k=1

vl = h(t)

B gAKiil pyHKIHT
h, fi: [to,w][— R (i=1,...,4) cp: [to,w][— R (G, k=1,...,4)

€ HellepePBHUMU 1 33J0BOJILHAIOTH YMOBH:

h(t) £0, mpn fo<t<w /ﬁmnﬁ:+m, (9)
to
ltiTmfi(t):O (i=1,...,4), %mcik(t) = (i,k=1,...,4), (10)

a dyukIil V; HenmepepBHi HA MHOXKUHI
[to, w[xXRp, me Ry = {(vl,...,v4) eR* :jy| <b(i=1,...,4), b> O}

i 38J0BOJILHSAIOTH YMOBY

Vi(t,v1,...,04) . ) )
im =0 (¢=1,...,4) piBaoMipHO 3a t € |tg,w|. (11
1|+ |va| =0 |01 | 4+ - ..+ |v4] ( ) [ - (D)

3 reopemu 2.2 poboru [6] BUILIMBaE HACTYIIHUI Pe3y/IbTAT Jijist cucreMu (8).
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JIema 2 ([6], Teopema 2.2). Hexati suxonyromoca ymosu (9) — (11) i eparuuna
mampuya xoegiuicnmic Cy = (Cgk)?,kzl He MAE TAPAKMEPUCTIUNHULT KOPEHLE
3 HYAv06010 Jitictoto wacmunoro. Todi y cucmemu JuPEPEHUIANPHUT DIGHAHD
(8) icnye woua 6 odun pose’asox (vi)i; : [ti,w[— R* (tp < t1 < w), wo
npamye 0o nyaa nput T w. Bisvw moao, ichye m- napamempusta Cim’s maxur
PO36°A3KI6, AKWO ceped KOPEHI6 TAPaKmepucmuyHozo pienanni mampuyi Co
icnye m xopenie (3 YparysanmHAM Kpamuuz), 0iicni Yacmunu, AKUT Ma0mo

3nax npomusedcnull 3naxy Gynrkyii h ma npomiocky [to, wl.

Hani, mpu Ag € R\ {0 12 1} YBeIeMO JIO/IATKOBI JOTOMIXKHI TTO3HAYEHHS

O RICE]
(o~ 1)° t
0—
K(Xo) = N2 — 1)’ Jo(t) = /773;(7')1?0(7') dr,
Ao
J1e
w, sakmo [ |m(7)[3po(T) dT < +o0,
Ao = ©
a, sxmo [ |m(T)Ppo(r) dr = +0o0,
t ¢

T

o= [ 3257; ar, i) = [ Ja(mdr, (i=23)
Ay A;
e
agp, 4AKIO f |§28—_%‘ dT == +OC)7
A = a0 - ap € |a,w|,
w, {KIO a{ |§2(7)\ dr < 400,
w
ap, sxmo [ |J—1(7)|dT = +o0,
A; = “ (i=2,3)
w, saxmo [ |Ji—i(7)|dT < +o0
ag
1

Y'(t)
o J3(t)

V() =~ In(ao(~)K (o) (t),  alt) =

OCHOBHI PE3VJIBTATHU

Teopema 1. Hezat Ay € R\ {O, %, %, 1}. Las icnysanna y dudepeniianvbrozo
pisnannsa (1) Py(Yo, Ao)-po36’askis neobriono, 106 8UKOHYEAAUCH HEPIGHOCTIV

0401/0)\[)(2>\0 — 1)(3)\0 — 2) > 0, aol/lK()\Q)Trw(t) >0, npu t E]a,w[ (13),
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1 HACMYNHL YMOBU

!
ago K () Jo(t) <0 npu t€la,wl, ltlTIB W = +o0, (14)
CmOA® 1m0
e (1) M1 e Jat) ho — 1 (15)

. ﬂ'w(t)Jé(t) 2)\0 —1 . . Oé[)ﬂ'w(t)Jg(t) 3)\0 -2
1 = 1 t)=1 1 =
=00 o1 me() =1 lm——rs v

nPUBOMY KooHcHul maxuli po3e’a3ox donyckae npu t T w HACMYNHE ACUMNMO-

muuni 300pacNcerma
1 1
y(t) = —gln(ao(—;)K(Ao)Jo(t)) +o(1),

y (1) = a0k (DL +o(V)],  (k=1,2,3). (16)

Hosenennsi. Hexait Ao € R\ {0, %, %, 1} 1y [to,w[— Ay, — Pu(Yo, Ao)-
po3B’si30k nudepennianasaoro pisusauas (1). Toxi srigno 3 (1), ymoBamu (5),

(7) 1 yBeJIleHUMY TTO3HAYEHHSIMU
signy(t) =, signy'(t) =v1, signy”(t) = aolo,

signy”(t) = apl[(Mo — 1)mu(t)], sign y(4) (t) = ap. (18)

[Tpu oMy, siK BKe OyJI0 BCTAHOBJIEHO, BUKOHYEThCsT yMoBa (12).

Kpiwm Toro, 3 (7) Bunmusae, 1o

YOO Y0y O Y Ao — (3N —2) y()
0 = e v w0 Y T Gem D

Wy = YO OYO) oy AR —1) y(0)
() v () v (6) (o — 1% w3(1)

i romy 3 (1) micraemo

opu t 1T w,

Y npu tTw

a Y
375,2) = )\0(2)\59\01)(31)?0 ) Wé(t)p()(t)[l +o(1)] mpu tfw (19)

/ o N3
joift)) - )\2((;\2\0 _11)7%(75)]90@)[1 +o(1)] opu ttw. (20)
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3 1¥X CIHIBBiIHOIIEHB, 30KpeMa, OTPUMYEMO HACTYIIHI 3HAKOBI yMOBHI
vo = apsign[Ao(2X0 — 1)(3A0 — 2)],  v1 = agsign [Ao(Ao — 1)(2X0 — D)7y (2],

i Toxi BuKOHYIOTBCs HepiBHOCTI (13), a TAKOXK 3riAHO 3 BXKE BCTAHOBJICHIM
Ma€MO IO

vy = 1

Hauii, inTerpytoun acumnroruyse crissigHoments (20) Ha TPOMIXKKY BiJ to 10
t, 3HAXOIMIMO
s aoo—17 |
S _ apglAg — 3 _
" N@r 1) /%(t)PO(T)[l +o(1)]dr, ne s=y(t), (22)

y(to) to

Bpaxosytoun, 1o B (22) y(t) — Yy = oo upu ¢t T w a TakoXK IpaBuiIo 0bpaHHs

rpaHuilh iHTErpyBanus Ag B iHTErpaJsi Jy 3HAX0IUMO

1 y y(t) >\0 — 1)3 /t
_ie_o- ’]T 1 + o0 1 d
- o 2A0 " (1)]
to
1
e~ = ag(= ) K (M) Jo(OL +o(1)] mpn 7w, (23)

3BisIKM MU oTpuMyeMo mepiny ymoBy 3 (14). ITponorapudmyemo Bupas (23)

~oy(t) = Infao(~ K ()@l +o(D) wow 1w, (21)

i orpuMaEeMo Iepiie 3 aCUMITOTUYHUX criBBigHOmeHb (16) st y(t). Bukopu-

croBytoun BiracTuBocTi (19) orpumaemo, 1o

B ag(ho — D) wu(t)Jy(t)
y(t) = )\0(2/\(? —01)(3)\0 —9) p—E)

[14+0(1)] mpm tTw  (25)

abo 3 ypaxyBaHHSIM OTPHMAHOIO 3Ha4HHsI ()

ap(Ag — 1)* 7o (t) Jy (1)

Ao(2X0 — 1)(3X0 — 2) ap(— ) (o) ol )[1 +o(1)] mpu tftw (26)

y(t) =

Ao — 1 m,(t)Jy(t)
3N — 2 (—%)Jo(t)

y(t) = 1+0(1)] mpu 1w (27)
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e, (t)Jo(t) > 0, sign Jo = sign m,,. Ockimbkn mpu t 1 w, y(t) — Yy = 400 0
3BIJICH BUILINBAE CIIPABEINBICTD Apyrol rpaHndHol ymosu (14).

Jlagi oTprMaeMo aCUMITTOTUYHI CIIBBIIHOIIEHHS /IS TIOXITHUX MIEPIIOro, APY-
IOTO Ta TPETHOTO HOPSJIKY /I PO3B 3Ky BU3HAUEHOIO IEPIIOI0 (HPOPMOJIOIO
(16). IligcraBisiroun 1epiie acUMITOTHYHE CIiBBigHOmeHHs 3 (16) y npasy

yacTuHy piBHsiaHs (1), micranemo, 1o

y(4)(t) = aopo(t)egy(t) upu t 71w, (28)

Inrerpytoun (28) Ha HPOMIXKKY BiJ to /10 ¢ 3 ypaxyBaHHSIM IIPABUJIa OOpaHHS
HIKHBOT rpaHuIl iHTerpysantst Ay B inrerpani Ji(t) Mu orpuMaeMo acuMIITO-

TUYIHE CITiBBIJTHOIICHHS
y"'(t) = aoi(t)[1 +o(1)], tTw, (29)

TOOTO Ma€ Micre Japyre 3 aCHMITOTHYIHHX criBBigHomens (16) mpu k = 3.
3Bijcu 3 ypaxyBaHHsIM IIpaBUJI OOpaHHsI IpAHUIlL iHTerpyBaHHst Ay Ta Asg y
inrerpasis Jo(t) i J3(t) B pesyibrari iHTErpyBaHHSI HA HPOMIKKY Bif to 110 ¢
cuiBBigHOmeHHs (29) TAKMM K€ THHOM BCTAHOBJIIOEMO CIIPABE/JIMBICTD IHIIHX
ACHMIITOTHYHUX cHiBBigHomens (16) npn k = 21 k = 1. 3 orpumannx acum-
nToTHYHEX cruieigHomeHb (16) i Toro dakry, mo y(t) ~ Y (t) 3 ypaxysauusM
rpaHnIHuX yMOB (7) 6e310cepeIHbO BUIIMBAIOTH MIEPIIa, JIPyra Ta TPeTs IPa-
HU9HI criBBigHOMeH S 3 (15).

Hosenemo crpasemuBicts geTBeprol ymoBu (15). Ockinbrn

Vi) e URE | aKQa)Jyt) _ oK (o)m(po(t)

1) = B~ aods) aoJ3(t) @0 J3(t)

1 3riJHO 3 TepIINM 1 TPeThOIO TPAHIMYHOIO YMOBOIO 3 (15)

00 5l0)
50 = 5y 7o) a1 =

(ho —1)°
(2% — )Xo

_ B@) @) Ni®t) 4o
ENAONADRAOKAL

o (H)po(t) =K (o) (t)po(t) npn t 1 w,

3Bijicu orpumaemo 10 ¢(t) ~ 1 mpum ¢ T w, T06TO Mae Micue uerBepra 3

rpanngaux ymoB 3 (15). lasi moBeemo cripaBeinBicTh "PAHNTHOT YMOBH IT'SITh
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3 (15) Hust posesennst 3acrocyemo npasuio Jlomitans y dpopmi [Itosbis. [pu

[BOMY 3 ypaxyBaHHsIM deTBeTol 3 yMoB (15) micranemo, 1o

y Y'(t) _ 1 Y'(t) A1
t ao(me()J3(0)) it 302 T3 -2
Ozng(t) No—1 + 0(1)

10 JIOBOJIUTH CHPABE/JIMBICTD 1I'SITOT 3 I'PAHUIHUX YMOB (15).

Teopemy TOBHICTIO TOBEIEHO.

Teopema 2. Hezaii Ao € R\ {0,3,2,1} i suxonyromves ymosu (13)-(15).
Hexati, xpim moeo

oo

lim(1 — q(2))[Y'(t)]

=0 1 0 30
lin i apo > (30)

Todi dugpeperyiarvne pishanns (1) mae dsonapamempuyuny cimo 10 P, (Yo, No)

PO36°A3KI6, W0 3a0080A6HAOMG NPu t T W GCUMNMOMUYHT 300DAAHCEHH.A

. o / —a 0(]_) " —a O(].)
y(t)=Y(t) +o(1),y (t) =ao/3(t) 1+‘Y<t)‘% Y (H)=aok(t) YoE|
" —a 0(1)
y (1) = i(t) YOI (31)

Hosenennsi. Hexait Ag € R\ {0,1,2,1} i Buxonytorscs ymosn (13)-

(15) i (30). ITokazkemo, 110 y IOMY BUIIAJIKY piBHsHHSI (1) Mae xo4a 6 ojuH
P, (Yp, \o)-po3B’s130K, 1110 3a/10BOJIbHsIE IpU ¢ T w aCUMITOTHYHI 306parKeHHsT
(16) i 3’sicyemo muTaHHS PO KIIBKICTh TaKUX pO3B’sa3KiB. s 1boro, crova-

TKy, piBHstHHA (1) 3a momOMOroI0 3aMin
yt) =Y (®) +ui(t), vy (1) = aodinOL +ypra ()], (k=1,2,3)  (32)

3BeEeMO JI0 CUCTeMU IUPEepPeHIiajIbHuX PiBHAHD

=aos) 1= a0+l o= )
! / 60(Y(t)+y1
yé=j§8(y4—y3), yﬁ—ﬂg (L+r(t)—vm —1—3/4], (33)

[Mro cucremy OyIeMO pO3IVISIATH HA MHOXKUHI

1 .
Q= [tlvw[XDv A€ D= {(ylvaay37y4) GRE ’yZ’ S 57 (Z:1a74)}
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i uncio t1 € [a,w[ 0OpaHO TAKHM YHHOM, IO
. 1
Y(t)+y1 CAy, wmpu t€[t,wl i |p]< 3
Ha maniit MHOXKUHI ITpaBi YacTHHU CUCTEMH HEIEpPEepBHi i MalOTh HeElepepBHi
YaCTHHI MOXIHI JI0 APYTOro MOPSIKY BKJIIOYHO 3a 3Mminnumu y; (1 = 1,...,4).
BukopucroBytoun ocraniii (pakT yTOYHEMO BUIVIS] YETBEPTOTO DIBHAHHS CH-
o (Y () +y1) .
cremu. Posknazaioun 55— npu dikcosanomy t € [t1,w[ 3a dopmoiryio
Teitnopa 1o 3MiHHIH ¢ B OKOJII HYJIsI 3 3aJIUIIKOBUM HjieHOM y dhopmi Jlarpan-

Ka, OyIeMo MaTn

eU(Y(t)+y1) 1 eG(Y(t)+£1) 9
v L tut g T vm Yo Ae [STRSIT
ToMmy ocTaHHE PIBHAHHSI CUCTEMU 3AITUINIETHCS Y BUTJISAII
T (t) 1
/Y1 £1\,,2
= 1 t))(1 — —1- 34
Yq Jl(t) ( + 7'( ))( +y+ 2!6 )yl Ya ( )

Ockinbku |&| < |y1] 1 |y1| — 0 To icHye J Take, 1110 YeTBepTEe PIBHSHHST CUCTEME

(33) MoxKe 6yTH 3AIMCAHUM Y BULJISI

J(t
v = AW ) (1 (01 — i+ R(t 1))
Jl(t)
1
ne  |R(t,y1| < y% upu |y1| <6 s gesikoro 0 < 0 < 3 (35)

Haptaui orpumany cucremy Oy/1eMo pO3IUIsiiaTi Ha MHOXKHHI (g = [t1, w[ng.

3rigHo 3 Teopemoro 1 MaeMo

. 3A — 2 ) 200 — 1
1 = 1 =
& (t) = 3= mé&®) = T
. Ao . 1
ltlTIgé“g(t) vy lim €a(t) = N1 (36)
3 ypaxysauusM Buy dyskiil &;(t) nepenumem cucremy (33) y Burusiii
vl = 25 GO0 — a®) + 1},
vy = o 12(O(ys — v2)}
(37)

Vs = s 16O W —v3)},

Vi = o 1&a®) [r(t) + L+ )y — ya + R(t, )]}
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3 MeToH aCUMIITOTUYHO BIDIBHSTH MHOXKHHUKM 1pu t T w B IpaBiii yacTuai

piBHsiHB cucTremu (37) 3aCTOCYEMO JI0 Hel J0JIATKOBE TEPETBOPEHHSI

yi(t) = oit),  wa(t) = [Y ()| Tua(t),

1 1

y3(t) = [Y ()] 2u3(t),  wa(t) = [Y(£)]" Tva(t) (38)

B pesynbTari 116010 11epeTBOpeHHsT OTPUMAEMO CUCTEMY JudepeHItiaabHIX PiB-

HeHb (8) B sKiii

)= LS () 200 i) = 01~ a@)Y (0] sen Y (1)
fo(t) =0, f3(t) =0, fa(t) = &a(t)r(?) (39)
Cll(t) = 0, Clg(t) = fl (t) sign Y(t), 613(25) = 0, 614(t) =0

C21 (t) = 0, ng(t) = 0, ng(t) = fg (t), 024(t) =0
c31(t) =0, c32(t) =0, c33(t) =0, c34(t) =&3(t)
C41 (t) = 64(75)(1 =+ T(t)), C42(t) = 0, C43(t) = 0, C44(t) =0

a TaKOxK

V(t,v1) = &a(t)R(t,v1) (40)

B cuny ymos (36) i (30) ra Burisny dbysknil Y (t) Buniamsae, mo B it cu-

w 1
cremi limyy, fi(t) =0 me (i =1,..,4) 1 [ |Z£t()tl)4 dt = 400 TOOTO BHKOHYETbHCS
t1
ymoBa (9) i nepma ymosa 3 (10). Takox Tyt dyukiis V (¢, v1) 3rigHo ymos Ha
dyuxrio R(t,v1) (35), 3amoBoabusie ymosi (11). Kpim Toro B ety ymos (36) i
Buriisiy GyHKIfl Y (), i mo sign Y (¢) =
(C?,k:1(t)) upu ¢t 1 w Mae HACTYIHHN BUJL

Yo
sign o

rpaHNYHA MATPHUIlST KoeIIieHTiB

3Ao—2
0 )\00—1 (sigga) 0 0
2X0—1
c| © =
0 0 0 24
et 0 0 0

3 ypaxysanusaM (13) xapakTepucTuyHe DIBHSIHHSI IIi€1 CTAJIOl MATPUI Ma€ Ha-

CTYIHUN BUIJIAL
3o — 2[12X0 — 1]|A
M= 0 [3A0 = 2[[20 — 1] (a1)
sign o (A —1)%
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[&7]
sign o

SHait/IeMO KOpEeHi bOro PiBHsSHHS. Y BHIIAJIOKY, KOJIU = 1 xapakrepu-

CTUYHE PIBHAHHS MOXKe OyTH 3aIllMCAHUM Yy BUII

13X0 — 2[(12A0 — 1])[ Ao| 130 — 2[(]2X0 — 1])[Ao]

- A2 =0
Do —1)2 + Do — 1)
1 BOHO Mag€ JIBa JINCHUX KOPEHS
V1300 = 2220 — 1]Xo]
Ao ==% 42
12 o 1] 2
1 JIBa KOMIIJIEKCHO CIIPSI?KEHUX KOPEHS
V13X — 2(12X0 — 1]|A
A3A:::ti\/‘ 0 = 2[|220 — 1] Ao (43)

[ Ao — 1]

(70]
sign o

XapaKkTepucTuiHe piBHAHHA (41) Mae JOTUPU KOMILICKCHOCIIPSIZKEHI KOpeHi 3

TakuM YMHOM. OCKIJIBKU BUKOHYETHCS YMOBa > 0 TO B I[bOMY BHUIIQJIKY
BIZIMIHHOIO BiJ HYJIsI HYJIBOBOIO JIIMICHOIO TaCTHHOIO.
Toxi Ha ocHoOBi Jjiemu 2, cucrema judepeHniaabHUX piBHAHBL (8) Mae JIBO-
napaMeTpHdHy ciM’Io po3s’a3Kis v; ge (i = 1,2,3,4) na mpoMixkky [tg, w[— R,
skl npsimytorh j10 0 pu ¢ 1T w. KokHOoMy Takomy pO3B’#A3KYy 3 ypaxyBaHHSIM
samin (32) i (38) Biguosimae poss’sizok y(t) : [to,w[— R audepennianbHoro
piBHstHHs (1) J1UIst IKOTO MAIOTh MicIie acuMITOTHYHI 306pazkents (31).
HeBazkko TakoxXK IE€pPEBIPUTH 3 ypaxyBaHHIM X aCUMITOTUIHAX 300paskeHb
i Burssy pisasnas (1), mo mobyaosani sHamu poss’sizku € B, (Yy, Ao)-po3s’sas-
KaMH.

TeopeMmy TOBHICTIO JTOBEJIEHO.

BayBaxkennst 1. Iluranns upo icuysanus P, (Y), \g)-po3s’s3kiB y nudepen-

g
signo

i BoHO 1TOTpedye JOAATKOBOIO JIOC/IIXKEHHsT CKJIAHOIO BUIIAJIKY KOJM CEpe

miasbHOro piBHsiHHs (1) y BUIAJAKY KOJIH < 0 zaymunraeTbest BIIKPUTUM

KOPEHIB XapaKTEPUCTHIHOT'O PiBHSIHHS € JIBA YUCTO YSIBHUX KOPEHS.

BucHOBKU

B nmamuiit poboTi mjist piBHSHHS 31 MIBUIKO3MIHHOIO HETIHIRHICTIO OTpUMAaHi
HeoOxizni 1 mocraTHi ymosu icayBanus P, (Y, Ag)-po3B’s3KiB y BUIAJIKY KO-
m Ay € R\ {O, %, %, 1} (He ocoGIMBHI BUNAJIOK) 1 BUPIIIEHO MUTAHHS [IPO
KUTBKICTb TaKUX PO3B SI3KiB.
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Evtukhov V. M., Golubev S. V.
ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF ONE CLASS OF THE FOURTH-
ORDER NONLINEAR DIFFERENTIAL EQUATIONS

Summary

The asymptotic behaviour as t T w of one of the possible types of P, (Yp, Ao)-
solutions of a binomial non-autonomous fourth-order ordinary differential equa-
tion with exponential nonlinearity and a continuous and non-zero in some left
neighbourhood w (w < +00) coefficient p(t) is investigated. First, using a priori
asymptotic properties of the considered P, (Yp, \p)-solutions, necessary condi-
tions for their existence are established, as well as asymptotic representations
of these solutions and their derivatives up to the third order. The question of
the actual existence of solutions with the obtained asymptotic representations
is solved by reducing it to the question of the existence of solutions that vanish
at a specific point of a system of quasilinear differential equations. This system
is obtained as a result of some transformations of the original equation, taking
into account the kind of established asymptotic representations. In addition,
the question of the number of solutions with found asymptotic representations
is also resolved.

Key words: non-autonomous differential equations, exponential nonlinearity,

P, (Yo, \o)- solutions, asymptotic behavior of P, (Yo, Ao)- solutions.
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ACUMIITOTHNYHI SOBPAKEHH{ PO3B’A3KIB OJHOI'O BUAY
JNOEPEHIIIAJIBHUX PIBHAHDB »n-I'O IIOPAIKY

V naniit poboti po3rismacTbes JudepeHIiiagbie PIBHSIHHS N-T0 MOPSIKY (r(t)u“”))("*m) =

> pku(k), n > 2, Ui KOTO 3HaIeHI yMOBH iCHYBaHHSI Ta ACHMIITOTHYHI 300parkKeHHs
PO3B’sI3KiB IpH JIESIKUX YMOBaxX Ha DYHKITI px Ta QYHKIO 7. PO3B’s13KM TaKOro THILy PiBHIHB
npu m = 0 posrisgnanaucs y pobori Xinrona, a npu § = 1 Ta m = n — 1 posrisgaincsa y
pobori Kirypanze 1.T. Pesynbraru, orpumui y maniit pobOTi Jiyisi BKa3aHOrO PiBHSHHS, Yy
JeSIKOMY CEHCI y3araJibHIOTh pe3ysbraTH, oTpuMaHi B poborax XinTona Ta I. T. Kirypange.
IIpu orpuManHi aCUMITOTHYHUX 300paskeHb 3a JIOIMIOMOI0I0 3aMiH PIBHSIHHSI II€PETBOPIOETHCS
y eKBiBaJIEHTHY CHUCTEMY KBasasiHIfHMX nudepeHriajlbHuX PiBHAHD, 1JIs SIKOI BUKOHYIOTHCS
Bimowmi pesysnbraru JleBiHcoHA, PIBHAHHA y JeAKOMY CEHCI aCHMITOTHYHO €KBiBaJeHTHE 10
BIZIIOBITHOTO JBOYIEHHOTO MU EepPEHIiaIbHOrO PIBHSAHHS N-T'O HOPSIKY.

MSC: 34A34, 34C41, 34FE99.

Karouo6i caosa: dupepenyianvti piHAHHA N-20 NOPAIKY, GCUMNMOMUNHT 300DAAHCEHHA PO3-
8°A3KI6, cucmemu K6a3iNHIUHUL JuPePEeHUIAADHUL PIGHAND, KEA3INOTIONI.

DOI: 10.1852412519-206X.2022.1-2(89-40).294141

BcecTyn

Posrnsnaerses gudepentiiaibie piBHSIHHST
m
(rul™) =) =3 " pu®, > 2 (1)
k=0

ne pr € Croe([a;+00])  (k=0,...,m),

po(t) _ .
A T T sign(po(a)), (2)

r(t) ra q(t) — nomarTHi ABiul HenepepBHO MudepeHIIHOBHI Ha TPOMIKKY [a; +00]
dbyuruil, Cioe([a;+00]) — upocrip sokagbHO HenepepBHUX (GYHKII Ha 1po-
MixKKy [a;+00], L([a;+oo[) — Banaxosuit npocrip inrerposanux 3a Jleberom
dyHKIITII.

Piusuns Bugy (1) nupu m = 0 posrusianucs y po6ori [2]:

(r(t)u(m))(nfm) +qy=0, n>2.

Haditiwna 11.06.2022 (© Kapanerpos B. B. 2022
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PiBustans Bugy (1) npu s = 1 ra m = n — 1 posmsiganucs y pobori [3]:

n—1
u® — Zpk(t)u(k)-
k=0

s Takux piBHSAHB OYJI0 OTPUMAHO ACUMIITOTUYIHI 300parKeHHsI PO3B’si3KiB IpU
HaKJ/JIaJaHi PI3HIX YMOB Ha KOeMIIieHTH.
MeTtoro mamoi pobOTH € BCTAHOBJICHHS ACUMITOTUIHUX 300parkKeHb PO3B’ 13-

KiB piBHsiHHs (1) mpu t — +00.

OCHOBHI PE3VJIBTATHU

OTpuMaHO HACTYIIHY TEOPEMY.

Teopema 1. Hexat dasn pisnwanns (1) sukonyemovcs ymosa (2), a makxoor

YMOBU
1

(2)" # Lla: +ooD), (3)

/

T(O) e ntorood, L(9) T sl @

r

(2) (0 * entwrood (1) (9 e ttarod,

m

Prk— (t) q k;1 . o pm(t) qd\n .
i ()7 e Lol (h=2m), (1) € L +ocD)- (6)

Todi pienanns (1) mae pyndamernmanrvny cucmemy poss’askie uj (j = 1,n),

AKE JONYCKAIOMDH ACUMNMOMUYNHE 300DANCENHA

u?—l _ q(t)fak'r(t)*ﬁk,exp >‘j . / (%)5 ,[)\?—14_0(1)], (]{J,j = 1,77,) (7)

a

de )\? — KOpeHi PI8HAHHA
N'=o (8)

oBenenHs.

Bacrocyemo 1o piBusung (1) mepeTBopenHst:
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OTpuMaemMo cucTeMy KBa3lIiHIHIX PIBHSIHb, €KBiBaJeHTHY 10 piBHsHHs (1)

(

2p(t) = zia(t), 1<i<n—1, i#m
t)
o (f) = Zm-i-l( ,
= P (t)
2z, = po(t)z1 + ; pi(t) - zit1 + %  Zmtl-

Bamumiemo cucremy (10) y marpuuniit dopmi:

Z'=P.-Z; (11)
e

1, 1<i<n-1, i#m, j=i+1,
1 . it
— N, t=my,j =1 )
(1) ’

P = (pi)i, pij = pict, i=n1<j<m, (12)

P j=m41
.
0, otherwise

e
Q(t) = diag [qalrﬁl...qanrﬁn} .

Y pesyabrari nepersopentst (13), orpumaemo cucremy
W= [Q7PQ-QTIQT W (14)

3ayBaXkKuMo, 110

1 1
—1 . .
Q - dzag |:qa17'61 .“qanrﬂn] :
qa”l-T’B”l, 1<i<n-—1, i#m, j=1i+1,
qam+1 .rﬁm‘H*l, t=m,j =1+1,
P-Q=(ay)t, ay= pi1-g* P i=n,1<j<m,

P - @Ot Pl =y =1

0, otherwise
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g BB < <n— 1, i#m, j=i+l,
gom+1—am ,Tﬁmﬂ*ﬁm*l’ i=m, j=i+1,
QilPQ = (blj)?’ bZJ = Pi-1- qai_an : Tﬁi_ﬂna ’L':’I”L, ]-Sjgma

Pm - qaerl_Oén . erJrl_Bn_l’ i:n, ]:m+1

0, otherwise
’ ’
Q Q= % - Dy + % - Dy, Di =diag|ai,...,an), Do =diag|B, ..., On]
O6epeMo «a; Ta [3; TaKUM YUHOM, 11100
Qg — Q] =Q3 — Q2 = ... = Q] — Oy = Qp — Q1 = 1+ a1 —ay = Tq,

Po—Pr1=P3—P2=...=PBms1—Bm—1=0n—Bn-1=051—Bn =13,

3 ocraHHix piBHOCTEH BUILIUBAE, IO To = %, T8 = —%.
Toumi
a) —ap, =——1,
n
1 n-1
Qg — Op = — — 3
n n
1 n—m
QA1 — Op = -
n

1
Hexait Q'PQ = (4)™ - [K + V], ne K = (kij)T, V= (vij)7,

@_Ua i:/nujzla

1, 1<i<n -1, j=i+1, - = _
o J b 1‘ <g> ) Z:n72§j§m7

kil'j = U,’i:n,jzl, Vij = q r m
. Pm q\» . .
0, otherwise — (=) ,i=njg=m+l1,
q r
0, otherwise

\

Omrxe, cucrema (14) mepeTBOPIOETHCS HA HACTYIIHY CHCTEMY
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/ /

w= (4 i vi- Lo+ Do w (15)

Ho cucremu (15) 3acTocyeMo mepeTBOpeHHst

t 1
Q(€)> "
h(t) = e ds. 16
© / (r(g) (19
a
Hexait rakox g- dyHKIis1, obepHena 110 dbyHKIil h, 1 Beix t > a g(h(t)) =
t. OckinbKu BUKOHYIOTBCsT yMOBH (3)-(5) Teopemu, To h(t) — oo mpu t — 00.

Taxoxx maemo W (s) = Z(g(s)). ¥ pesymabrari nepersopenns (16), orpuMaenmo

CUCTEMY

W' =[K+V —a(s) D1+ B(s) D] - W, (17)

3 yMoB (3)-(5) Teopemu TaKoK BUILTHBAE, 110
Z|a’(s)|ds - 7' ((%ED_ ‘2) ds < +00
Za2<5>ds _ / ((ggg)i (g)’)QdS “ i

Awnasoriuni pesyibratu € cupaseuBuMu 1 st 5(s).

e

3=

Ta

Posriisinemo Tenep XapakKTepUCTUIHI IUCIA MATPHUIT

[K+V —als) - D1 - B(s) - Dy (18

~—

[Moznauumo ix g1k Ay + v-(s), 7 = 1,n, ne v,(s) = 0 npu s — 0, A, (1 = 1,n)

-
— KOpeHI XapaKTEePUCTUIHOrO piBHsAHHS Marpuri K, sike Mae Buriss (8):
A" =o.

Cami KOpeHi MarOTb BUIJISLT
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3 o3HaueHHst Y, ($) BUNAIUBAE, 110
0=det[K+V —a(s) D1 —B(s) Dy — (A +7-(s)) - I] =

m
:@+Z&k.(,)
9 -4 r

Kk

" T (ials) + BiB(s) + (Ar +7-(5)))+

=1

+ [ J(cie(s) + BiB(s) + (Ar + 72 (5)))- (19)
=1

Y pesysbrari po3kiajanis npasol dactuuu piBHsHHS (19), Maemo

0= (Ar 473 ()" = (s + 92 (s "1§Zaz )+ BiB(s)+

—1)" [ [(cia(s) + BiB(s))+
1

()

3ayBaXKuUMoO, 1110

IF%M$+&M$+OfPH@D+%—U (20)

Zai:ZBz':O (21)
i=1 i=1

Ockisnbku a(s) — 0, B(s) — 0, v(s) — 0 upus — +o00 BUKOHY€eTHCs (21)

Ta ymoBH (6) TeopeMu BUILIMBAE, IO iCHY€e Take dncyao M, 1o

[(Ar + 77 (s)" = o] < M(Ja(s)] + |B(s)]) (22)

3 (22) TakoxK BUILIMBAE, IO ICHYE YUCIIO A, 10

r=(s)] < A(la(s)] + |B(s)])*. (22)

Otrxe, 7(s) € L([a; +00[) Ta BuKOHYIOTHCS yMOBHU Teopemu 8.1 3 poboru [1])
Ta, HacJiaKy 6.5 3 po6oru [3]).

Orxe, piBusuHs (1) Mae dyHIaMeHTaJIbHY cucTeMy PO3B'a3KiB uj (j =
1,n), axi gomyckaiors acumnrornyni 3o06pazxenus (7). Teopemy nosmicTio J10-

BEJIEHO.
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BucHOBKU

[Tstxom 3amian piBHsAHHS (1) 3BOIUTHCS [0 €KBIBAJICHTHOI CHCTEME KBa3i-
JIHIAHIX TudepeHialbHuX PIBHIHD, 3aBAIKNA TOMY OOYI0BAHO aCHMIITOTH-

yHe 300pakeHHsl Po3B’s3KiB piBHsHHs(1) npu ¢t — +00.
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Karapetrov V. V.
ASYMPTOTIC REPRESENTATIONS OF THE SOLUTIONS OF SOME TYPE n-TH
ORDER DIFFERENTIAL EQUATIONS

Summary

In this work there is considered the n order differential equation
(r(t)um)m=m) = S~ peu) for which the existence conditions and asymp-
totic representations of solutions under certain conditions on the function py
and the function r are found. Solutions of this type of equation for m = 0 were
considered in the work of Hinton, and for s = 1 and m = n — 1 were consid-
ered in the work of I.T. Kiguradze. The results obtained in this work for the
indicated equation in some sense generalize the results obtained in the works
of Hinton and I. T. Kiguradze. For obtaining asymptotic images using substi-
tutions, the equation is transformed into an equivalent system of quasi-linear
differential equations for which the well-known Levinson results are satisfied,
the equation is in some sense asymptotically equivalent to the corresponding
binomial differential equation of the nth order.

Key words: n-th order differential equations, asymptotic representations of so-

lutions, systems of quasi-linear differential equations, quasiderivatives.
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A. O. JIatuiu

Osecbkuii HarioHaIbHMI yHiBepcuTet imeni 1. I. Meunukoa

VCEPEJIHEHHS B JIITHIMHNX 3A KEPYBAHHAM 3AJTAYAX
OIITUMAJIBHOTO KEPYBAHHA CUCTEMAMU B
JAUNCKPETHOMY YACI 13 SMIHHUM 3AIIIBHEHHAM

st TUCKpeTHUX PIiBHSAHBb KEPOBAHOTO PYXYy i3 3MIHHMM 3ami3HEHHSIM y CTaHI CHUCTEMH Ta
3 mapaMeTpoM KepPYyBaHH:A, IO BXOJAUTH JIHIHO, OOIPYHTOBAHO MOKJIUBICTH 3aCTOCYBAaHHS
MeTOJy ycepenHeHHs. [l 3a/1a4i ONTHMAIBHOIO KEPYyBaHHS HAa TPAEKTOPIsAX TAKOI CHCTEMH
3 TepMiHAJIBHIUM KPHUTEPIEM JI0BEJEHO TeopeMy PO OJM3BKICTH 3HAYEHb KPUTEpist Heycepe-
JHEHOI 3a7jadi ONTHMAJIBHOTO KEPyBaHHSA Ha ONTHMAJbHOMY KepyBaHHI ycepegHeHOI 3aladi
3 ONTUMAJILHUM 3HAYEHHSAM KPHUTEpist Heycepeanenol (Buximnoi) sazaqi. Tobro, onrumanbae
KepyBaHHS yCepeJIHEHOl 33/a49l € ACUMIITOTHYHO ONTHUMAJIbHUM KEPYBAHHSIM JIJIS BUXIITHOL
3aga4i. Po3pobiieHo 4mcIoBO-aCUMITOTUYHUI MeTOJ| PO3B’s3aHHS a/1a9i OIITHMAJIbHOIO Ke-
PYBaHHS CHCTEMOIO B JIUCKPETHOMY dYaci, sIKa MICTUTBH 3MiHHe 3alli3HEHHsI B CTaHi Ta JIiHINHO
3aJIe2KUThH Bifl IapaMeTpa KepyBaHHH.

MSC: 4637563475835.

Karowosi caosa: memod ycepednenns, piBHAHHA KEPOBAH020 PYTY, 3a0auaG ONMUMANLHOZ0
KEPYBAHHA, 3aNI3HEHHA, OUCKPEMHI PIBHAHHA.

DOI: 10.1852412519-206X.2022.1-2(89-40).294142

BcecTyn

Meton ycepegHeHHsT MUPOKO 3aCTOCOBYETHCS JI0 JTOC/IIPKEHHsT PI3HOMaHi-
taux cucreMm. M.M.Kpunos i M.M. Boroiio60oB B mnepiiriii moji0BUHI MIUHYJIOTO
CTOJITTST PO3POOUIN ACUMITOTUYHUAN METOJ, KUl 3HAMIIOB CBOE 3aCTOCYBa-
HHS He TIJIbKW B HEJIHIHHIA MexaHimi, a # 0 PI3HUX Trajgy3eil MPUKJIaTHAX
HayK. KHura 2| npucssiuena oruisijly aCHMITOTHYHUX METOJIIB HeJaHAHHOT Me-
xaHikn. Pi3Huiesi piBHSIHHS € MOJEISMU CHCTEM y JUCKpeTHOMY dYaci. [ljst
TaKUX PIBHSHBb TAKOXK OYJI0 OOIPYHTOBAHO MOXKJIMBICTH 3aCTOCYBaHHS METOJLY
ycepeHeHHst |1, 1yisi MCKPETHUX CHUCTeM 13 3alli3HEeHHSIM MeTO/| YCePeHEeH-
Hsl 06rpyHTOBaHO B [6]. ITp0 MOXK/IMBICTH 3aCTOCYBAHHSI METOJLY YCEPEHEHHSI
10 3aJ1aY ONTUMAJILHOTO KepyBaHHs Brepiine HarojgocuB M. M. Moicees. B po-
6orax B.O. IlioTHikoBa Ta y4HIB #10r0 HAyKOBOI MIKOJIM METOJI, yCEPEHEHHSI

3aCTOCOBYETBCS JI0 HOBUX KJIaciB 3a1a4 kepysauns [3], [5], [7], [8]. B sramannx

Haditwna 04.10.2022 © Jlarum. A.O. 2022
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poboTax MPOMOHYETLCS YCEPEIHIOBATU PIBHAHHS KEPOBAHOTO PYXY Ta CIIelli-
AJIbHUM YHHOM OVIyBaTH KEPYBaHHS yCcepeaHeHOl cucremu. 1oOTo, KepyBaH-
HS BUXiJHOI Ta ycepeIHeHOl CHCTeM MalOTh Pi3HY BUMIiPHICTH, Pi3HY MPUPOJLY.
Jlist TUCKPeTHUX KEePOBAHUX CHCTEM Ta I JUCKPETHUX KEPOBAHUX CUCTEM
CHCTEM 13 3alli3HEHHsIM TAKOI'O POJLy METOJI yCepeIHEHHsI 3allPOIIOHOBAHO B [4],
[9]. B maniit poboTi MponoHyeThesi OOrPYHTYBAHHSI METOJLY YCEPEIHEHHs JIJIsi
JUCKPETHUX KEPOBAHUX CUCTEM, HAKi JIHINHO 3aseXKaTh BiJl IapamMeTrpa Kepy-
BaHHS Ta MICTATH 3MiHHE 3alli3HEHHS B CTaHi, IIPOIOHYETHCH OOIDYHTYBaHHS
MAaTOJly yCepeIHeHHs, KOJIM KePYBAaHHS BUXIJIHOI 1 ycepeIHeHOoI CHCTeMH 00Upa-
IOTBCS 13 OFHIEl MHOYKWHM JOMYCTUMUX KepyBaHb. [l 3amadi onTuMaIsHOTO
KepPyBaHHS Ha TPAEKTOPIAX TAKOI CUCTEN 3 TEPMiHAJIBHIM KPUTEPIEM JTOBEIEHO
TeopeMy Ipo OJIM3BKICTh 3HAYEHb KPUTEPisd HEYCEePEIHEHOI 3aa4i ONTUMaIb-
HOI'0O KepyBaHHS Ha ONTUMAJbHOMY KEPyBaHHS YyCepeTHEHOl 3aJia4l 3 OITH-
MaJIbHUM 3HAYEHHSIM KPHUTEpPis HeycepeHeHol (BuxinHol) 3a1a4di. Po3pobieHo
YUCJIOBO-ACUMIITOTUYHUN METOJ, PO3B’sA3aHHS 3a/1a4ui ONTUMAJBLHOIO KePyBaH-
HsI CHCTEMOIO B JIUCKPETHOMY dYaci, sika MICTUTh 3MiHHe 3alli3HEHHs B CTaHI Ta

JIIHIHO 3aJIe2KUTh BiJl mapamMeTrpa KepyBaHHSH.

OCHOBHI PE3VJIbTATU

1. IloctanoBKa JiHiliHOI 3a KepyBaHHSIM 3aJa4i ONITUMAJILHOTO Ke-
PYBaHHSI CUCTEMAMHU B JIJUCKPETHOMY dYaci 3i 3MiHHUM 3ali3HEeHHSM.

Posrisremo siniliny 3a KepyBaHHAM 3324y ONTUMAJILHOIO KEPYBAaHHS 3i
3MIHHUM 3alli3HEHHSIM BIJIHOCHO CTaHy, gKa JIHIITHO 3a/I€’KUTh BiJl KEpyBaHHS

Ta OIIUCYETHCsA CUCTEMOIO piBHHHb B JUCKPETHOMY gaci

zi1 =z +e - |f(i 2 my0) + Al 2, 24) - i), 20 = 2°, (1)

1 TepMiHAJBHUM KPUTEPIEM SKOCTI

J(u) = ®(zy) — Tczl?}, (2)

J1e 11iJIe 3HAYEeHHs % - IIOTOYHHUIT MOMEHT JUCKPETHOTO Yacy, IO HAJIEXKUTH MHO-
xwuni i € [ = {0,1,2,...,N}, tak sk N = |L/e|, L = const,e > 0 - masnmit
napamerp, |c| - niza yacrtuna uucia c; x; € D C (R™) - norounii n-suMipHuii
CTaH cucreMH, sikuii Hajexkutb MHOXKUHI D; u; € U C comp(R") - noroune
r-BUMipHe KepyBaHHsI, sIKe 0OMPAEThCs 3 KOMIIAKTHOI MHOXKuHU U, 3a1aHa Iii-

nosuadna dyukmia s(i) € I, = {0,1,2,...,i} BU3HAIAE MOMEHT JAUCKPETHOTO
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Jacy BIUIMBY 3MIHHOI'O 3alli3HEHHS Ha MIOTOYHUH 4 -Uil CTaH CUCTEME, OYEBUJIHO,
o s(i) < 7 s Oyap-axoro i € I; f(i, i, Ty;)) - 3a7ana n-uMipHa GyHKIis,
A(i, 2, T4 () - 3amana n X 7 -marpuni; ®(7;) -3amana ckangapaa QyHKIi; z0 -

3aJaHUI IIOYATKOBUM CTaH CACTEMMU.

Osnauenns 1. Jlomycrumumvn kepyBannsmu cucremu (1) massemo yHKIT
u={u; € U,i € I} i3 xomnakTHOT MHOKUHN U, JyIst SIKUX 3HANH/ETHCS 3HAE-
HHs1 €9 > 0, He 3ayexkue Big u € U, Take, mo s Beix € € (0, gg] Biamosigamit
posB’s30k © = {z;,7 € I} cucremn piBusHb (1) Bu3HAYEHHI /I Oy/Ib-SIKOTO

1 € I Ta HaJIE’)KUTH 3aMKHYTIlH MHOXKUHI D.

Osnadenns 2. OnrnmanbouM KepyBanuaMm 3ajgadi (1), (2) massemo Take
jomycrume KepyBannst u* = {u} € U,i € I}, na sikomy kpurepiit sikocti (1)

npuiimae Minimasbhe 3Hadenns J(u*) = mind(u).
uelU

[Torpi6uo 3maiiTi Take momycrume kepysanms u* = {u} € U,i € I} i
Bianosiguy itomy rpaekropio x* = {x},i € I}, sika € po3B’I3KOM CHCTEMH DiB-
HsiHb (4.1), npu npomy Kpurepiit sikocri (4.2) npuiiMae MiHiMAJIbHE 3HAYEHHSI

o
J(u*) = Turzez{]LJ(u)

2. YcepeaHeHHs B JIHIMHUX 3a KepyBaHHAM 3a/a4axX KepyBaHH
CUCTeMaMH1 B JUCKPETHOMY 4Yaci 31 3MiHHUM 3ami3HEeHHSM.

st poss’sizannst 3a/1a4i KepyBanHs cucreMoio (1) 3acrocyemo meroj yce-
pesHenns. IIpumycrumMo, mo piBHOMIpHO BigHOCHO 1i0r0 ¢ > 0 Ta w', w? € D

icayrors dynkmil fo(w!, w?), Ag(w!, w?), axi 3a10B0MBHATOTL yMOBE

1 g+h—1
hli_)ngo 7 Z f (j, wl,w2) — fo (wl,wQ) =0 (3)
Jj=q
1 q+h—1
hlim 7 Z A (j,wl,wQ) — Ay (wl,wQ) =0 (4)
—00 ‘
j=q

Cucremi (1) mocTaBuMO y BiIOBIIHICTD yCepEIHEHY CUCTEMY

Yirr =i + € [fo (i Usy) + Ao (Wir ¥s(i)) - i) w0 = 2°, (5)

ze y; € D C R™ - norounuii n-umipuuii cran cucremu; v; € U C comp(R") -
II0TOYHE T-BUMIipHE KepyBaHHsI yCePEIHEHHOI 3a/1a4i, 10 00UpaEThcs i3 Tiel 2K

KOMMAKTHOI MHOKUHI U.
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Hoenemo, 110 st 6y 1b-sIKOTO JOIlyCTUMOrO KepyBaHHsI cucremu (1) a6o
6y/Ib-sIKOTO JIOIIYCTUMOTO KepyBaHHsl ycepeiHeHHol cucremu (5), 10 BinoBitae
obpaHoOMy KepyBaHHIO, TPAEKTOPil 000X 3a/1a4 OyayTh OJIM3bKI Ha CKIHIEHHOMY

ACUMIITOTUIHO BEJIUKOMY HpOl\Ii)KKy JAUCKPETHOI'O Yacy.

Teopema 1. Hezaii 6 obaacmi Q = {i € I;x; € D;u; € U} das cucmem (1) i
(5) sukonani nacmynmi ymosu:

1) dynwuia f(i,w', w?) ma mampuvnosnauna dynxuis A(i, w', w?) pie-
HOMIPHO 0Omedtceni cmanoto M > 0 i das ecix © € I 3adososvraroms ymosy

Jinwuua 3a wh, w? 3i emanoro X > 0;

L w? € D icnyromo

2) pishomipro 6i0HOCHO Uino20 3hauents q = 0 ma w
dynxuii fo(w!, w?), Ag(w', w?), axi sadosorvraoms sionowenna (3),(4);

3) Ppynruia s(i) nputimae yini snavenns i3 muoocunu Is = {0,1,2, ..., 4}
das 6ydo-axozo i € I ma 3adosoansc ymosy Jlinwuys 3i cmanoro A > 0;

4) 0as 6ydv-axozo kepysanua v = {v; € U,i € 1} ycepednenoi cucmemu (5)
sidnoeidnuti tiomy poss’sasox y = {y;,i € I}, yo = 2° € D' C D eusnauenu
0as 6Yydo-axozo © € I ma pasom 3i c60im P-0KOAOM Hasencumb obaacmi D.

Todi das 6ydv-sxoeo n > 0 i L > 0 icnye maxe eo(n, L) > 0, wo das
scix € € (0,e0] i 6ydv-aroeo i € I = {0,1,2,...., N}, N = |L/e] cnpasedausi
HACTYNHE MBEPONCENHA:

1) 6yodv-axe donycmume xepysarnsa u = {u; € U,i € I} cucmemu (1)
e donycmumum Kepysanmam ycepednenoi cucmemu (5), npu yvomy oan 6i0-
noGIOHUT YbOMY Kepysanmio po3e’saskie v = {x;,i € I} cucmemu (1) iy =
{yi,1 € I} ycepednenoi cucmemu (5) i3 CNiALHOIO NOYAMKOBON YMOBONW T( =

yo =2 € D' C D cnpasedausa ouirka:

llzi — vill < m; (6)

2) 6ydv-axe donycmume kepysarna v = {v; € U,i € I} ycepednenoi cu-
cmemu (5) e donycmumum kepysarnnam cucmemu (1), npu yvomy daa 6idno-
BIOHUT UbOMY KepysarHio po3e’askie y = {y;,1 € 1} ycepednenoi cucmemu (5)
iz = {x;,1 € I} suwionoi cucmemu (1) i3 3a2a40H010 NOYAMKOB0I0 YMOBOIO

Yo = w9 = 2° € D' C D cnpasedausa ouinka (6).

Hosenennsi. /loenemo nepiie TBepx/eHHst Teopemu. Hexait u = {u; €
U,i € I} noslibHe Jomycrume kepyBanus cucremn (1), © = {z;,i € I} - Bigno-

BiHMIT pO3B 30K 1€l CHCTEMU, sIKW BU3HAYEHUI it BCiX ¢ € I 1 HAJIEXKUTH
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saMkHyTiit MuoKuHi D. Hexait y = {y;,7 € I} - BiauoBiauuii npoMy  Kepy-
BaHHIO PO3B’sI30K ycepeHeHol cucreMu (5) i3 CHIBHOIO TOYATKOBOK YMOBOIO
To = Yo = 20 € D' C D, ra axuit 3a YMOBOIO 4) TeopeMU BU3HAYCHUN [IJIst
Bcix ¢ € I i pasom 3i cBOIM p-oKOJIOM HajexkuThb objacti D. Ile o3nauae, 110
kepyBatHst u = {u; € U,i € I} € gomycTuMuM i Jijisl yCepeTHEHHOI CHCTEMH.

Busnaumvo Biactusocti dynxmiit fo(w!, w?), Ag(w!, w?), mo BxozaTh B
ycepeaneny cucremy (5). I3 mobynosu (3),(4) npu Bukonanui ymoBu 1) Teopemn
BUXOJUTH, MO BCi BOHU obMexkeni ctasoro M > 0 i 3a0BOJILHAIOTH yMOBY
Jlimmmns 3a w!, w? 3i cramoo A > 0.

Obepemo joBinbae 3HadeHHsd 1 > 0 1 3adikcyemo foro. OiHuMO pizHUIFO
MizK po3B’si3kamMu 1o4aTKoBoi cucremu (1) 1 BiIoBiqHOT yeepeiHeHHOT cucreMu
(5) B moBinbumMit MomenT auckpernoro acy ¢ € I = {0,1,2,.., N}, N = |L/e].

st iporo obepemo 1iisie 3HaveHns 1'(¢), sike Mae Taki BJIACTHBOCTI

limT(e) = +o00, lime-T(e) =0, (7)

e—0 e—0
Ha muoxuni I = {0,1,2,..., N} 3adikcyemo momentn vacy kh, Bijaneni
o/uH Bij oxHOro Ha Bijcrani T'(¢). Ilpu npomy oTpuMaeMo dac, siKuii moBiIbHO
3MIHIOETHCS

kel = {0, 1,2, ...,Nk}, N = LL/ETJ. (8)

It noBLILHOTO 3HAYEHHS JTUCKPETHOrO 4acy ¢ € [ 3HaljgeThbCcd MOMEHT
nosiibHOTO Yacy k € Iy rakuii, mo i € [kh, (k+ 1)h — 1) i 6yzne cupasemiuba

HEPIBHICTH

lzit1 — Yir1ll < [|wivr — zenll + [|okn — yrnll + lyen — visa |l - 9)

B orpumaniit HepiBHOCTI OIIHMMO KOXKEH JOJaHOK OKpeMo. st mepimoro

JIo1aHKy B (9) npu BUKOHAHHI YMOB 1) T€OpeMH OTPHUMAEMO

|Ziy1 — yiv1l] <

i

<e Z Lf (ozgyzsy) + A (G 2g 7)) - ug] || <
j—kh

7
<e S0 (M+ M ).
j=kh



Veepeduenns 6 3adanwax onmumansHo20 KEPYSAHHA 8 JUCKPEMHOMY “acl 53

Buavennst u; € U gomycrumoro kepysanus u = {u; € U, 1 € I} cucremu (1)
06HpaloThest 13 KoMmakTHOl MuOKHHK U, ToMy 3Haiiersest Taka crana K > 0,

o Jy1st Oyib-aKoro ¢ € I Oyae cipaBeainBa OIiHKa

luil| < K, (10)

3BIJICH JIJIsI TIEPIIOro JIOJAHKY B (9) BUXOAUTD, IO

sz’—i-l —J}th < 6hM(1+K). (11)

Awnasioriuno syist TpeThoro Joganky B (9) npu BUKOHaHHI yMOBH 1) Teopemu

i BiacTuBocTeil (BYHKIIIH, 110 BXOJSATH B YCEPEIHEHY CHCTEMY, OTPUMAEMO

lYit1 — yrnll <
<e|| D [fo (Wi vsy) + Ao (Wi ws(i)) - wi || <
j=kh

<ehM(1+ K). (12)
Y HepiBHOCTI (9) 3a/MMIINIOCH OIIHUTH ApYyTHii JoxaTok. st 1poro cucre-

mu (1) 1 (5) upu k € I, npejcraBumo y B

(k+1)h—1
Tran = Thn+e Y [ Gz wagy) + A w5 m) - ]
j=kh
(k+1)h—1
Y(kt1)h = Ykh T € Z [fo (3> us(i)) + Ao (5> Us(y)) - ws)
j=kh

Posristnemo Bianosisny pisHuio i mepersopumo ii 3 ypaxyBaHHSIM oOMe-

»kennst (10) HACTYIIHEM YHHOM

|Zer1)n — Yes+ ]| < Nlzkn — yrnll +

(k+1)h—1
+e Z Lf (g zsiy) — fo (wis usiy) ||+
j—kh
(k+1)h—1

te |l Yo (Al ay) - u— Ao (5, vs) - us] || <
j—kh
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(k+1)h—1
< |wen — yrnll + € Z [f Gz zsey) — Jo (i us() ]|+
j—kh
(k+1)h—1
ek Y A G ma) — Ao (45, Us) | (13)
j—kh

Y Biguomtensi (13) oniHMMO KOXKeH JIOJIaHOK. [[Jisi APYroro J0/IalKy 3 ypa-

XyBaHHSIM BUKOHAHHSI yMOBH 1) Teopemu 1pu BCix k € I, orpumaemo

(k+1)h—1
el Yo [ Uziasg) = fo(wivsp)]| <
j—kh
(k+1)h—1
<e Z \f (g zsiy) = F (G mins Tsemy) || +
j=kh
(k+1)h—1
+e Z If Gy @kns siny) — f (Fs Ykhs Ysqen)) || +
j—kh
(k+1)h—1
+e Z LS (G s Yseny) — Jo (Wkns Yseen)) ||| +
j—kh
(k+1)h—1
+e Z | fo (wrns yseny) — fo (w5, ()] <
j—kh
(k+1)h—1
<ed Y (g =zl + [[eagy — zseml]) +
j—kh
(k+1)h—1
e Z (lzkn = yrnll + || Zswen) — vseemy ||) +
j=kh
(k+1)h—1
+e Z F (G5 wkhs Usteny) — e fo (Yrhs Ysaeny) || +
j—kh
(k+1)h—1
+ed D (lwn = sl + ||wsceny — vsii ) - (14)

j=kh
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OmuinnMo oKpeMo JiesiKi BUpasu, 1o BxoiaTh B (14). [Ipu BukoHanHi ymoB
1), 3) Teopemu Ta obmezkenns (10) st 6ynp-sikoro s(j) < 7, j € [kh, (k+ 1) h),

k € I, orpumaemo
[25) = @sem || <

S€ Z [f (ta I, xs(t)) =+ A (ta I, xs(t)) ' ut] <
min(s(j),s(kh))<t<maz(s(j),s(kh))

<SeM(1+K)-|s(j) — s(kh)|| =
=eAsM (1+ K) - ||j — kh|| < ehAsM (1 + K). (15)

AHaJIONiYHO OTPUMAEMO OINIHKY JIJIsST BUPA3y
19557 = wsgem | <

Se Z [fo (Yt vsty) + Ao (s ysey) - we] || <
min(s(j),s(kh))<t<maz(s(j),s(kh))

<eM(1+K)-[s(j) — s(kh)|| =
=AM (1+ K) - ||j — kh|| < ehAM (1 + K). (16)

ITpu BukoHaHHI ymMOBH 2) TeopeMHU MaeMO iCHyBaHHsI Tpanuri (3), a 1e
O3HAYAE, IO 3HAleThCst MOHOTOHHO cra/Ha dhyHKIist ¥ (h), gKka 3a/J10BOJIbHsIE
BlJIHOIIIEHHS hlim ¥(h) = 01 Taka, mo a1 TPETHOroO A0MaHKY B (14) mpu Oyb-

— 00

axomy k € I, BUKOHYETHCS HEPIBHICTH

(k+1)h—1
3 Z F (G5 urkhs Usieny) — - fo (Yrhs Yseny) || < ehp(h). (17)
j=kh
Bpaxosyioun orpumani oninku (11), (12), (15) - (17), i3 nepisnocri (14)
upu Beix k € I 6yze ciijysaru oliaka apyroro gojganky B (13) y Bumi

(k+1)h—1
€ Z Lf (g zsey) — Jo (i ws() ] <
j—kh
(k+1)h—1

<2\ > (ehM(1+K)+ehAM (1+K))+
j=kh
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(k41)h—1
+eA Z (lzkn — yrnll + ||2seeny — vsoem ||) + eMb(R) <
j=kh

< 2ehAehM (14 K) (1 + Xs) +ehyp(h)+

+ehA (|rn — Yrnll + ||2ssn) — Yseny||) - (18)

Y Biguomenni (13) ominumo rperiit noganok. [Ipu Bukonaunui ymos 1), 2)
Teopemu, 3 ypaxyBaHHsM oiinok (11), (12), (15), (16) i icuyBauust rpanumni (4),

it Oynb-sikoro k € I, oTpuMaemMo

(k-+1)h—1
ek Y Az zap) — Ao (uiys) | <
j—kh
(k+1)h—1
ek Y [|AG 2 xs) — A G wwn sm) || +
i—kh
(k+1)h—1
+eK Y A kns oeny) — A (G Ykns Usgeny) || +
j—kh
(k-+1)h—1
+eK Z A (4, ykh: Ysen)) — Ao Yk Yseen)) || +
j—kh
(k+1)h—1
+eK Z | Ao (Wkn, Yseeny) — Ao (w5, ysi)) || <
j—kh
(k-+1)h—1
<l Y (e — ol + [lwag) — zseall) +
j—kh
(k-+1)h—1
+eAK > (lewen — ywnll + || @s@ny — vseenl]) +
j—kh
(k+1)h—1
+ehK - — Z A (4, ykhs Ysin)) — Ao (Yrhs Ysien)) || +
j—kh
(k+1)h—1
+eAK Z (lyrn =yl + |wsen) — vsiil]) <
j—kh

< 2ehAKehM (1+ K) (1 + Ay) + ch K (h)+
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+ehAK ([|zrn — yinll + || Zsen) — Yseen ||) - (19)

Omxe, Buxoysun 3 orinok (18) - (19) jyist nonaskis B (13), orpumaemo

|Zt1)n — s+ ]| < Nzkn — yrall +
+2ehAKehM (14 2K)(1 4+ X) + ehyp(h)+
+ehX ([|@rn — Yenll + ||Tsen) — Yseemy|]) +
+4ehAKehM (14 2K) (14 Xs) 4+ 2ehKy(h)+
+2ehAK (zkn — yanll + [[zskn) — vsaem |]) <
< |wrn — yrnl + 26RAehM (14 2K)? (1 + Xg) + h (1 + 2K) 9 (h)+
+ehA (14 2K) (|lzen — yenll + ||@s@ny — vsoen)||) - (20)

Bsenemo mosnavenns

5 = =y 21
k= maz [lz; =yl (21)

SVA

7o/l HepiBHiCTH (20) MOXKHA MPEICTABUTH Y BUIJIsII HEPIBHOCTI

2 w+1)n = Yoernl| <

< (14 2ehX (1 +2K)) - 6 + 2ehAehM (1 + 2K)? (1 + \,) 4+ eh (1 + K) 1(h),

sIKa BUKOHY€ETbCs Jiist Oyb-sikoro k € {0, 1, ..., N, — 1}, orxke

6N, < (1+2ehX (14 2K))-6n, ,+
+eh (14 2K) - [2ehAM (1 +2K) (1 + As) + 1 (h)] . (22)

Hagi orpumaeMo

On, < eh(1+2K) - [2ehAM (14 K) (1+ Ay) + (h)] x

(1+2ehA(1+ K))Mt -1 _
(1+2hA(1+K))—1 =

< |ehM (14 K) (14 X,) + wz(f)] (e”L(HK) - 1) . (23)
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3 ypaxysauusm orinok (11), (12), (23) mist 1o1aHKIB, 1110 BXOJAATH B IIPABY
qactury HepiBuocti (9), 1 mosuadenus (21) g Beix ¢ € [kh, (kK + 1)h — 1),

k € I} cipaBeIINBUM €

[#it1 = yiv1l] < 2ehM (1 4+ K) +

2

Bpaxosytoun noseniaky dyukiii ¢ (h), hlim ¥(h) = 0, 1 Bracrusocti (7),
— 00

h
+ [shM (1+K) (14 X))+ 1/1()] (em(HK) - 1) . (24)
JIJIsI TpaBOl YACTUHU OTPUMAHOI HEPIBHOCTI Oy/1e CIpaBe I IuBe CIIIBBIIHOIIEHHS

lim (25hM (1+K)+ [shM (1+K) (14 X))+ %(f)] <e2’\L(1+K) — 1)> =0.

Ile ozmauae, mo gag moBiibHO oOpanux n > 0 i L > 0 3HaiigeTbcsa Ta-
ke £0(n, L) > 0, mo mis Beix € € (0,&0] 1 Oynp-sixoro ¢ € I = {0,1,2,..., N},
N = | L/¢] i3 mepiBnocri (24) 6yzae BummBaru orinka (6). 3a yMOBOIO TeopeMu
posB’si30K y = {y;,7 € I} ycepennenoi cucremu (5) pasom 3i CBOIM p-OKOJIOM
HasieskuTh obsacti D. Bumararumenmo, mo6 poss’ssok © = {x;,1 € I} cucre-
Mmu (1) 3HAXOAMBCS B TOMY CAMOMY P-OKOJI DO3B’$I3KY yCEPEIHEHOI CHCTeMU
|xit1 — vitr1]] < m < p, a 3HaUNTH TaKOXK HasekaB obaacTi D, He BUXOISAIN 3a
11 Mexi.

ITepmia yacTuHa TEOPEMH JOBEICHA.

Hosenemo npyre teepyzkenusi reopemu. Hexait v = {y; € U,i € I} -
JlonycTuMe KepyBanHst ycepennenoi cucremu (5), a y = {y;,¢ € I} - Bigno-
BiHUIT oMy DPO3B’SA30K, KU 338 YMOBOIO TEOPEMU PA30M i3 CBOIM P-OKOJIOM
HastexkuTh obiacti D. Hexait © = {x;,i € I} - BijnoBinnuii 1ipomy K Kepy-
BaHIO pO3B’s130K cucremu (1), sIKUil 3a/10BOJIBHSIE CILJIBHY IIOYATKOBY YMOBY
yo = xo = 2° € D’ C D. Ouinka pi3HuIi JyIsi PO3B’A3KiB HOYATKOBOI CHCTeE-
mu (1) i ycepennenoi cucremu (5), 1110 BIAIOBIIAIOTE JOIYCTUMOMY KepyBaHHIO
v={y; € Uyi € I} s ycepesHEHOI CHCTEMH, IPOBOJUTHCS TaK CaMo, siK 1 B
nepriiit yacruni goenenns. Bumora |11 — yir1]] < 7 < p st 6yjb-sikoro
i el =1{0,1,2,..,N}, N = |L/e| o3nauae, mo po3s’sizok x = {z;,i € I}
nouarkoBol cucremu (1) 3HaxXOIUTHCS B p-oKouil po3B’si3ky y = {y;,1 € I} yce-
peanenol cucremu (5) 1 3a yMOBOIO 4) TeOpeMu HE BUXOJUTH 38 MEXKY 00J1acTi
D njis 2KomHoro MOMeHTY muckKpeTHoro dacy ¢ € I. Ile o3navae, mo KepyBan-

st v = {v; € U,i € I} ycepennenoi cucremu (5) mificHo € JomycTuMuMm i Jist
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noyaTkoBol cucremu (1), a jijist BANOBITHUX PO3B’SI3KIB X CHCTEM CIIpaBe-
JutiBa oninka (6) Teopemu. Tum caMuM JIOBEIEHO JIPYTe TBEP/ZKEHHSI TEOPEMHU.
Teopema moBemeHa.

3. YcepenHeHHs B JIHIHUX 3a KepyBaHHsSM 33/Ia4aX ONTHUMAaJIb-
HOTO KEepyBaHHSI B JUCKPETHOMY dYaci 3i 3MiHHUM 3aITi3HEHHSIM.

s 3amaqi ontumasbaoro Kepysantst (1), (2), B siKy KepyBaHHsI BXOJUTh
JIIHIAHO, PO3IVISHEMO BIAIOBIAHY yCepeIHeHy 3aJa4y ONTHMAaJIbHOINO KEepYBaH-
Hs1. 3aJ[ada OMHUCYEThCs ABTOHOMHOIO CHCTEMOIO DIBHSIHB (5) B JIMCKPETHOMY
gaci ¢ € I = {0,1,2,..., N}, N = |L/e], sika mictuTh 3MiHHe 3alli3HEHHs B

CTaHl, 1 TepMIHAJIBHUN KPUTEPIN AKOCT1

Jo(v) = ®(yn) — TCZI? (25)

Yepes v* = {v} € U,i € I} nosuatmmo onrtuMasbHe KepyBaHHs 3a1adi (5),
(25), Ha sikomy KpuTepiil sikocti (25) npuiimae mMiniMasbHe 3Hadenns Jy (V) =
minJo(v). BcraHOBUMO BiJIHOIIEHHS MizK ONTUMAJIBLHUM PO3B’SI3KOM BHUXIIHOT
vCU

sazadi (1), (2) 1 onTuMmasabHUM PO3B’sI3KOM yeepejHeHol 3ajadi (5), (25).

Teopema 2. Hexaii 6 obaacmi Q = {i € I;x; € Dyu; € U} dan 3aday onmu-
manavrozo kepyeanna (1), (2) ¢ (5), (25) suxonani ymosu meopemu 1. Kpim
moeo: 5) Pynwyia ®(r) sadosorvnae ymosu Jlinwuya 3i cmanoro A > 0. To-
di onmumanrvruli po3s’azor ycepednenoi zadawi (5), (25) e acumnmomuyuno
onmumasvrum po3e’askom 3adaui (1), (2), mobmo das 6ydv-axuxr n > 0 i
L > 0 suatidemvca maxe €9(n, L) > 0, wo das eciz € € (0,¢0] cnpasedausi

OUIHKU

)" =Jol <, J() =TT < (26)

de J* = Ju*) i J§ = Jo(v*) - onmumanvre 3navenna kpumepiis axocmi
sadawi (1), (2) i ycepednenoi zadawi (5), (25) eidnosiono, J(v*) - snauenna
kpumepia axocmi 3adaui (1), (2) na onmumasvromy Kepysanni ycepeonenoi

sadawi (5), (25).

JoBeneHHs. [3 nocTaHOBKU 3a7ad BUXOIUTH, 10 MHOXKUHA JOIIYCTHMUX
kepyBatb U BuxinHol cucremu (1) € HE MyCTOI KOMIAKTHOI MHOXKHHOIKO, a
MHOXKUHA BiInoBiiHux po3s’si3kis D cucremu (1) € 3amkuenoro. [Tpu Buko-

HAHHI YMOBH 1) TeOpeMU BUXOAWUTD, IO MHOXKUHA D € 06MeKEHOI0, a 3HAUUTH
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TAKOK KOMIIAKTHOIO, 1 JIUIs 3aJiadi onTHMaIbHOro KepyBanHs Buiy (1), (2) B
muckpernomy vacii € I ={0,1,2,..., N}, N = | L/e]| 3aBxau icHye onTumab-
ue kepyBanust u* = {uf € U,i € I} i BignoBigumii onTuMaIbHAil O3B I30K
x* = {af,i € I} nuas Gyab-sSKOro IOYATKOBOIO CTaHy cucTeMu. IIpu mpomy
KpuTepiit sikocTi (2) HAa ONTUMAJBLHOMY KepyBaHHI IpUiiMae CKiHUeHHE 3Hade-
s J* = J(u*) = TJLEZ(?}J (u). Anasorivuno, 115 ycepeaHeHoOI 3a/1adi ONTHMAIIb-
Horo kepyBantsi Buiy (5), (25) B muckpernomy uaci i € I = {0,1,2,..., N},
N = |L/e| icuye ourumanbue kepyBanusa v* = {vf € U,i € I} i Binmo-
BinHmit poss’ssok y* = {yf,7 € I} i BianosigHe CKiHYeHHe 3HAYEHHS KPUTe-
pist sxocti J§ = Jo(v*) = cneingo(l/). Bukonanust yMOB TeopeMu s Oyib-
SIKOT'O JIOIIYCTUMOTO 3HadueHHsi kepyBanHst v = {u; € U,i € I} BuxinHol cu-
cremu (1) o3Havae, MO YMOBU TEOPEMH BUKOHYIOTHCS 1 JIJIsl OINTHMAJBLHOIO
kepyBannst v* = {u} € U,i € I} 3 BIANOBIAHUM ONTHMAJILHEM PO3B’SI3KOM
x* = {af,i € I} 3amaui (1), (2). Orxe, Ha migcrasi Teopemn 1, nasa obpaHnx
no > 01 L > 0 smaiigerscst gg (o, L) > 0, Take, mo s seix € € (0,g0)
i 6ynp-sikoro i € I = {0,1,2,...,N}, N = |L/e] onrumaibHe KepyBaHHSs
u* = {uf € U,i € I} Buxignoi 3agadi (1), (2) € gomycruMuM KepyBaHHSIM yce-
penmenoi 3a1adi (5), (25), a m1st BinnosinHux ftomy poss’askis z* = {z},i € I'}
Buxignol 3agad4i (1), (2) iy = {y;,7 € I} ycepenmenol 3anadi (5), (25) i3 cuib-

HOIO II0YAaTKOBOIO YMOBOIO Xy = g = 20 € D' C D cupaseyusa OIiHKA

27 =Gl < mo

Hepisuicts BuKOHY€eTbCs 1151 Oy/ib-gKOro ¢ € I, 3HaduTh i yist ¢ = N, TOMy

IpU BUKOHAHI YMOBHU 5) T€OPEMU OTPUMAEMO

|[J(u") = Jo(u)| = [®(xN) = @@N)| < Al —Unl < Ao =n. (27)

Amnastoriuno, onrumasnbie kepyBanus v* = {vf € U,i € I} ycepennenol
sazadi (5), (25) e momycrumum KepyBanaam 3agadi (1), (2), a aist Bignosiganx
ifiomy poss’sizkiB y* = {y’, i € I} ycepenuenoi 3anadi (5), (25) 17 = {7;,7 € I}
sagiadi (1), (2) i3 crinbHO0 MOYaTKOBOIO YMOBOWO Y = Tp = ¥ € D' C D

CITPaBEJJINBI OIIHKU

1y = =il < no,



Veepeduenns 6 3adanwax onmumansHo20 KEPYSAHHA 8 JUCKPEMHOMY “acl 61

[Jo (V") = J (V)| =12 (yn) =2 @N)| S A [lyy =Tl < Ao =7, (28)

Ha onTtmMmanbHOMY KepyBaHHI KpUTEpiil SKOCTI mpuiiMae MiHiMaJIbHE 3Ha-
YeHHsI, TOMY It OyJib-IKOT'O iHIIOrO JOIyCTUMOTO KEPYBAHHs BiIIOBIIHUX

3aJa" BUKOHYIOThCSI HEDIBHOCTI

JW) = J W), Jou)=Jo (). (29)

st onTuMabHUX 3HaYEeHb KpuTepiis sikocTi 3a1a4i (1), (2) 1 ycepentenol

sagaui (5), (25) MoXKe BUKOHYBATHUCH OJIHA 13 JIBOX HEPIBHOCTEIH
J (W) = Jo(v*) abo J(u*) < Jp (V)
Y nepuiomy BunaJKy i3 (29), (28) maemo
JO7) 3 T 2 Jo ) 2T () —n, swinen |7 (@) — Jo ()] <1
Y apyromy Bunazky i3 (29), (28) maemo
Jo(w*) = Jo (W) > J (W) = Jo (w)—m, sBimem |Jo (v*) — J (uF)] < 7.

Omrxe, B 000X BHIIAJKAX CIIPABEINBA [epIia HepiBHICTH B (26), i3 sKol 3 ypa-
XyBaHHsIM HepiBHOCTI (29) BUILIMBaE Apyra HepiBHICTH B (26).

Teopema noBejieHa.

OTxke onTuMaIbHE KEPYBAHHS YCEPETHEHHO! CHCTEMHU € aCUMIITOTUYIHO OTI-
TUMAJIBHUM JIJIsT BUX1JTHOI CUCTEMU.

4. Yucy10BO-aCUMIITOTUYHHUI METO/] PO3B’sI3aHHA 3aJad4i OnTHUMAa-
JBHOTO KePyBaHHsSI CHCTEMOIO B JUCKPETHOMY dYaci i3 3MiHHUM 3arri-
3HEHHSM Ta TaKOIO, IIO JIiHifIHO 3a/1e>KUTh BiJl MIapaMeTpa KepyBaHHI.

Takum yumHOM, HOBEIEHI TEOpeMHu OOIPYHTOBYIOTH HUHCJIOBO-ACHUMIITOTHU-
HUN MeTOJ] PO3B’si3aHHS 3aJladi ONTUMAJbLHOIO KEPYBAHHSI CUCTEMOIO B JIHC-
KPETHOMY dYaci i3 3MIHHUM 3ali3HEHHAM Ta TaKOIO, IO JIHIHHO 3aJeKUTh Bil
napamerpa KepysanHs (1), (2), peasizaliisi sIKOro 3J{HCHIOETBCSI HACTYIIHUM

YUHOM:

1. Jlyst kepoBanoi (yHKIiOHATBHO-THbepeHTianbHol cucremu (1) Gyryemo

ycepejneny cucremy (5).

2. PosB’si3yemo ycepejiHeny 3aja4dy ONTHMAJIbLHOrO KepyBanus (5),(25), 3ua-

XOJIMMO OITUMAaJIbHE KePpYBaHHS V¥ ycepeaHeHol 3a/1adi.
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3. Byayemo Tpaekropito x(t,v*) BuxigHol cucremu (1), sika Biamosinae ke-

pyBaHHIO V¥,

4. Jljst acHMIITOTHYHO ONTHUMAJJIBHOIO KEPYBAHHS U 3HAXOMUMO 3HATIEHHS
dbyuxiionany sikocri (2), sike 3riHO 3 TEOPEMOIO 2 BiJPI3HIETHCS Bl

OIITUMAJIbHOTO 3HAYCHHA Ha MaJly BEJIUYINHY 7).

BucHOBKU

Omke, B pobOTi TOBEIEHO MOXKJINBICTH 3aCTOCYBAHHS METOMLY YCEPEIHEHHS
JJIs1 331841 ONTUMAJIBHOTO KEPYBAHHS CUTEMOIO Y JIUCKPTHOMY Yaci, Mo JTiHii-
HO 3aJIe2KUTDh BiJl KepyBaHHS Ta MICTUTH 3MiHHE alli3HeHHs cTaHi. Po3pobieHo
YHCJIOBO ACUMIITOTHYHUN METO/I PO3B’ sI3aHHs 3a1a9] OITHMAJILHOIO KEPYBaHHs

TaKOIO CHUCTEMOIO.
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Latysh A.
AN AVERAGING IN LINEAR BY CONTROL OPTIMAL CONTROL PROBLEM ON
DISCRET TIME WITH VARIABLE DELAY

Summary

For discrete equations of controlled motion with a varying delay in the state
of the system and with a linearly input control parameter, the possibility of
applying the averaging method has been proved. For the optimal control prob-
lem on the trajectories of such a system with a terminal criterion, the theorem
on the proximity of the values of the criterion of the non-averaged optimal con-
trol problem on the optimal control of the averaged problem with the optimal
value of the criterion of the non-averaged (initial) problem has been proved.
That is, the optimal control of the averaged problem is asymptotically optimal
control for the original problem. A numerically asymptotic method for solving
the optimal control problem of a system in discrete time, which contains a
varying delay in the state and linearly depends on the control parameter, has
been developed.

Key words: averaging method, equations of controlled motion, optimal control

problem, delay, discrete equations.
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Osecbkuii HarioHabHUI yHiBepcuTeT imeHi 1. I. Meunukosa

JEAKI CUICTEMU 3BUYAMHUX JUOEPEHIIIAJIBHIX
PIBHAHDB 3 IIPAMOKYTHUMU MATPUIIAMU, AKI HACTKOBO
PO3B’A3AHI BIZIHOCHO IIOXI/THNX, HABKOJIO ITIOJIFOCA.

CrarTd MICTUTB pe3yJIbTaTH IOCIIYKeHb, BAKOHAHUX 3a HigTpuMkn HarionaasHOro

Donxy Hocaimkens Yrpainu, npoekt P81/41743

V cyuacHiit Teopil 3BUYaliHuX JudepeHIiaIbHuX PIBHAHb Ta CHCTEM PIBHSAHL 3 HEBIJIOMOIO
KOMILTEKCHOZHAYHOKO (DYHKINEI0 KOMIIJIEKCHOI 3MIHHOT 9i/IbHE MICIle 3afiMaiOTh CHCTEMU PiB-
HSTHB, SKi He pO3B’s3aHi abo YaCTKOBO PO3B’si3aHi BiIIHOCHO MOXigHMX. BuB4daerhes cucrema
3BUYAMHUX JrdpepeHIliaJbHuX PiBHSAHD, sIKi YACTKOBO PO3B’si3HI BiJITHOCHO MOXIiJIHUX, 3 Ipsi-
MOKYTHHMHU MaTPHUISIMH HaBKOJIO IIOJIIOCA. ¥ CTATTi HaBeJeHI YMOBH IIPUBEJEHHS CUCTEMU
3BHYAMHUX JndEepEeHIiaJbHIX PiBHAHD, siKa YaCTKOBO PO3B’sI3HA BIJHOCHO MOXITHHUX IO CH-
CTeMHU 3BHYANHUX AudepeHniaIbHuX PiBHSHD CIEIjaJbHOro BUIISAyY. loBemena Tteopema 3
JOCTATHIMH YMOBaMHU iCHYBaHHS Xo4da O OZHOTO po3B’sa3ky 3azadi Korri, y skoro gacruHa
KOMIIOHEHTIB € aHAJITUIHUMH (PYHKINSAMHU y 00JIACTIX 3 HEPYXOMOIO OCODJIMBOIO HA MEXKi, a
pelrra KOMIIOHEHTIB € (DYHKIisIMU BUOPpAHUMU 3 TIEBHOI'O KJIacCy (DYHKILIH.
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Karouosi caosa: cucmema 36udatiHUL JUPBEPEHUIAADHUL PIBHAHD, AKG YACMKOBO PO38 A3HA
610n0CcHo noxidnuz, 3adavwa Kowi, Hepyroma 0cobausa mowka, i304b08aHa 0COBAUBE MOYKA,

noaroc.

DOI: 10.1852412519-206X.2022.1-2(39-40).294144

Bcecryn

Posrisiremo cucremy mudepenIiiabHuX PiBHIHD
A()Y =B()Y + f(2,Y,Y), (1)

ge Marpuii A : Dy — CP*" B : Djg — CP*" p < n,D; = {2z : |z| <
Ri, R > 0, D1g = D1\{0}, marpunss A = A(z)— anajituuna B obsacti Dy, a
marpunsg B = B(z) — anamituana B obnacri Dyg. Bekrop-dbynkmnis f : Dy X
G1 x Gy — CP| ne obmacti G, C C*,0 € Gg,k = 1,2, Bekrop-dyukiisa f =
f(2,Y,Y") € apaniruunoio B obmacti Do X G1g X Gag, Gro = Gi\{0}, k = 1;2,
ta mae B Touri (0,0,0) i3osboBany ocobiauBy TOUKy, a orxke, Touka (0,0,0) €

. /
YCYBHOIO 0COOJIMBOIO TOUKOWO st yHKIT 6araTeox 3minanx f = f(2,Y,Y")

Haditiwna 04.10.2022 © Cawmxkosa I'.€., Jlimanceka 1.€. 2022
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[1]. JoBusnaunmo Bekrop-byukuio f y Touni (0,0,0) Tax, mo 6 BoHa crasa
aHaJITUIHOIO (pyHKIEI0 B objacti Di X G X (9. Hexait poskiam BeKTOp-
byukuii f = f(z,Y, Y/) y 30ikHmit creneneBuii psag B okosi Touku (0,0,0) me

Ma€ BUILHUX Ta JIHIFAHUX YJICHIB.

OCHOBHI PE3VJIbTATHU

Cucremy (1) mocmimkyemo y npumyiensi, mo rangA(z) = p npu z € D;.

Beegemo dyukiio Y = col((Y1 Y2)),Y1 = col(Yi1(2),...,Y1p(2)), Y2 =
col(Yo1(2),...y ..., Yonp(2)), Y1 : D1 — CP, Y5 : Dyg — C"P. Bes obmexen-
HsI CILIBHOCTI, GyJieMo BBaxkaTu, mo marpuri A(z), B(z) Ta BekTOp-QyHKIIist

f=f(zY, Y/) MalOTh BUIUIA
A(z) = (A1(2) A2(2)),
B(2) = (Bi(z) B2(2)),
YY) = f*(2,Y1, Y, Y], Yy),
A1 : D1 — Cpo’
Ay : Dig — (CPX(n—p)’
By : Dig — CP*P,
By : Dig — (CPX(n—p),
detAy(z) # 0 npu z € Dy,

f*:DleHXG12XG21XG22—>CP,

Gjl X ng = Gj,Gjl C Cp,GjQ C (Cn_p,j =1,2,

voe ! ! . o
Ta, po3BUHEHHs BeKTOp-pyHKnil f* = f*(z,Y1,Ys,Y],Y,) y 30ixkunii creneme-
Buit psij B okouti Toukn (0,0,0,0,0) He Mae BITbHAUX Ta JIHIHHUX <ICHIB.

TToznaummo
ATN(2)Ba(2)Ya — Ay (2) A2(2)Ys + AT (2) £*(2, Y1, Y2, Y7, Ys) =
= F*(Z7Y1>Y27)/ilv}/§)'
Toni cucrema (1) naby/e BUTISA LY

Y, = AT (2)Bi(2)V1 + F*(2,Y1,Y2, Y7, Vy). (2)
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Ba ymoBoro BekTop-dyHukiist F* = F*(z,Y7,Ys, le , Y2/ ) € aHAJITUYIHOIO B 00J1a-
cri D1 % G119 X G120 X G210 X G220, Gjko = G5 \{0}, j, k = 1,2, TobT0, ¥ TOUI]
(0,0,0,0,0) mae i30p0BaHy 0COBIUBY TOUKY, 0TKe, TouKa (0,0,0,0,0) € ycys-
HOIO 0CO0JIMBOIO TOUKOK st dbyHKIil F* [1]. JoBusHaunmo BekTOp-yHKILO
F* y roui (0,0,0,0,0) Tak, mo 6 BoHa cTaja aHAJITHIHOIO (DYHKIEH B 0618~
cti D1 X G11 X G192 X G91 X G99. He obMezkyioun cuiibHOCTI, OyIeMO BBazKaTH,
mo F*(0,0,0,0,0) = 0.

[Tig Hy, P 6ynemo posymiTu Kjiac (n—p)— BUMIPHUX aHAJITUYHIX B 06J1aCTi
D1y dyuxiit, mo maoTh B Toumni 2z = 0 moJI0C IOpaaKy u, u € N.

Posrismnenmo surajiok, ko A7 (2) By (z)— ananiTnana marpuns B ob/acTi
Diyp Tta y Touni z = 0 mae nosroc mopsaaky 7,7 € N, a Bekrop-dyHKIlsS Yo €
Hy P, Toni dynxmuisi Yo = Ya(2) Moxke GyTu 306paskeHa y BULIAI 3613KHOTO

pany Jlopana npu z € Dig.
o0
Ya(2) = 27 "5 (2),= > Bra ™,
k=0

jne By, € C"P k=0,1,2,...,Y5(2) — ananitnuna BeKTOp-dYHKILisE B 00/1aCTi
Dy raxka, mo Y5 (0) = By # 0. Ockinbku, By # 0, T0 BeKTOP-DyHKIis Yzl(z) y
Tourli z = 0 Mae moJrroc mopsAaky u + 1.

Ockinbku, BekTop-dyuknis F* = F*(z, Y1, Ys, Yll , YQI)— aHAJITHYHA B 00718~
cri D1 X G11 X G1a X Ga1 X Gog, TO F* = F*(z,Yl,Yg,Yll,Yé) MOXKHA, YSIBUTH

B okouii Touku (0,0,0,0,0) y Bursiai 3612KHOrO CTENIEHEBOrO PsiLy

F*(2,Y1,Y2,Y],Yy) =

= Z Cajiwaz Y] Y5 (Y1) (Yy) +
a+|j|+|k|+[b|+|d|=1,|k|+|d|#£0
m .
+ Z Cajkbdzayi]YQk(}q )b(YQ)da

at[j]+[k|+[b|+|d|=2

ae Cojrpa € CP, e j = (1, -+, Jp)s 1l = Jite - +ip, (Y1) = (Y1) (Y1p)7),
b= (by,....bp), bl = bt +bp, (V1) = (V)" ... (V) k= (k1. .. knyp),
k| =K1+ + kpp, (Vo) = (Ya)P1 . (Yan_p)Pnr,d = (d1, ..., dnyp),

ld| = di + -+ + dn—p, (Y2/)d = (Y2/1)dl e (Y2/nfp)d"7p-

[Ipunycrumo, mo icayiors ¢ € N Tta s € N Taki, 1o
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® JIJId JICAKUX ag € Naj(] = (jOla"'ijp)ijh € NU {O}7h = (1;29)»50 =
(b01a CE) bOp)a bOh e NU {0}7 h = ma 0o 1Ipu |k‘ =4q, |d| =S, Caojokb()d ;é
0;

o syist Oynb-sikux h,m € Nta p=1,2,.... n—p,c=1,2,...,n—p,
Coj(kthe,)b(d+me.) = 0, AKITO k| = q,|d| = s,e, — (n — p)— BumipHmii
U—THUH OUHUYHUAN OPT.

Orxe, esemenTn poskiamanus dbyskil F* B okomi Toukn (0,0,0,0,0) B
CTEIeHEeBUN Psfl, AKU MICTUTh MAaKCAMAaJIbHI CTyIeHI BeKTOp-pyHKIH Yo Ta

YQ/ 3 BiMiHHUMU Bix HysIs KoedillieHTaMu, MATUMYTh BUTJIS]
NP a—ug—(utDsyd () v\ v — v
Cajivaz Y7 Yy (Y1) (Ya) = Cajkbaz Vi (Yy)" () (Y5 —uYy)

nmpu a = 0,1,2...,|j] = 0,1,2,...,|b] = 0,1,2,...,|k| = ¢,|d| = s. IIpu-
HaiiMHi, Taki CKJIaI0Bi OyayTh IPU @ = ag,j = jo,b = by. Ilosnauumo, depes
l=uq+ (u+1)s, ta

0= min ag.-
{a0€NU{0}:Cla g kbg s 70}

YV TakoMmy BUNAIKY MOKJIMBI JIBi JIOTiUHI CHTYaITil:

1) @p — 1 > 0. Toni myst joBinbHOT dikcoanoi dyukuii Y € Hy' P,

F*(z,}ﬁ,Yg,Y{,YZI) = F(5)(z,Y1,Y1/), e FO® = F(5)(2,Y1,Y1/)— aHAJITUYHA

dbyukiis y rouni (0,0,0), i cucrema (2) IPUBOIUTHCS JI0 CHCTEMI
2V = PO+ 2" HO (2,11, Yy),

ne PO)(z)— amamitiana marpung y obmacri Dy, H®) = H®)(2, Y}, Y])— ana-
JiTngaa BeKTOp-dyHKIisg y obmacti D1 X G171 X Goy. Leit Buma ok posrisinyTo
y pobori [3, cr. 33].
2) ap — 1l < 0, roui BekTOop-byHKIia F* = F*(Z,H,YQ,YII,YQI) MOKe OyTH
300pazkKeHa y BUIJIAIL

F*(2,Y1,Y,Y,,Y,) =

: , o .d
=z > Cagioaz"Y] (Y3) (17)P(2Y5") = r¥5) "+
a+|j]+|k[+[b|+|d|=1,|k|+|d|#0
oo
j * N x! NG —1 ek x v vk
+ Z Cajkbdzayvl](YQ )k(}/l) (ZYVZ _TYQ) =z lF (Z’YhYé aylayé )7

a+|j]+k|+|b|+|d|=2
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ne F**— amamitudana B obacti D1 X G11 X G12 X Ga1 X Gog BEKTOP-(DyHKIIIs.
Bes obmeskenns crimbrocti, npu Yz € Hy P, ta dynkniax Y5 (2), YQ*/(z) aHa-
JITHIHUX B obmacTi D1, IO3HAYINMO F**(z,}ﬁ,}g*,Yll,Y;/) = H(6)(2,Y1,Y1/),
npuomy H)(0,0,0) = 0. Cucrema (2) npu 1o = maz(l,r) TpuBOAATHCS 710

CUCTEMU BUIJIALY
20, = 20" PO ()Y, 4 20 HO) (2,17, V), (3)

ne marpurs A7 (2)Bi(z) = 27"PO)(2), PO)(2)—amanituuama y obmacti Dy,
sexrop-dynxris H®) : D; x Gy x Gig — CP, HO) = HO) (2 v, Yll)— aHaJi-
tana y obuacti Di X Gy X Gap, H®) = col(H1(6), e H}(,G)).

TakuM YUHOM, Y JIAHOMY BUIIQJIKY OyJ€MO JIOCJJIKYBATU IINTAHHS iICHYBa-

HHSI QHAJITHYHEX PO3B’S3KIB crcTeMn (3) 3 HOYATKOBOIO YMOBOIO
Yi(z) = 0,2 = 0,z € Dy, (4)
Ta dKi 33JI0BOJIHAIOTH JIOJATKOBi#1 yMOBI
’
Yi(2) = 0,2 = 0,z € Dqp. (5)

1. JomnomirkHa jema mpo 3BeJeHHsi cucteMu (3) 40 cucremMu cre-

MiaJIbHOTO BUIJISIY.

. _ /
Osnauenns: 1. Toopumo, mo BekTop-dynxiis 20~ H ) (z,Y1,Y]) mae Bia-
crusicts V3 B okomi Touku (0,0,0), Ko y 1iit 061acTi KOMIIOHEHTH BEKTOD-

bynxmii 20 H (6)(7;, Y1, Yll) MOXKJIUBO PO3KJIACTU Y 3012KHI PIIU BUTTISALY

0]
SO v,y =20 Y oD evirey) = Top,

s+d|+|q|=2

ne 99 e €, = oV, ...,

Jlema. Srxwo y cucmemi (8) eexmop-dyrriyin zro_lH(G)(z,Yl,Yl/) MGE BAG-
cmusicmo V3 6 okoai mouku (0,0,0), mo cucmema (8) mooice bymu 0dnoswa-
YO npueedena do cucmemu 6u2asdy

20y, = 270" PO (2)y; + 20 FO) (2, 7)), (6)
de PO = PO)(2)— anarimuuna mampuuya 6 o6aacmi D; C D1,0 € Dy, F©) =
F(©) (z,Y1)— anasimuuna eexmop-gynkyia 6 obaacmi Dy x Gi1 € Dy x Gy,
(0,0) € Dy x Gy1, F©(0,0) = 0.
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2. Cucrema (6) B3I0BXK BiIpi3Ky.

3riJ{Ho 3 METO/IOM AHAJITHIHOIO IIPOJIOBXKEHHST PO3B’s13KiB [5] cucremy (6)
BUBYMMO B3/IOBK JIBOX CiMell KPUBUX, a HOTIM BUKOHAEMO aHAIITUYHE [IPOJIOB-
JKEHHsT PO3B’s3KiB 3 KpUBOI OJiHi€l ciM'T 3a JIOIIOMOTOI0 KPUBUX JAPYTOl cimM’l Ha
JesikKy 00JIaCTh.

s nosinbaux dikcoBanux t1 € (0, Ri],v1,v2 € Ryv; < v, BBOAUTHCS
vmokmna 1 (t) = {(t,v) € R :t € (0,t1),v € (v1,v2)}. pu 2z = z(t,v) = te',
MHOXKUHA f(tl) C R? craBurbcs y Bimmosignicrs g0 muoxkuuu I(t1) C C :
I(t) =
={z=te? €C:te(0,t1),v € (v1,v2)}.

Osuauennst 2. Hexaii p,g : I(t;) — [0,400). Tosopumo, mo dbyukIis p Mae
BJIACTHBICTD Q1 BimHOCHO bYHKIHI g ipn v = vy € (v1,v2), AKIO DYHKIS p=
= p(t, vp) € DYHKIIEI BUIIOTO MOPsIKY MaaocTi BigHocHo dbyHkiii g = g(t, vg)
upu t — +0.

Osznauenns 3. Hexaii p, g : f(tl) — [0, 4+00). T'oBopumo, mio dyHKIis p Mae
BJIACTUBICTD (J2 BITHOCHO (DYHKIIT ¢ HA MHOXKWHI I (t1), 9KIIO iICHYIOTH TaKi

Cp > 0,Cy > 0, mo Ha MHOKHH] [ (t1) BUKOHYIOTBCSI HEPIBHOCTI
C'1 : g(ta ’U) S p(ta U) S CQ : g(t7v)

Beongarbes gomomizkai BekTop-dysknil ¢(z) = col(p1(2),...,¢p(2)), ¢ :
I(t1) — CPrra ¢(t,v) = col(P1(t,v),. .., Yp(t,v)),4; = I(t1) — [0;+00),j =
17p7 npn z = Z(tav) = tewij(ta U) = |(p](z(t7v))’aj = 17p7 beHKHH %;J =
1, p— € aificHozHaHUME PYHKITIsIME JIACHUX 3MiHHUX ¢, v. Po3rysiaerbest ana-

mitraHa Ha MHOXKUHI [ (1) BekTOp-DYHKIA ¢ = (2) Taka, mo st 6y b-sIKIX
z € I(t1) st signosimmnx dbynxiiit 1; = ¥;(t,v),j = 1,p, npu (t,v) € I(t;)

BUKOHaHO YMOBMH:

byt v) > 0, (;(t,v); > 0, (1;(t,v)), >0,

Ta PIBHOMIPHO BiJIHOCHO v € (V1, ¥2) BUKOHAHO YMOBH:

$j(4+0,v) = 0, (¥;(+0,v)); = 0,j = L,p.

PosriistHeMo KOMIUTeKCHY 3MinHy 2 = te'V, me t > 0,t,v € R. Badikcyemo
v =9,V € (v1,v2), 1 po3rasinemo cucremy (6) Ha Binpisky L, (t1) = {(t,v) €

R?:t € (0,t1),v =1y € (v1,v2)}, vo—bikcosane aucio.
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Mosmaumvo Y (2(t,v9)) = Yi(t), Yi(t) = Yi1(t) + iYia(t), Y1,(t) =
= col(Yij1(t), ..., Yip(t), 5 = 1,2, dbymkuil Yi1(t), Y12( )— € JifiCHO3HAYHU-
Mu dyHKIisMu giiicrol sminnoi t. PO)(z(t,vg)) = [ (t)]j e = Pl( )( t) +
iP% (1), PO (1) = B (O], _vs = 1,2, 710 55 (1) = p§-,31< )+ ipay(t), . b =
1,p, bynxmii pg k)s( t),j,k =1, p— e niiicnosnaunumu byHKIIAME JIHCHOT 3MiH-
HOT ¢ Ta eJIeMeHTaMU MaTPHIlh 158(6) (t),s =1,2.

Ipu dikcosaromy v = vy, vg € (v1,v2) Bekrop-dynkiio F(©) = FO) (z(t, v),
Yi(2(t,v))) yasimo sk FO)(z(t,00),Y1(2(t,00))) = F O (¢,Y11,Y10), FO(t, Y1) =
=col( B9 (t,V11,12), ..., B (1.Y11,V12)), B\ (1, i, Yiz) = B9 (¢, Yy, Vo) +
+ ipz(?) (t, Vi1, )712),j =1,p, ne Fl(?), F(6) ,j = 1,p — e niificHosHauHuME byH-
KI[AME JIHCHUX 3MIHHUX.

Cucrema (6) 6yse 3BejieHa J10 BULJISIILY
470 (}71’1 + 1?1’2) _ tro—r(Pl(ﬁ) + Zp2(6))(f/11 + if/lz)e(l—r)ivo + tm—le(l—l)ivo‘

-(RQF(G)(ZL/,?H,?U) —i—z’ImF(m(t,ffu,?w)). (7)

Hopisusiemo miBopyd i mpaBopyd B cucreMmi (7) JificHi Ta ysIBHI 9aCTHHA BEKTOP-

dbyHKI, OTPUMAEMO CUCTEMY 2P PiBHAHB Ta BBEAEMO TaKi MATPHUII Ta BEKTOP-

dyHKITITO
~(6) 7(6)
56) ([ Fr () =Py (1)
P () ( 152(6)( ) = (6) ) ;

1
~ N ReF©)(t, Y11, Y;
7(6) (t7Y117Y12) _ I;F( )(( 11 ~12)) > ;

- _ cos((r — o) B sin((r — 1)vo) B

Qs(vo) = < —sin((r — 1)vo)E  cos((r — 1)vo)E ) J
5 (o) — cos((l = Dvo)E  sin((l — 1)vo) B
Qs(v0) ( —sin((I — Dwo)E  cos((I — 1)vg)E ) ’

ne E — omunuyana MaTtpura p X p.

Toni cucrema (7) 3BeJeTHCS 0 CUCTEME
Vi, (t Via(t
7o ( ~/11( ) ) 70— rP ( )QS(UO) ( }711( ) ) +

+£70 7' Qo (v0) fO (¢, Y11, Vi2). ®)
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Taxum unHOM, cucrema (6) B310BXK Biapizka L, (t1) npu goBlisHOMY dikcoBa-
HOMY Vg € (v1,V2) 3BEETbCs IO CUCTEMHU JUHCHUX JudepeHnialbHIX PiBHIHD
(8).

3. Cucrema (6) B3I0BXK Jyru KoJa.

PosristreMo KOMILTIEKCHY 3MinHy z = te'V, ne t > 0,t,v € R. Badikcyemo
t = to,to € (0,¢1) 1 posrisinemo cucremy (6) B3mosxk jyru xoma Oy (tg) =
{(t,v) € R? : t = tg,v € (v1,v2)}, npu dbixcosanomy to € (0,t1).

Mosmaumvo Y7 (2(tg, v)) = Y1(v), Y1(v) = Y11(v) +iY12(v), Y1 (v) =
= col(fflﬂ(v), e ,Yljp(v)),j = 1,2, dyuxmil 1711(1)), Ym(v) — € JifCHO3HAYHY-
vu dbynxmisyu giitcuol aminnoi v. PO (z(tg,v)) = [ﬁﬁ) (v)]p = ]51(6) (v) +
iPP ), PP ) = [ 0)] s = 1,2, me 83 (0) = B 0 iS00 k=

5(6)

1,p, byHKHii p o (v), j,k =1, p—e aiitcnosnaunnvu GyHKIiaMI AificHol 3MiH-
- 5(6) _
HOT v Ta ejeMeHTaMu MaTpunp Ps ’ (v),s = 1,2.
Bekrop-bynxmiio  FO (z(t,v), Y1 (2(t,v))) HpI/I dbikcoBanomy t = ty,
to € (0,11) yasumo ax FO(2(to,v), Yi(2(to,v))) = FO (v, Y11, 12),
FO (0, Y11, Y12) = ol (F{7 (0, Y11, V12), . .., By (v, Yn,Ylg))
F( )(U Vi1, Vi) = ha )(v Y11, Yi2) +ZF2( )(U,Y11,Y12), j=1p,
6
ne B9 B9
Cucrema (6) Gye 3BejieHa 70 BUIJISILY

j =1,p — € npificHozHAYHIME (DYHKIIAMA JTiHCHIX 3MIiHHIX.

0L (Vg 4 iV75) = it (P (0) + i B (0)) (Vin + iV12)e
-l-’itgo_le(l_l)w (ReF(G) (’U, ?11, ?12) -+ iImF(G) (’U, }A/H, ?12)). (9)

HopiBHsiemo JiBopyd i npaBopyd B cucremi (9) ificHi Ta ysiBHI YaCTUHUA BEKTOP-

YHKIIIN, OTPUMAEMO CUCTEMY 2p PIBHSHB Ta BBEJEMO TaKi MATPHII] Ta BEKTOP-

dyHKIIIO
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Toxi cucrema (9) 3BeIETHCSI 10 CUCTEME

! ( ?12”) ) = 10T PO () Qs ) ( ?““’; ) +

12 v)

to"~'Qo(0) f©) (v, Y11, Y12). (10)

Takum quHOM, cucteMa (6) B310BK gyru Kosa Oy, (to) upu goBiibHOMY bikco-

Banomy to € (0,%1) 3BeJleThCst JI0 CUCTEMU JHHCHUX JAudepeHIiaJbHIX DIBHSIHD
(10).

Bsejieno gomnomixkui BiactuBocTi Sg, Mg BiIHOCHO aHAJITHYHOI BEKTOP-

Pyt ¢ = p(2), 71 () = coll1(2), ., pp(2)), Yt 0) = |5 (=(t, )], =
1,p.

Osnauenus 4. Losopumo, o marpurs P () mae Bracrusicrs Sg BigHOCHO
BeKTOP-QYHKIIT ¢ = p(2), AKIIO BUKOHYIOTHCS YMOBH:

1. Jls xoxmoro vy € (vy,v2) bymkii 70 (1;(2(t,v))); MaOTh BAACTHBICTH
Q01 BignosigHo BimHOCHO YHKIII tTO’T\ﬁgg) ()| (2(t,v)),j =1, p upm v = wvp;

2. Qynxnii "0~ (y;(t, U))/
pynKIii tro_r|ﬁ§.§)(v)|¢j(t,v),j = 1,p, na muoxuni I(ty) must jeskoro ty €
(0,21);

3. st xoxkuoro vg € (vy,va) dynkiii tTO*T\ﬁﬁ) (t)|Yx(t, v) matoTh BIACTH-

» MalOThb BiIacTHBiCTH ()2 BiANOBiNHO BinHOCHO

BicTh ()1 BiamoBimHO BinmHOCHO dyHKIL 70 (1), (t,v));,j,k‘ =1,p,j # k, upn
U = p;

4. Oyukiiil tm_r\ﬁﬁ) (v)|Yx(t, v) matoTh BracTuBicTh Q2 BiAMOBIIHO BiTHO-
cro dbymkmii 7071 (1, (t,v)),, 4,k = 1,p,j # k ma muosumi I(tg) mrs geskoro
to € (O,tl).

Mosmaumvo muosxmin Q;(8, o(2(t,v0))) = {(t, Y11, Yi2) : }71213' + 17122]- <
< 5?(1/Jj(t,vg))2,t € (0,t1)},J :~1,p~. MuoxuHa Q(5,go(z(t,1~/0))) MoxKe OyTu
po3IIsiHy Ta K Heperun MEOKHUH (25, (J, (2(t,v0))) = ?:1 Q;(9, p(2(t,v0)))-

YacTury MexKi MHOXKHUH Qj, j€{1,2,...,p} 6yaemo nosHauaTu siK

09 (8,0(2(t,v0))) = {(t, Y11, Y12) : Y3, + Yiy; = 67 (1(t,00))2, Yiip + Vioy <

< 62t v0)) k=T, p, k # j,t € (0,t1)}.
Qj(T7 (p(Z(t(),’U))) = {(U7Y117Y12> : lelj + 17122] < sz(wj(t(),i)))Q,”U € ("Ul,’l)g)},

Jj=1Lp.
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Muoxuna Q(T, ©(z(tg,v))) Moxke GyTH PO3IJISTHYTA SIK TIEPETUH MHOXKUH Qj,

O(r, o(z(to,v))) = 1]?:1 Qj(T,ga(z(to,v))). Yacrumy Mexi muoxun (), § €
{1,2,...,p} Gynemo nosnauaru six

8Qj(7'a ©(2(to,v))) = {(%?117?12) : lelj + 371223 =
- sz(wj(t(% U))Q? },}121](? + }A/122k <
< 1 (W(to, v))?, k =T1,p, k # j,v € (v1,v2)}.

Osnauenns: 5. Loopumo, mo Bekrop-ynkuis F6) = F (6)(z,Y1) Ma€ BJIa-
cruBicTb Mg BiHOCHO BEKTOP-QYHKIIT ¢ = ((2), KO BUKOHYIOTHCS YMOBH:
1. st ®KozkmOro vg € (v1,v2) mpu (¢, Yi1, Yi2) € Q(8, o(2(t, v0))) dynxmii
tro—l | ,5?) (t, 5711, }712) MalOTh BJIACTUBICTH (J1 BiJAIOBIIHO BiAHOCHO (PYHKIIIH
0|5 (1) (t,0), § = T, p,k = 1,2 np v = vp;
2. st Gymp-sikux (v, Y11, Yiz) € Q(r, (2(to, v))) bynxmii
tm_lﬁé?) (’U,}/}ll,le) MAalOTh BJIACTHUBICTH ()9 BIAMOBIAHO BiIHOCHO (QYyHKIIIM
tm_’"|ﬁ§-§)(v)|¢j(t,v)),j = 1,p,k = 1,2 ma muoxuni [(ty) mis geskoro ty €
(0,1).

Beenemo obacri Af)k (t2),k € {+, —}, aKi BU3HAYAIOTHCS HACTYIHUM “H-

HOM

AL (t2) = {(t,v) : cos((r—1)v—&\D (1)) > 0, sin((r—1)v—a? (v)) > 0,5 = T,p,

t € (0,t2),v € (v1,v2) };

ALY (t2) = {(t,) : cos((r—1)v—&\D (1)) > 0, sin((r—1)v—a\? (v)) < 0,5 = T,p,

t € (0,t2),v € (v1,v2)};

ne byHKIii dgg) (t), (315?) (v),j =1, p Busnaueni y [3].

He obmexxyroun criabHOCTI Oy1eMO BBazXKaTH, 10 Af_)k(tg) #o,ke{+, -}

Oznavenns 6. ['oBopumo, mo cucrema (6) HANEKUTE KIacy C_(Fﬁ_%c, ke {+,-},
sxmo marpuns PO)(z) = PO (te™) raka, mo (t,v) € Af)k(tg), ke {+ -}

4. ®opmysIIOBaHHS OCHOBHUX PE3YJILTATIB.

Beenemo obaacri

GO ts) = {2 = 2(t,0) : 0 < |2 < b, (t,0) € A0, (t2)},k € {+,—}.
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Teopema 1. Hezati p < n, A(z)—anarimuuna mampuys 6 obaacmi D1 ma
rangA(z) = p npu z € Dy. Hexatd cucmemy (1) moorcauso npusecmu do 6u-
eaady (2). Cucmema (2) npu Yo € Hy, P moorce 6ymu npusedena do cucmemu
(3). Bexmop-gynruyis Zro—LF(6) (z, Y1, Yll) Mae saacmusicms Vi 8 0koat mouku
(0,0,0). Kpim moeo, das cucmemu (6) sukonyromves ymosu :

1. Mampuusa P(6)(z)— AHANIMUNHG Mampuys 6 obaacmi D1 1 mae 8aa-
cmusicmy Sg 6i0HoCcHO anarimuunol eexmop-dynruii © = p(2);

2. Bexmop-dynryia F©) = F(G)(Z,Yl)— anasimuyna 6 obaacmi D1 X G,
F©)(0,0) = 0 i mac saacmusicmos Mg sidnocho sexmop-gynruii o = o(2);

3. Cucmema (6) naresicumv 00nomy 3 KAGCIE Cf)k, ke {+, -}

Todi dna woorcrozo k € {+, —}, dan deaxozo t* € (0,t2) i das Koorcnozo Ya €
Hy P dengypomny pose’asxu cucmemu (1) Y (2), nepwi  xomnonenm xompux
3a0060AbHAIOMY NovamKosum ymosam Yi(zo) = Yio npu 2o € Gf)k(t*),Ylo €
{Y1: [Y1;(20)| < d5]¢;(20)],d; > 0,5 =1, p}, ananimuuni 6 obaacmi Gf‘)k(t*) i

ONA YUT P KOMMOHEHI PO36 A3KIG Y 3a3HAMEHIT, 00AGCTE CNPABEOAUGT OUTHKU

Vi;(2)]* < 8l ()15 = 1. (11)

HoBenenns. 3a ymoBoio cucremy (1) MOMXKJINBO IPUBECTH 10 BHUIVISIY
(3). Bekrop-dynxmis 20~ H ©) (2,7, Yll ) Mae BJacTUBICTH V3 B OKOJII TOYKHU
(0,0,0). Bacrocyemo Jlemy 1, 3rigHo sikoi cucrema (3) Moxke 6yTH OJJHO3HATHO
npuse/ena 1o cucreMu (6).

1. Posrusinemo cucremy (6) Ha BipisKy Ly, (t1) npu dikcoBamnomy 3uadeHHi
v € (v1,v2). Hexait T(0) — pexrop moms manmpsMkis cucremu (8) B moBimbHIil
dbircosariit Touri (¢, Y11(t), Yia(t)) € 9 (8, ¢(2(t,v0))), 5 € {1,...,p}.

(#0705 ) = 082030, 0) o)y 4 G ol o)+

B () sin((r — 1)v0))82 (1 (t,v0)* + 0 S (B} (t)eos((r — 1)vo)+
k=1,kj

p
+ B (B)sin((r—1)v0) (Vi1 Vi1j + Vioe Vig)+07" S (5 (8)sin((r—1)vp) -
k=1

_155'?2(75)608((7“ — 1)vo)) % (Yi2eY11j — Y11k Y12;) + tro_l(ﬁl(f)cos((l —1)vg) + Fz(?)'

-sin((1—1)vo)) Vigy +¢7 7 (~FLY sin((1— 1)vo)+Eyy cos((1—1)v0)) Vias, § = T, p.
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Ockinbku, 3a ymosoio, marpuist PO vae Bracrusicrs Sg, a BekTop-dyHKIis
F©) = FO)(2Y]) mae Bracrusicrs Mg BimnocHo BexTop-byHKIIT ¢ = ¢(2),

TO

(tmT“) > 02 + F0)2 cos((r — Do — a7 (1))).

j=1,pt— +0.

Ockinbku, cucreMa (6) HATEKUTH OAHOMY 3 KJIAciB Ci)k’ k € {+,—}, To icuye
take t*, mo npu t € (0,t*) cupasemmso (0T N;/2) > 0,5 = T,p. Orxe,
npu t € (0,t*) mosepxust 9Q;(8, p(2(t,v0))) € MoBepxHEO 63 KOHTAKTY JTst
cucreMu (8), IPUYIOMY TIPH CIIJIAHHI 3MIHHOI ¢ IHTerpajbHa KPHBa BXOJIUTH B
obmacts (8, p(2(t, v0))).

Brigao 3 TomosorivHuM npuHIUIOM Bazkescbkoro [6], uepe3 KoxKHY TO-
aky muoxuan (6, p(z(t,v0))) U 0Q(6, p(2(t,v0))) N (t = ), € (0,t*)
IPOXOJIUTH X04a O OJIHA IVIaJjiKa iHTerpajibHa KpuBa cucremu (8), 1 Bce iHTe-
IrpaJibHI KPUBI JAHOI CHCTEMH, IO IPOXOAATEH Uepe3 TOUKU Qj(é, o(z(t,vp)))U
9Q;(8, 0(2(t,v0))) N (t =), t** € (0,t*) samumaiorses B o6macTi
(6, ¢ (2(t,v0))) mpu (t,v0) € AP, (), k € {+,~},v0 € (v1,vs). Hpurony,

BUKOHAHI HEPIBHOCTI

|Vigj (2(t,v0))[* < 02(0;(t,v0))*, 5 = 1,p, s = 1,2, (12)

npu (t,00) € A (1), k € {+, ).

2. Posmsiremo cucremy (6) B3gosx ayru koma Oy (tg) npu dikcoBano-
my snadenHi top € (0,t1). Hexait T©) — BekTOp MmO HAIPAMKIB cncTeMH
(10) B soBTBHIiT bikcosaniit Tout (¢, Yi1(t), Yia(t)) € 9Q;(T, ¢(2(t0,v))),j €

{1,...,p}.

Posrisuemo ckanspauii 106yTox

(tm—lﬂ@, i) =t 720 (to, v) (5 (0, v)), 5T (B} () sin(((r — 1)v)-

—p\D (W)cos(((r—1)0)) 2 (1 (to, v) 2+ S (Bl (v)sin((r—1)v) —ploh (v)-

k=1,k#j
-cos(((r — 1)v)) x (Yi1xY11; + YioxYizs)+

p
N (@ (0)cos(((1— 1)w) + 5y (v)-
k=1
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ssin(((1 = 1v)) x (V11k Y15 — YVior Y1) + tTO_l(FI(?)sin((l —1)v)—
_FQ(?)COS(U - 1)”))1/113 + T l(F( )cos((l —1)v)+
+E) sin((1 — 1)v)Viz;, 5 =T, p.

OCKIJIBKH, 38 YMOBOI, MaTPHUILS P©) mae Bractusicrs S, & BEKTOP-(DyHKITisI
F©) = FO)(2Y]) mae Bracrusicts Mg BimaocHo BexTop-byHKIIi 0 = ¢(2),

TO

(W]T >%¢Pm + () sin((r — 1o — &l (v)),

. . 1 N,
j=1,p, npu tg — +0,v € (v1,v2). Orke, szgn((tm 17(6), 7])) =

~(6)
Ji "
HocTi, Jyisi KoxkHOrO (dikcoBanoro ty € (0,t*) nosepxust 0Q(T, o(z(to,v))) €

= sign(sin((r — 1)v — &;’ (v))),j = 1,p,v € (v1,v2). Bes obMexkeHHs CrIiIb-
Agf.)k(t*), k € {+,—} e noBepxueto 6e3 konTakTy st cucremu (10).

Ockinbky, cucrema (6) HAJEKUTH OJHOMY 3 KJIAcCiB C’_(f)k,k: € {+,—}, 10
Oyzb-sika iHTerpaiabHa Kpusa cucremu (10), 10 IPOXOAUTH Yepe3 TOUKY MHO-
auan Q(7, ¢(2(to, v))) N (v = vg), vo € (v1,v2), aKIIO (t0, Vo) € Af)Jr(t*), 3aJ11-
maeTbest B obaacti (7, o(z(to, v))) upu cuamansi v, a sKiE (to, vo) € A(f.)f (t*),
sammaerses B obacti (7, o(z(t, v))) upn 3pocranmi v.

Ilonam Toro, BUKOHaHI HEPIBHOCTI
Vigj(2(t0, 0)* < 72 [0(to, 0) %, 5 = Tpos = 1,2, (13)

npu (to,v) € A0, (#), k € {+,-}.

3. Anasioriuno nosejiennio Teopemu 1.1 2] mpuiycTumo, 110 BUKOHYIOTHCST
HepiBHiCTD 5?- < sz, j=1,p.

B nepromy erarmi moBesenns i€l TeopeMu OTPUMAHO, IO B3I0BXK KPHUBOI
Ly, (t),v0 € (v1,v2) mpu t € (0,t*) icHye xo4a 6 oxun HenepepusHUil judepeH-

[IOBHUI PO3B’SI30K CHCTEMU

Vi (2)? < 87l (2)]*, 5 =Tp,s = 1,2,

KUl 3a10BosbHsIE orinkaM (12). TTo3HaunMo MHOXKUHY TAKUX PO3B’S3KiB
{Y1.00(2(t,0))}-

Bubepemo po3s’si30K Y7 4, (2(t, v)) 3 muOokuHM {Y] 4, (2(,v))} Ta 3aificanMO
floro aHasiTHYHe IPOJOBKEHHS 3 Ly, (1%), (t,v) € Af)k (t*), npu dikcoBanomy

vg € (v1,v2) Ha 00IACTD, sIKa MICTUTE Ly, (t%), 31 30epexkentsm orinkn (12).
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3 apyroro eraiy J0Ka3y Ii€l TeOpeMU BUILIABAE, IO IIPY BUKOHAHHI HEpPiB-
Hocri (13), po3B’st30K Y7 4, (2(t, v)) npu dikcoBanoMy vy MOKHA IPOJIOBKUTH 3
Bizpiska L, (t*) B3nosx kpusux Oy, ma muoxkuny (T, o(2(tg,v))) N (v = v*),
upu t € (0,t*), npu oMy, aHAJIITHYHE IPOJIOBXKEHHsI 03HaYnMo Y7 (z). OTpu-
MaeMo MHOXKHHY po3B’s3kis {Y7(z)}.

Y migcymky, 6yap-sikuii po3s’si30k Yi(z) Moxke 6yTu aHAJITHYHO [IPOJIOB-
KATH B 061acTi Gf)k(t*) xA{Y :|Y,| < 6jlei(20)],5 =1,p,s = 1,2}, upuuomy
B jaHiil obsacTi BukoHaHo HepiBHicTb (11).

A smHauuTh, g koxkuoro Yo € Hy P cucrema (1) mae xoua 6 oqun
po3B’si30K Y (2), mepini p KOMIOHEHT SIKOrO € aHAJITHIHUME (DYHKIIAMI B
obutacri Gf‘)k(t*) 1 JyIst UX p KOMIIOHEHT PO3B’si3Ka y 3a3HaueHiil obiacri Bu-
KOHYIOThCsE oninkn (11).

Teopema noeeseHa.

BucHoBKUu

Taxum qunOM, 6yJ10 JIeTaabHo BuBUeHO cucteMy (1) y npumnyiienni, mo Ma-
rpuni A(z), B(z)— npsaMoKyTHI MaTpPUIl po3MipHOCTi pXn,p < n,irangA(z) =
p npu z € Dq. Toxi cucrema (1) 6yzne npusesena jio surisry (2). Posrasayri
BUIIAQIKU, KOJIA MaTPUIIs Afl(z)Bl (z)—anasituuna B obsacri Dig Ta y Todni
z = (0 Mae TIoJII0C OPAAKY 7,8 Yo B3aTO 3 Kiacy dyukniit H,, © Ta jposejieno
TeopeMy IO iCHyBaHHs po3B’si3kiB s 3anadi Komi (2),(4) y npunymensi,
10 BUKOHYEThCsS T07aTKOBa yMoBa (5). A came, ko marpums Ay (2) By (z)—
aHajgiTu4dHa B objacTi Dig Ta y Toumi z = 0 Mae mOJOC, a Yo B3STO 3 KJla-
cy dynxuiit Hy P, a marpuna A (2)Bi(z)— anamitnana B obracti Do Ta y
Touri z = 0 Ma€ MoJIfoC, 3HANIEHO [TOCTATHI YMOBU iCHyBaHHS X04a O OIHO-

ro posp’si3ky 3aza4i Kol (2)-(4), nepur KOMIIOHEHT $IKOTO € aHAJITHIHUME

(6)

byuknisvn y obnacrax G

(t*), k € {+,—}, y upunyenHi, mmo BUKOHY€ETbCs

JI0aTKOBa yMoBa (5).
CIucoOK JIITEPATYPU

1. Gunning R. Analytic functions of several complex variables / R. Gunning, H. Rossi. —
Prentice Hall, Englewood Cliffs, 1965. — 318 p.

2. Limanska D. On the existence of analytic solutions of certain types of systems, partially

resolved relatively to the derivatives in the case of a pole / D. Limanska, G. Samkova



80

Camxosa I'.€., Jlimancora /1. €.

// Memoirs on Differential Equations and Mathematical Physics. — 2018. — Vol.
74. - P. 113-124.

Limanska D. The asymptotic behavior of solutions of certain types of the differential
equations partially solved relatively to the derivatives with a singularity in the zero-
point / D. Limanska, G. Samkova // Journal of Mathematical Sciences: Advances and
Applications. — 2018. — Vol. 53 — P. 21-40.

Samkova G. O6 wmccimeaoBaHIN HEKOTOPOM MOJIYSBHON CHCTEMBI auddepeHImaIbHbIX
ypaBHeHUH B ciaydae nepementoro myuka marpur / . Camkosa, H. lapait // Heniniiini
konmBanHs. — 2002. — Vol. 5. — P. 224-236.

Vladimirov V. Methods of the Theory of Functions of Many Complex Variables /
V. Vladimirov. — New York: Dover Publications, Inc, 2007. — 384 p.

Wazewski T. (1947). Une method topologique de 'examen du phenomene asymtoti
quereletivement aux equations differenti elle sordinaires / T. Wazewski // Attidella
academia zarionaledei lincei.Rediconti. — 1947. — Vol. 3. — P. 210-215.



Hesxi cuememu 3/[P naskono nosoca 81

Samkova G., Limanska D.
THE SYSTEM OF ORDINARY DIFFERENTIAL QUESTIONS WITH RECTANGULAR
MATRICES THAT IS PARTIALLY SOLVED TO THE DERIVATIVES NEAR THE POLE.

Summary

In modern theory of ordinary differential equations and systems of equations
with an unknown complex-valued function of a complex variable, a prominent
place is occupied by systems of equations that are either unsolved or partially
solved with respect to derivatives. The system of ordinary differential equa-
tions, which is partially solved with respect to the derivatives, with rectangular
matrices around the pole has been studied. The article presents conditions for
transforming a system of ordinary differential equations, which is partially solv-
able with respect to derivatives, to a system of ordinary differential equations
with a special form. The theorem with sufficient conditions of the existence
at least one solution of the Cauchy problem is proven, some components of
the solution are analytic functions in domains with the fixed singularity on the
boundary, and the remaining components are functions chosen from a certain
class of functions.

Key words: system of ordinary differential equations, that is partially resolved
relatively to the derivatives, Cauchy’s problem, fixed singularity, isolated sin-

gularity, pole.
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0. O. Yemnok

Heprxapunit 3akaa "TliBaeHHOYKpaTHCHKI HAIIOHAJIBHUH TTearoriaTHTit

yuiBepcurer imeni K.JI. Ymuncbkoro”

ACUMIITOTUYHI 30BPAXKEHHS P, (Y, Y1, +00)-PO3B’I3KIB
JNO®EPEHIIIAJIBHOT'O PIBHSAHHS JPYILOI'O IIOPAJIKY, SIKE
MICTUTHh JOBYTOK PIZHOI'O TUITY HEJITHIMHOCTEW BI/,
HEBIJIOMOI ®YHKIIII TA Ii ITIOXITHOI

JocmiKeHHsT aCHMTOTHIHIX 300parKeHb PO3B’sI3KiB MUDEPEHITIAILHUX PIBHSIHHS, 30KpPeMa,
JPYroro MOPSIKY, sIKi MICTATB y IIpaBiif 4acTHHI HEJIHIAHOCT] Pi3HUX BHUJIB IPAlOTh BaXKJIN-
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BaHHI aprymMeHTiB /10 Hyjst abo HecKiHueHHOCTI. Jljisi piBHSHB, sIKi PO3IVISIAIOTHCS Y JIaHiil
poboTi, momiGHI Pe3yaIbTaTH € HOBUMU.

MSC: 34A34, 34C41, 34E99.

Karowosi crosa: neainiting dudepenyianvii pisuanns 0pyz020 nopaoky, GCUMNIMOMUYHE 30-
bpasicerna pose’azkis, P, (Yo, Y1, £00)-pose’asgku, weudko aminmi Gynrkyit, npasuivho 3mir-
HI PYHKUIL, NOBIABHO 3MIHHT NEPUL NOTIOHT.

DOI: 10.1852412519-206X.2022.1-2(89-40).294309

BcecTyvn

Posrasimaersest audeperItiaabie piBHSIHHS

y" = aop(t)po(y')e1(y), (1)

e ag € {—1;1},p : [a,w][—=]0, 400 (—o0 < a < w < +00), @; : Ay, —]0, +00]
(i € {0,1}) € menepepsuumnu dyuxiiamu, Y; € {0, £o0}, Ay, — abo mpomikok
[y?71/2[*7 a6o T ]}/l)y'?}

Haditwna 11.06.2022 (© Yenok O. O. 2022



84 Yenox O. O.

Kpiwm Toro, 6yemo BBaxkarn, mo GyHkiis ¢1: Ay, —]0, +00[ € npaBuibHO
aminHOO (guB. (1], c. 17) mopsisiky o1 npu OpsiMyBaHHI aprymenty o Yp, a

dbyuriis ¢o: Ay, —]0,+oo[ asiui Henepepsuo audepeniiiiosHa Ha Ay, Ta

TaKa, 1110,
. ; . po(y)en(y)
lim 900(?/) € {Oa —|—OO}, SOO(y) #0mpn y € AYI? lim 5 = 1, (2)
JoAl et (#o(y)
Y€ Ay, yE Ay, 0

3 ymoB (2) BurumBae, 1o (OYHKIHS @p Ta i1 HOXIHA HEePIIOro HOPSIKY €
HIBUJIKO 3MIHHUMH [IPH NpsiMyBaHHI aprymenty g0 Y (aus. [6], C. 91-92).

VY cuny Baacrusocreii hyHKIT g Ta Teopemu 3.10.8 3 poboru |[1| dyukitist
(o Ta 11 MOXijiHa HEPIINOro MOPsAJKY HajexkaTb Kiacy dyukiiit ' akuii 6yB
seegennit JI. Xanom (qus., nanpukiazn, [1], C. 75), a rakox kiacy I'y,(Zp),
sikuiit 6yB BBeseHnit y pobori [3] sik ysaranbaennst Kiaacy I

st piBasiab Tty (1) posriistHeMoO HACTYIHUI KJ1ac POB’sI3KiB.

Osnadenns 1 (|5]). Poss’ssok y piBusnns (1), Busnavennii na [to, w|[C [a,w],
nasusaerbest B, (Yp, Y1, Ao)-pose’sizkom (—oo < Ao < 400), SKIINO ClpaBe/in-
BUMU € HACTYIIHI TBED/KEHHSI
W'®)” _
M= SN =
thw " (t)y(t)
Y pobori [2] 6ysio BcranoBIEHO yMOBHU icHYBaHHs y piBHsiHHs (1)
P,(Yy, Y1, \o)-pose’si3kiB y Bunajsky Ao € R\{0, 1}.

Mertoro ganol poboTr € BCTAHOBJIEHHST HEOOXITHMX 1 JOCTATHIX YMOB iCHY-

Yy [to, w[— Ay, gmy“)(t) =Y; (i=0,1), (3)

Bannsi y pisasiaus (1) B, (Yp, Y1, £00)-po3B’s3KiB, a TakoK aCUMITOTHIHUX
300pakeHb npu ¢ 1 w JJIsd UX PO3B’A3KIB Ta 1X MOXiJHUX TEPIIOr0 MOPSIIKY.
BayBaxkumo, 1o y pobori |5] BcTaHOB/IEHO HACTYIHI ANPIOPHI ACHMIITOTH-

qui crisBignomenus P, (Yo, Y1, Ao)-po3B’g3KiB, M0 PO3IIISIAI0THC:

T ()y'(t) _ 0 me(My"(t) _ 0 pu w
y(t = [1+o(1)], vt (1) wmpn tTw, (4)
ze
t, SIKIIO W = 400,
Tw(t) =

t—w, gKIo w < 400.

HaBe,HeMO HaCTyHHi O3Ha4YeHHA.

*TIpu Y; = +oo(Y; = —00) BBaxkaemo, mo ¥y > 0 (y! < 0) simmosizmo.
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Oznauenns 2. Hexait Y € {0,00}, Ay — nesikuit ognobianuit oxin Y. He-
nepepsHo audepentitoaa Gyukmis L @ Ay —]0; +0o] HasuBaeTbCs HOpMa-

Ji30BaHOIO TOBLILHO 3MiHHOW dyHKIieo npu y — Y  (y € Ay) ( [6], ¢.2-3),

SKIITO
L/
lmy yL (v) _ 0.
o (v)

Osnavenns 3. ['oBopsTh, Mo MOBLIBHO 3MiHHa pn §y — Y (y € Ay) dyn-
kiist 0 : Ay —]0; +00[ 3a10BlIbHSIE yMOBY S IIpU [PsIMyBaHHI apryMeHTy JI0
Y (auB., Haupukiaax, y [5]), sxmo mist 6yib-sKol HOpMAaJIi30BaHOI MOBLIBHO
sminnol ipu y — Y (y € Ay) dyukuii L : Ay —]0; +00[ mae micue crisij-

HOIIIEHHA
O(yL(y)) =0(y)(1+o(1)) mpuy =Y (y€ Ay).
OCHOBHI PE3VJIbBTATHU
OTpuMaHO HACTYIIHY TEOpeMmy.

Teopema 1. Hexati o1 # 1, dynxuia p1(y)|y'|~7" 3adosoavrae ymosy S npu
vy = Y1 (v € Ay,). Todi, xoocen P,(Yy,Yr,+£00) — pose’aszox dugpepeni-

anvho20 pienanns (1) moorce bymu npedcmasaenuts y eueandi

y(t) = mo(t)L(t), ()

de L : [to,w]— R — deiui nenepepero dugeperyitiosna Pyrkyia mara, wo

YrL (L) >0, L'(t)#0 npu t€[ty,w] (to <t <w), (6)
. . . Ww(t)Ll(t)
lim L(t 0;£ | t)L(t) =Yy, lim ——=——==0. 7
i L(1) € {0500}, Hmmo(1)L(0) = Yo, lim ™ot (7)
Ipu yvomy, y eunadky icHYSaHHA CKIHYEHHOT 600 HECKIHYEHHOT 2DAHULT
My ()L (t)
lim ——=——= 8
e LI(t) ®)
MAOMb MICUE HACTYNHE CNIBEI0HOWEHH.A
()L (t)
ltlTIBW =—1, aol'(t)>0 mnpu tet,wto<ti<w), (9)

agL/(t)
o) = 0 )
(LI 01 (ma(t)) - 90 (L) |1+ =0EO])

npu t 1 w. (10)
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Hosenennsi. Hexait dyukuist y : [to, w[— Ay, P,(Yo, Y1, £o0) € poss’ss-
koM piBasinus (1). Toxni manuii po3s’s30K Ta #i0ro NOXiAHI IEpIIoro Ta APyroro
HopsAJKIB 36epiraloTh 3HAK Ha JESKOMY HPOMIKKY [t1,w[(typ < t1 < w) Ta
BUKOHYIOTbCs yMoBu (4). Y cmy nepmoi 3 ymos (4) icuye (7], c¢.15) raka
HOpMaJIi3oBaHa MOBLIbHO 3MiHHaA npn ¢ T w dbyskuis L(t) : [to,w[— R, sika
3a,10BOJIbHsIE HepILy 3 yMoB (6) Ta ocTanHio 3 yMOB (7), a TAKOXK, [ SIKOI Ma€
micre piBaicTb (5).

3 (4) ta (5) BunMBAaE, 10

Y (1) = L(t) [1 + ”‘”(If)(f)/(t)

3BiJIKH, 3BazKaroun Ha (3), BUKOHYIOThCs TIepIia Ta Apyra ymMosu (7) Teope-

}:L(t)[l—l—o(l)] upn ¢t T w, (11)

M.
3 (5), (11) Ta, ockinbku, y € po3s’s3koM piBHsiHHs (1), TO Mae micie pis-
HICTH

2L'(t) + 7 (1) (1)L (t) = aop(t)po(me () L(t)) 1 (y' (1)) (12)

Y BUIIQJKY iCHYBaHHSI CKiHYeHHOI ab0 HecKiHdeHHOI rpanuni (8), BUKOPH-
cropytoun npasuio Jlomitass y dopmi [lltosbia, 3 ypaxysauusm ymos (6) ta
(7), maemo

. mw(t)L(t) . L (t)
0=Ilim ——F——=1+lim ———, 13
no L) M 770 (13)
3BijKK BuiumBae nepiia 3 ymos (9). 3 (12) ta (13), maemo npu ¢ T w

aop(t)eo (L(t) [1 + W]) o1 (my () L(t)) = L'(t) [2 + W] =

= (D[ + o(1)].

Ockimbku byukmis 61(y") = ¢1(y')|y'| 7" 3amoBonbrsie ymoBy S Ta BHKO-

Hyerbes (11), o

aan(thgo (10 |1+ O] m 020161 0) =

=L ()1 +o0(1)] npu t7tw.

Orxke, cupaBeyIMBUME € JIpyra 3 yMoB (9) Ta acUMIIOTHYHE 300parKeHHsI

(10). Teopema oBeseHA.
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OsnaveHHs 4. ByjeMo roBopuTH, 10 BUKOHYETHCS yMOBa, N, SIKIIO ISt JIe-
[t07w[—> R(to € [CL,WD,

sikoi HerepepBHO nudepentiiiosrol dyukiii L(t)
(14)

sIKa, 3a,10B0JIbHsAe yMOBH (5)-(7) Ta (9), Mae Micie 300parzkeHHsT
[+ 7@,

OéoL/(t)
t)L'(t
(L)(t) : ):| )

p(t)
T (L1701 (ma(8)) - 0 (1) [1+ 2
qe r(t) : [to, w[—] — 1; +00] — HenepepBHa (DYHKIIisI, SIKa IPSIMYE JI0 HYJIsI TIPH

tTw.
Bsenemo macrtymnHi mo3HadeHHs
po = signep(y'),  01(y) = e1(w)lyl~7, X (t) = L(t) - ex(t),
PAOAY
) — L2(t)gp (X (1) a(t) = <@3(y>>
T (t) L' (t)po (X (1)) b\ 2 ’
(@8(?;)) y=X(t)
To(t) L (t)

t)y=1
e1(t) + 0
Mgt mux ynkiiii, y cuity (2) Ta (7) BUKOHYIOTHCsSI HACTYIIHI TBEP/KEHHSI:
(15)

lime;(t) =limes(t) =1
(16)

1)
e e
lin H(t) = +o0, lin a(t) =0,
2) SKIIO iCHY€ IPaHUIS
L(t) H'(t)
3
3

1#3 L'(t) ' |H(t)|
(17)

UOI

lim L(t) .
to L'(8)  |H(t)|2

TO/1
Hiiicro, B TBepKennst (15) Genocepenbo BuimBaioTh 3 ymoB (7) Ta (9).

Tepzkennst (16) BUILIMBAIOTH 31 CIIPABEINBOCT] TBEP/XKEHb:
1
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(%wwg’
(X ()eh(X(1) _ |, \#(X(1)
(wh(X(1))* (X (1)
PH(X(2))

TBepmkennst (17) 1OBOIUTHCS AHAJOTIYHO JI0 BIAMOBIHOTO TBEPJIZKEHHS,
HaBesieHoro y pobori €sryxosa B.M. ta Yepnikosoi AT [3].

CrpaBe JIMBOIO € HACTYITHA TeopeMa

Teopema 2. Hexati 01 # 1, Ppynruia 01 3adososvHiae ymosy S, 6UKOHYEMBCA

ymosa N ma
. Tw(t)L(t) 1
lim ————=|H(t)|2 = . 1
im PO (@ =, 09 <0 (15)
Todi 3a ymosu

aopoyo > 0 (19)
dugpepenuiarvre pienanms (1) mae odnonapamempuyuny cim’o Po,(Yo, Y1, £00)-
PO36’°A3KI6, OAA KONCHO20 3 AKUT MANOD MICUE HACTRYNHE ACUMNIMOTMUNHE 30~

bpasicerna npu t T w:

y(t) = mo(t) - L) (1 + o(1)), (20)
/ po(X (1)) L,
y(t) = X(t)+ X (D) [H(t)]2 - o(1) (21)

HoBenennsi. o piBusinusg (1) 3acrocyeMo nepeTBOpeHHs

y(t) = o (t) - LX) - [L+ 21 (2)],

roen _ Po(X (1))
Yy (t) = X(t) + m : ZQ(t)'
OTpumyemo cucreMy qudepeHIialbHuX PiBHAHD
o= Ml(t) Jeerz 4+ 14 K(H)er(t)za), (22)
- wo(X (1))
2o = L'(t) - ea(t) - mx
aop(t)|m(t) - L(1)|7101 (7w (1)) po(Ya(t, 22)) - N(E,21)
L'(t)

XL+ 2] =142 -q(t)], (23)
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e
_ wo(X(1)) 01(Y1(t, 21))
BO=xoexer M= o
_ _ wo(X (1))
Yi(t,z1) = mo(t) - L(t) - [L+ 21(8)],  Ya(t, z0) = X(t) + m - 29(t).

Ockinbku dyukiist Yi(t, 21) € NpaBUIbHO 3MIHHOIO TOPsiIKY 1, dyHKIs 01

3aJI0BOJIbHSIE YMOBY S, TO

11
ltle N(t,z1) = 1 piBHOMIpHO 38 2] € [— ] . (24)
w

Y cuny ymosu N

aop(t)|me () L(£) |7 01 (7 ()0 (Ya(t, 22)) _ po(Ya(t, 22))
L/(t) - @Q(X(t)) [1 + (t)] (25)

Posknasaroun nipaBy gacruny (25) npu dikcoBanomy t € [t1;w]| 3a dopmy-

Jioto MakJjiopena 3 3amumikom y ¢opwmi Jlarpanxka, maemo,

oMt 21)) L+7@)]=[1+7®)] (1+22)+ R(t, 22),

po(X (1))
e
R(t,20) = [1+7(t)] - i <X(t) ’ izggg% £> T
yR2) = r T 22,
wo(X (1))
€] <[22
OcKiJIbKH,
Y2 = X0 1+ sgpm 5] !
o (X ()
T0 3 ymoB (2) Ta (7) BUILIUBAE, 110
9062 X(t) + S09(X(t)) £
o (x0+ H 5N ¢ - (xor 3z o >> [+ di(t)]
€
)

Jie
11
ltlTrS dy(t,z2)= 0 piBHOMIpHO 3a 2 € [—2 2]
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Ba semoro 1.2. 3 [3] Tak, sk @o,p) € I'v;(Z1) 3 gogarkoBow GyHKIED

g= % TO CIIPABEJJINBOIO € PIBHICTH

/oy
0

Pl ) ARXD) ¢

o (x0+% L e )],

e
lim dy (£, 25)— 0 pismoni e|-L1
im z9)= 0 piBHOMIpHO 3a z ——,=.
poo) 1\t 22 p P 2 979
Omrxe, mo st Oyab-sikoro € > 0 icHytors Taki t1 € [to;w[ Ta 0 < § < %, 10

|R(t,20)| < (1 +¢€)|20* mwpum t € [t1;w],|21] < 0. (26)

Bubupaemo noBisbHUM 9rHOM 4ucsio € > 0 Ta po3risiHeMo cucremy (22)-(23)

Ha MHOXKHHI
1
0= [tl;w[xD, ,Z[eD:{(Zl;ZQ) ERQ, |21| Sé, |ZQ| < 5}

Cucrema (22)-(23) na Q mae Buj

7 = Ml(t) [A1121 + Ara29 + 1, (27)
b wo(X (1)
2o = L'(t)ea(t) - @S(T(t))x
X [Agl(t)zl —+ Agg(t)ZQ + Rl(t, 21, 22) + Rg(t, 21, 22)] , (28)
e
A11(t) = —e1(t), Az =K(t)ei(t), Aan(t)=o01, Axn(t)=1,
Ri(t, 21,22) = <(1 ha r612)@]\7)(t, ) 1) (1+ 0121 + 22) + q122,
Ry(t, 21, 22) = S Telg)(tN)(t’ & (012122 + (14 22) (L + 21)7 =1 —0121)) +
—i—R(t, ZQ) ) (1 + 22)(1 + Zl)glN(t, 2’1).

€9 (t)

BayBaxkumo, 1o 3 ypaxysauusm (2) ta (15),

limA11 == *1, limA12 =0.
tTw tTw
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Kpim Toro,

1
lim Ry(t;21;22)= 0 piBHOMIpHO 3a 21,29 : |2i| < =, i =1,2.
t——+o0 2

Ry (t; 215 22)
m —F==
t=+oo |z1| + | 22|

Bacrocyemo 1o cucremu (27)-(28) 1omaTKOBe IEPETBOPEHHST

z1(t) = v1(t) (29),
2a(t) = | H (1) Zus(t) (30).
VY pesyibTaTi 0TpUMaEMO
1
’Ui = ﬂw(t) . [cll(t)vl + c12v2 + 1], (31)

| L(t) H'(t)signH(1)
vh = h(t) C21V1 + C2oU9 + — - . U
’ 2 L) HE)?

+W-Rl<t,m, |H<t>|%v2<t>>+7““(£)(f)'(“-fz2<m1, H®)Fos(t)) |, (32)
e

00 = EOXD ), = e, = KOaIHOR (33

c21 = WAm, cop = W : !H(t)!% - Ago
3 (6),(7) maemo t
/h(T)dT = +o0. (33)
3ayBakK1UMO, II10
K(Oe (00} = oo Do) =
EGIERI0) 1 L(t)

Orxe,
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. . . 1 Qoo
lim c19 = lim K (t)eq (¢)signH (¢)|H (t)]|2 =
iz = lim K (t)es ()signd (O] (1) = 22
3 (14)-(16), (22) Ta (23) maemo
ltlTrolJl €22 = Q4070 1#;1 c21 =0 (34)
3(17) maemo
1 L(t) H'(t)signH(t
hm* . I( ) . ( )Slgn:‘) ( ) — 0 (35)
thw 2 L'(t) |H(t)|2

Orxke, XapaKTepUCTUIHE PIBHSIHHS IPAHUIHOI MATPUIL KOEDIIIeHTIB mpu

-1 o0
Yo
0 agrovo

(p — aopor0)(p+1) = 0.

U1 Ta U2

Ma€ BU/JL

3 yMOB TeopeMu BUILIUBAE, 110 Y IBOI'O PiBHSHHS PIBHO J[Ba JIICHMX KOPEHIB
PpI3HUX 3HAKIB.

Otrpumyemo, 1m0 Jyist cucremu judepeHniaibHuX piBHsAHb(31)-(32) BukoHa-
HO BCi ymoBu Teopemu 2.2 3 [4]. Bigmosinso 1o 1iel Teopemu cucrema (31)-(32)
Ma€ OJIHOTIAPAMETPUIHY CiM'10 po3B’askis {v; }2_, : [t*, +oo[— R? (tx > t;),
JKI IPAMYIOTE 110 Hysisd upu t 1T w. [luMm po3s’si3kaM BiAMOBiHai0OTh PO3B’SI3KU
Y [t*, +oo[—> R (tx > t1) piBasiaHs (1), m0 JoIycKaTh 1pH ¢ 1 w acUMIITO-
TraHi 300pakennst (20)-(21).

3 Buay nux 300paykeHb MaeMo, 1o orpumani po3s’ssku € B, (Y, Y1, £00)-

posB’s3kamu piHsiHHs (1). Teopema 1oBHICTIO j10BeIEHA.

BucHOBKU

Omrxe, st audepeHIiajbHIX PIBHSIHB JIPYTOrO TOPSJAKY, SKi MICTSTH Y
npaBiit gacTwHi JO0OYTOK MPABUIBHO 3MIHHOI (DyHKINT Bif HeBimoMol yHKITT
Ta MBUJIKO 3MIHHOT (DyHKIHT Bl OXigHOT! HEBiTOMOI (DYHKIIT IpU apryMeHTax,
IO TIPSIMYIOTh, BiZIIIOBITHO, /10 HyJ/Is 00 HECKIHIEHHOCTI, OOy T0BAHO aCUMIITO-
TUYHI 300parKeHHsI PO3B’S3KIB Ta 1X MOXIHUX HEPIIOro nopsijaky. OTpuMaHHO

HeoOXimHi Ta mocTaTHI yMoBH icHyBaHHs moBiabHO 3minaux B, (Y, Y1, +00).



P, (Yo, Y1, £00)-po3s’asku piernnd 3 pidnozo muny HEATHIGHOCTRAMUY 93

CIucoK JIITEPATYPU

. Bingham N. H. Regular variation. Encyclopedia of mathematics and its applications.
/ N. H. Bingham, Goldie C.M., Teugels J.L. — Cambridge university press. Cambridge,
1987. — 494 p.

. Yenok O.0. Acumnrornyni 306pakents npasuibno 3aminnux P, (Yo, Y1, Ao) —po3s’sa3kis
JTudepeHIiaJIbHOrO PIBHIHHS JIPYTOro MOPSIIKY, K€ MICTUTDh JJOOYTOK PI3HOIO THUITY HeJIi-
HiliHOCTel Biz HeBimomol dynkuil Ta 1T moxinxoi. / O.0. Henok // Hesniniitai KosmBaHHSI.
—2022. — T. 25, Nel. — C. 133-144. ISSN 1562-3076.

. Evtukhov V. Asymptotic Behavior of Slowly Varying Solutions of Second-Order Ordi-
nary Binomial Differential Equations with Rapidly Varying Nonlinearity / V. Evtukhov,
A. Chernikova // Journal of Mathematical Sciences. — 2019. — Vol. 236. — P. 284-299. doi:
10.1007/s10958-018-4111-7.

. Evtukhov V. Conditions for the existence of solutions of real nonautonomous systems
of quasilinear differential equations vanishing at a singular point / V. Evtukhov, A.
Samoilenko // Ukrainian Mathematical Journal. — 2010. — Vol. 62. — P. 56-86. doi:
10.1007/s11253-010-0333-7.

. Evtukhov V. Asymptotic Representations of Solutions of Nonautonomous Ordinary Di-
flerential Equations with Regularly Varying Nonlinearities / V. Evtukhov, A. Samoilenko
// Differential Equations. — 2011. — Vol. 47, No. 5. — P. 627-649.

. Maric V. Regular Variation and differential equations / V. Maric. — Springer (Lecture
notes in mathematics, 1726), 2000. — 127 p.

. Seneta E. Regularly varying functions. Lecture Notes in Mathematics / E. Seneta. —
Berlin: Springer-Verlag, 1976. — VIII, 116 p. doi: 10.1007/BFb0079658



94 Yenox O. O.

Chepok O.O0.

ASYMPTOTIC REPRESENTATIONS OF THE F,,(Y), Y1, £00)-SOLUTIONS OF THE
SECOND ORDER DIFFERENTIAL EQUATION, WHICH CONTAINS THE PRODUCT
OF DIFFERENT TYPES OF NONLINEARITIES FROM AN UNKNOWN FUNCTION
AND ITS DERIVATIVE

Summary

The study of asymptotic representations of solutions of differential equations,
in particular, of the second order differential equations, which contain non-
linearities of various types in the right-hand side, play an important role in
the development of the qualitative theory of differential equations. This paper
considers the type of differential equations of the second order, which con-
tain in the right part the product of a regularly varying function from an
unknown function and a rapidly varying function from the derivative of an
unknown function when the corresponding arguments tend to zero or infin-
ity. Necessary and sufficient conditions for the existence of slowly varying
P,(Yp, Y7, +00) solutions of such equations have been obtained. Asymptotic
representations of such solutions and their first-order derivatives are also ob-
tained. Note that when additional conditions are imposed on the coefficients
of the characteristic equation, such P, (Y, Y1, £00)-solutions of the equation
exist as a one-parameter family. Similar results were obtained earlier when
considering second-order equations, which contain in the right-hand side the
product of a rapidly varying function from an unknown function and a regu-
larly varying function from the derivative of an unknown function when the
arguments tend to zero or infinity. For the equations considered in this paper,
similar results are new.

Key words: nonlinear second-order differential equations, asymptotic represen-
tations of solutions, P, (Yo, Y1, Ao)-solutions, rapidly varying functions, regu-

larly varying functions, slowly varying first-order derivatives.
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BcTryn

Posrisinemo nudepenrianbie piBHAHHS

y" = aop(t)y|In]yll°, (1.1)
ne o € {—1,1}, 0 € R, p : [a,w[—]0, 4+00[ - HenepepBHa dyHKIisg, —00 <
a<w < 4oo*.

IIpobema oTpuMaHHsT yMOB iICHYBaHHSI PO3B’sI3KiB 3 IEBHUMU BJIACTHUBOCTSI-
MM JIJIsI JIESIKAX KJIaciB quepeHIiiajbHuX PIBHSHB TPETHOTO MOPSJIKY HEOHO-
pa3oBo migHIMaIach y poboTax JOCIIHUKIB ¥ raIy3i aKicHOI Teopil 3BUIaitHux
JudeperIiiaJbHuX piBHsAHb. OCHOBHI PE3YJIBTATH JIOCTII?KEHb [TOHAJ TPU Je-

cATIWINHTTS Ha3al] copmyaboBano y monorpadiax I. Kirypanze ta T. Hantypil

*Baxkaemo, mo a > 1 npu w = toonuw —a < 1 npu w < +00.

Haditiwna 11.06.2021 (© Illapait H.B., Illnakapenko B.M. 2022
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[1] Ta M. I'peryma [2|. 3Baxkatoun Ha IPUKJIAHI 3aCTOCYBAHHS Ta PI3HOMAa-
HITHICTB TPOOJIEMATUKY, JOCTIIPKEHHS 3BUYaiiHuX I epeHIiajlbHIX PIBHIHb
TPETHOTO MOPSAKY € aKTYAJIBbHUM i B HAII Yac.

Posp’st30k y piBusung (1.1), axwuit 3ajanunii i BiaMinamil B Hy/Is Ha mpo-
MiKKY [ty,w[C [a,w], Oyaemo Hasusatu P, (o)~ po3B’a3KOM, SIKINO BiH 3a10-
BOJIBHSIE HACTYITHUM YMOBaM:

" 2
imy® @ =4 0 01,2, W g
thw abo =+ oo w3y ()Y (t)

B po6orax [3 — 5| auist pisasians (1.1) Gysin BcTaHOBJIEHI YMOBY ICHY BAHHSISI
P, (Xo)- po3p’si3kiB y Bunajky, skio Ao € R\ {0}, a rakox Gyiu omepkanu
ACUMIITOTUYHI TIOJAHHS I TAKUX PO3B’si3KiB Ta 1X MOXiJHUX JIO JPYTrOro Io-
PsIKY BKJIIOUHO. [Ipy 1iboMy BCTAHOBJIEHA KLIBKICTH PO3B’SI3KIB 13 3HANICHIM
ACUMIITOTUIHUM 300PaKEHHSIM.

B pobori [6] muist qudepenifiagbHOro piBHSIHHS JIPYTOrO MOPSIAKY BHUIJISIILY
(1.1) orpumani ymoBu icHyBanusi Ta acumuroruka P, (0)-po3s’s3kis.

Metoro naH0l pobOTH € BCTAHOBJIEHHST HEOOXIIHUX Ta JIOCTATHIX YMOB iCHY-
BanHs y judepenniaabhoro pisasiaas (1.1) P, (0)— po3s’3kiB, a TaKOXK aCHM-
MITOTHYIHOTO 300paskeHHsI IpH ¢t T w IS BCIX TAKWX PO3B’3KIiB Ta IX MOXITHUX
JI0 JIPYTOro HOPSIIKY BKJIIOYUHO.

2. JlommoMikHi TBepaKeHHS

JLiist oTpuMaHHs Pe3yJIbTaTiB MO0 ACUMIITOTHIHOTO TIOBOJIZKEHHS PO3B’I3KiB
nudepeniianbaoro piBastabs (1.1), cdopmynoemo aBi Jiemu, mepiia 3 KX
[OB’s13aHa, 3 AIPIOPHIMI ACUMITOTHIHUME BiaacTuBocTsMu P, (0)—po3B’s3Kis,
JpyTa jeMa — 3 iCHyBaHHsIM 3HUKAIOUUX B OKOJI OCOOJIMBOI TOYKM PO3B’SI3KiB
KBa3lMiHiftHUX cucTeM qudepeHIiaabHX PiBHIHb. BBeeMo HeoOXiHY y MOIa/Th-
oMy (PyHKIIIIO
() = t, AKINO W = +00,

Telt) = t—w, gKImo w < +o00.
Ha mixcrasi nemu 10.6., sixka nosenena B pobori [7] (Imasa 3,810, crop.

143-144), MOXKJIMBO OTPUMATH HACTYIIHE TBED/?KEHHSI

Jlema 1. /las woorcrnozo P, (0)— pose’sasky dugepenuiarvrozo pieuanna (1.1)

Maoms micue npu t T w HacmynHi aCUMNMOMUYNHE CNIGEIOHOUEHHA
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)~ a0 0, o0 =o( L), (2.1)
)y ()

V sunadky ichysanns ckinwenoi abo pienoi £00 eparul l#m% Mae
ttw
Micue cnieeioHOUEHHA
!
m y" (1)
y o (t) ~ — npu tTw. 2.2)
0~ (

Jaui, posriasgHeMo cucTeMy audepeHItiaJbHIX PIBHIHD

3

v}, = h(t) [fk(tyvlav%vi’)) + Zlcsz' + Vk(vl,v2,v3)] (k=1,2),
1=
3

(2.3)
vy = H(t) |:f3(t7vlvv27v3) + ;CSiUz’ + Vi (v1, U2,U3)} ,

B sKiit ¢; € R (k,i = 1,2,3), h, H : [to,w[— R\ {0} nenepepsuo nude-
pemritiopani bymukil, fi : [to,w[xR3 (k = 1,2,3)— Henepepsni dbymkmii, mo
2

3a10BOJIbHAIOTDH yMOBI/I
liTm fr(t,v1,v2,v3) =0 pisromipro o (v, v9,v3) € RY, (2.4)
tTw 2

e
3 3 1 .
Ri = < (v1,v2,v3) € R :|v¢]§§ (1=1,2,3) ¢,
2

aVg: R?i — R (k = 1,2,3)— nenepepsuo jaudepeniiiioani dbyHKIGT Taxi,
2
1o

aVk (tv 07 Oa 0)

o =0 (i,k=1,2,3). (2.5)

Y BignosigHoCTi 3 Teopemoio 2.6 3 paboru B.M. €sryxosa Ta A.M. Camoii-
nenka (8] miast cucremu udepeHIiaibHUX PIBHSAHDb BUrIsay (2.3) mae micie

HaCTyIIHE TBEPI2KECHH.

Jlema 2. Hexat ¢ynxuit h v H 3adosoavharoms ymosam

lim i /H )dr = o0, lim Hl(t) (Z(;)))/ —0.  (2.6)

Hexati, oxpim mozo, daa mampuys Cy = (Cki)iizl uCy = (Ckz)i i1 BUKONHYIO-

muea nacmynni ymosu: det Cs # 0, a Co He MaE 8AGCHUT 3HAUEHD 3 HYABOBON)
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diticroro wacmunoro. Todi cucrmema dugepenyiarvrur pietans (2.3) mae npu-
natimi 0dun pose’asox (vg)i_; : [t1,w[— RY (to < t1 < w), axud npamye
do Hyaa npu t T w. Biavw moezo, axwo cepeé saacrux 3naversb mampuyi Co
€ M BAACHUT 3HAYEHD (3 YPATYSAHHAM KPAMHUL), QiCHT 4ACTNUHY AKUT Mi-
cmamo 3nak, npomuaestchul suaky Gynkyii h(t) na npomiocky [to, w[, mo npu
suKONaHHE Ha npomicky [to, w| nepienocmi H(t) (det C3) (det Ca) > 0 maxux
po3e’askie y cucmemu (2.3) icnye m- napamMempuuna cim’s, a npu uKOHaHHI

npomusescnoi nepishocmi — (m + 1)-napamempuuna cim’s.

OCHOBHI PE3VJIbTATU

st popMyIIOBaHHS OCHOBHOTO PE3YJILTATY BBEIEMO JOTOMIXKHI pyHKIT

Pi(t) = [ p(7)dr, Py(t) = [ Pi(1)dr,
/ /

Ja(t) = /WW(T)p(T)|ln\7rw(7')]|‘7d7', 1(t) = /JA(T) dr,
A a

e
w
a, skmo [ p(r)dr = +oo,
A = @
w, axmo [ p(7)dr < +oo,
a
a, SIKIIO f | Py ()| dT = +00,
Ay =
W, SKIIO f |Py(7)| dT < +00,
a, SAKIIO f|7rw 7) |in|my, (7)||7dT = +o0,
A pu—
w, SIKIIO f|7rw 7) [In|m, (7)||7dT < 400,

Teopema 1. IIpunycmumo, wo icuye (ckinvenutd abo piehut £00)

lim 7w (t) Ty (t)
tTw JA(t)
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Jlugpepenuianvre pienanns (1.1) mae P,y (0)-po3s’asku modi i miavku modi,

KoAaUu 6UKOHYIOMBCA YMOBU

. T (t) S (1) :
limm,(£)Ja(t) =0, lim —~2A — 1 Jim I(t) = £o0. 3.2
lim m, (£)Ja (1) = lim I(t) = o0 (32)

Ipu yvomy Koorcen i3 marxuxr po3e’3Kie Jonyckae HACMYnHi GCUMNIMOTUNHE

300pastcenta npu t T w :

gy~ M@+ (3.3)
Infy'(t)] = col (£)[1+ o(1)] (3.4)
y”(t) B
g~ cola@ll+o()]. (3.5)

Biavw moeo, axuwo ymosu (3.2) sukonani, modi dugepenuyiarsore pieHAHHA
(1.1) mae deo-napamempuuny cim’o po3e’aA3Kie, AKa MAE ACUMNIMOMUYHT PO3-

sunenna (3.3) — (3.5) nput T w ax y sunadky w = 400, mak i w < +00.

Hosenennsi. Heobxiowicmy. Hexait y : [t,, w[— R noBlmeamit P, (0)-
po3B’s30K nudepeniianbaoro pisasinas (1.1). Toxi, B BimoBiqHOCTI 3 03HAYE-
uusm P, (0)— poss’asky ichye tg € [ty,w| Taxe, mo In|y(t)| # 0 Ha mpomix-
Ky [to,w], 1 3a semoi0 2.1 BUKOHYIOTHCSI aCUMIITOTHYHI criBBigHomenHs (2.1).
BiamosigHo 70 meprioro i3 acMMTOTHYHEX CHiBBigHOIEHb (2.1) MaeMo acum-

nToTudHi 300pakerHst (3.3), 3 AKUX, 30KpeMa, MaeMo

y(t) ~ mu(t)y'(t), mpm t1w.

L[e O3HaYa€, IO BUKOHYETHCsA 3o6pa>1<eHH;1

mpu t T w,

Hane 300pazKkeHHs1, Ko w = +00 (3a O3HAYEHHAM T, (t) = t), cynepeunTnb
ocrauaboMy criBBignomenuo (2.1). Ilpn w < +oo sKio npoiTerpysary,
OJIEPKYEMO

In|y(t)| ~In|m,(t)] upm t1 w.

B cnty nux acumnroTnaHuX criBBigHOMeHb 3 (1.1) orpumaemo

y"(t) = aop(t)m ()| In |7 ()] 7y (O [1 + o(1)] mpu ¢ 1w,
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TOI
i/((tt)) = aop(t) 7y, ()| In |7, (D)]|7[1 + o(1)] mpu ¢ 1 w. (3.6)
OckinbKu 0 , " W2
y Y Iy
(53) =5 1~ e
i 3 oznavennst P, (0)- po3s’sasky
o OP

thw y" (t)y'(t)

3Bigkn

SO v
<y'<t>> g e

Tomy acumrrrorudHe criBsigHomeHHs (3.6) MOKHA 3aIMCaATH Y BULJIST

(L9) = aopttyme( mlma 00+ o) mpn o1

[aTeprpytfoun mane criBBigHOIIEHHS Bil tg 10 ¢, OIEPKYEMO
t

) = cg + ag /p(T)T{'w(T)| In |7, (7)]|7[1 + o(1)] dr, (3.7)

to

Jie ¢g crasia, abo 3 ypaxyBaHHsSM BHOOpPY T'paHUIl iHTerpyBaHHst A B yHKITT

Ja

y'(t)
O) =c+apJa(t)[1+0(1)] mpu t1 w,
e
A
¢ = co+ag /p(T)m(T) n | (7|11 + 0(1)] dr-

VY Bunajiky, koo A = a, inTerpas y npasiit wacruni (3.7) npsimye 10 +00 11pu
t 1w, irToai (3.7) Moxke GyTH IEpENUCAHO B BULJIsIL
y"(t)
y'(t)

[Tokazkemo, 1110 y BUMAJIKY, KOJIM IHTErpaJ y mpasiit gactuui (3.7) upsiMye 110

=apJa(t)[l +o(1)] mpu t7Tw. (3.8)

HyJst npu t T w, TOjl TaKOXK BUKOHYETHCs CHiBBigHOMIEHHs (3.8), T06TO MU

Ma€eMO

=c+o(l) upn tTw.
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e 306pazkenHsi, Koau w = +0oo (100610 Ty, (t) = t), CylepeunTb OCTAHHBOMY
cuiBBinHomenHo (2.1), a gKmmo m,(t) < 400, TO NUIIXOM IHTErpyBaHHs OJep-
JKYEMO

Inly'(t)] =c1 +0(1) npu tfTw (c; = const),

1o cynepednTs nepiriit ymosi (2.1). Tomy B KOXKHOMY 3 JIBOX MOXKJIMBHUX PO3-
IVISTHYTUX BUIAJIKIB BUKOHYETHCSI ACUMIITOTHYHE CIiBBigHOIEHH: (3.8), TO6TO
BUKOHYy€TBHCs (3.5), 1 38 JOMOMOT0I0 OCTAHHBOTO 3 ACHMITOTHYIHUX CIIBBiIHO-
mieHb i3 (2.1) BuKoHyeThesi nepiia ymosa (3.2).

Kpiwm Toro, 3 (3.7) Ta (3.5) Bumsmsae, 1o

VIO SO Loy e 1w,

Toni
()Y () _ 7w (t) Sy (t)

y'(t) Jalt)

i B cuity icynBanns rpanuni (3.1) (ckimuenoi abo piBHOI £00) Ta KOPHCTYIO-

[140(1)] npu tTw (3.9)

9HCh JIeMOI0 2.1, IPUXOMMO JI0 BUCHOBKY, 10 3 ypaxyBaHHsM (2.2), i3 (3.9)
BUILIMBAE CIIPABE/JIUBICTD Jpyrol 3 ymMoB (3.2).
Kpim Toro, inrerpupyun cuissigHomienHs (3.8) Ha MPOMEXKYTKY BiJl to 110

t, OTPUMYEMO

In |y ()| = ¢+ ao / Ja(T)[1+o(1)] dr.

Ockinbku, 3a ozHadenusiM P, (0) -poss’saskis, limIn |y (¢)| = oo, Toai Tpers
tTw
3 yMOB (3.2) BukoHaHa i Iie criBBijHOIIEHHST MOXKe OyTn 3anucano sK (3.4).
Jlocmamnicmy Hexait ymosn (3.2) Bukonani. [Tokazkemo, 1o y oMy Bu-
najKy nudepenriasnbie pisusnis (1.1) mae P, (0) -po3B’si3KH, IO JIOMYCKAIOTH
upu ¢ T w acumnrornyai 306paxkenss (3.3)-(3.5) 1 amMo BiANOBIIb HA TINTAHHS
PO KiTBKICTH PO3B’SI3KIB 3 TAKUMHE BJIACTHBOCTSIM.

OCKIJIbKY BUKOHYETHCSA TOTOXKHICTH

ma)a(t) = =0 1),
TOzi 3 yMOB (3.2) BHUILIHBAE, IO
lim T Jal) _ (3.10)

tTw I(t)
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Kpim Toro, 3a npasusom Jlomitams

i I(t) = lim =
lggm—lﬁw w(t)Ja(t) = 0. (3.11)

BacrocoBytoun 10 pisasins (1.1) meperBopeHHst

v — o [ +o1(t)]

YA — o Ja(t)[L + va(t)], (3.12)

Inly' ()] = ao(£)[1 + v3(t)),
OJIEPYKUMO CUCTEMY TuDEpPEHITIaIbHUX PIBHIHD

() =~ — agJa(t) (1 +v1)(1+ v2),

<

= a0 4 ) — agda(t)(1 + )2+

Y2 = 77,0
J(t) In |7y, (t) (14v1)]|° I(t)(14v o
54 (1 on) PR 1 4 oo gty |7

vh = T (14 vg) — T (1 + vy).

I(t)
Ilozmaunmo
1 Ja(t)
h(t) = H(t) = 51(t) = oy, (£)Ja(t),
0= gy HO=Tph 0= am@ a0
7o () (1) ol (1) In|1+ v
2( ) JA(t) + 1, 3( ) ln‘ﬂ'w(t)r 4( ) 1) ln‘ﬂw(t”
Ta IEPEIUIIEMO OJEPXKAHY CUCTEMY InepeHIialbHuX PIBHAHIHD Yy BULJISII
(W) = ht)[fi(t,v1,v2,03) —v1]
vh = h(t)[fa(t, v1,v2,v3) — v1 + V2], (3.13)
vy = H(t)[v2 — 3],

ne dyukil fi(t, vy, va,v3), fa(t, v1, v, v3) MAIOTH BUTJIST

fl(t,vl,UQ,Ug) = 51(t)(1 + 2}2)2 — (52(t)(1 + 1)2),
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fz(t,vl,vg,vgg) = 51(t)(1 =+ ’U2)2 — (52(t)(1 + Ug) + (1 + Ul) .

Ja(t) 1+ 04(t,v1 ’

Ockinbku BuKoHyoThest ymMoBH (3.2) Ta (3.11), mus dyskiiii 61, de, d3, 04 BU-

1+ |14 84(t,v1)|7|1 +

KOHYIOThCS TPAHUYHI CHiBBITHOIIEHHS

ltiTm yi(t)=0 (i=1,2,3) (3.14)
i 11
ltiTm d4(t,v1) =0 piBHOMIpHO IPH V] € [—2, 2} . (3.15)

3BaXkaruu Ha OTPUMAaHI "PAHWYHI CIiBBIIHOIIIEHHSI, MU BUOMPAEMO IUCTIO ty €

a,w|, TakuM gmHOM, IO U t € [to,w| Ta |v1| < %, |vg] < L BukoHyOTHCS
2

2
HACTYTHI HEPIBHOCTI

(53(t)(1 + 1)3)

<L
1+ 64(t,v1) |~ 2

Jlai posrisgHeMo cucTeMy PiBHSIHb Ha, MHOXKHIHI

1
Q= [to,w[xRi, ne ]RB: = {(vl,vg,vg) e R3: lvs| < 3’ 7= 1,2,3}
2 2

1 tp— Jesike 9HCIIO 3 POMIKKA [a, w].
IIpaBi vacTunm cucreMu HernepepBHI Ha Iilt MHOXKWHI, dyuKil h, H Heme-

pepsHO-1udepHIiioBani Ha iHTepBaJi [tg,w), a 3a ymoamu (3.14), (3.15)
ltle fe(t,v1,...,v3) =0 pisnomipno mpu  (v1,ve,v3) € RI (k= 1,2).
w 2

Takum anHOM, cucrema JudepeHniagbHuX piBHsiHb (3.13) € KBasiniHiiiHow cu-
creMoio udepeHmiaabanx piBasub tumy (2.3). [lokaxkemo, aro s 1iel cu-
CTEMU BUKOHYETBhCH BCi ymoBH Jiemu 2.2. BpaxoBytoum Buriisi dyHkiiit [ ta

Ja
t

/H(T)dTN1H|JA(t)|—>:|:OO kot T w.
to

Oxpim Toro,

H(t) _ mu(t)Ja(t) 1 (H(t))/zlJr?Tw(t)JA(t) o (t)Ja(t)

Ja(t) I(t)
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i Tomy, BpaxoBytoun gpyry 3 ymMoB (3.2) i ymoBy (3.10), orpumyemo criBsigHo-
HICHHS

H(t) _ mu(t)Ja(t) 1 (H(t))/zlJrﬂw(t)JA(t) o (t)Ja(t)
h(t) I(t) " H(t) \ h(t)

To6TO jytst cucremn (3.13) BukoHyIoThCsT yMoBH (2.4) stemu 2.2.
[MomiTumo, mo marpuri Cy Ta C3 posmipy 2 X 2 ta 3 X 3 (BiauosigHO) 3

JeMn 2.2 y BUIIAJIKy CHCTEeMHE JudepeHIialbHuX piBHAHD (3.13) MaroTh BUIJIsi
-1 0
02 = )

Cs = 0 1 0
—1

Bracuumu 3unadenusymu marputli Cy € KOpeHi anredOpaiqtHOro piBHsIHHS
A=1)(A+1)=0,
T0bTO "neaa A\; = 1 > 0, \g = —1 < 0. Kpim Toro,
detCy = —1, detC3=1.

Takum gunOM, 711 cucreMu judepeHniaabHux piBasiHb (3.13) BUKOHYTO-
ThCST BCl yMOBH Jjiemu 2.2. 3rigHo 1iel JemMu cucreMa IudepeHIiIbHUX PIBHSHB
(3.13) mae npumaiivi ogun poss’szok (vg)3_, : [t1,w[— R? (41 € [to,w|), aKnii
npsiMye 70 HyJist pu t T w.

Bisbi Toro, ockiibku cepe, BjaacHuX 3Hadenb MmaTpuili Co € ojiHe Bij'emue i
onre poxarHe gucyo ta det Co = —1, det C3 = 1, To 3riIHO TBEPIKEHHSIM JIEMU
2.2, ko BUKOHYEThCsT HepiBuicTb h(t) > 0 (h(t) < 0) ma mpomixkky [to,w],
Tozii cucTeMa JudepeHIiagbHuX piBHsHD (3.13) Mae ojHOIApaMeTPUYHY CiM 10
PO3B’sI3KiB, $IKi 3HMKAIOTh IpU ¢ — w y BUNaJKy, ko H(t) < 0 nHa [to,w], 1
JIBOIIApaAMETPUYHY CIM'I0 PO3B’si3KiB, y Bunajky, koau H(t) > 0 Ha [to, w|.

JLy1st OCTATOYHOrO BUPIINIEHHS MUTAHHS PO KJIBKICTh 3HUKAIOIUX 1Ipu t T w
po3B’si3kiB y cucremu (3.13) HeoOxiaHO BusHaunTH 3HaKU DyHKUiH h u H Ha

IPOMIKKY [tg, w|.
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Ockinbku h(t) = 7, 1(t), Toni 3 BusHAueHHs bYHKI T, MaeMo

i h(1) 1, gkmo w = 400,
sign =
& —1, gxmo w < 4o0.

st yukiil H y BignoBigHocTi 3 o3nadeHHsIM QyHKIN I MagMo

= J[‘?g) = |4 ()] AKIo  t € [to,w).

J ()] dr

H(t)

Kopuctytounch onep:kanmmu ymoBamu 11 GyHKINN h Ta H, orpuMaeMo Ha-
crynHi ¢iHaJbHI BUCHOBKH MO0 KUJIBKOCTI 3HUKAOUNX 1pu ¢ T w PO3B’sA3KiB
y cucremn udepeniianbaux piBagnb (3.13):

1) sik1mo w = +00, To upu o < 1 cucrema judepenifianibHuX piBHIHD (3.13)
Ma€ OJIHONAPAMETPUYIHY CiM'I0 3HUKAKYUX npu t T w po3B’sI3KiB, a npu g > 1
— IpUHaiMHI OUH TaKWil PO3B’SI30K;

2) gKo w < 400, To pu 0 < 1 cucrema gudepenIiaabHuX piBHgHb (3.13)
Ma€ TPHUIMIapaMeTPUIHy CiM 10 3HMKa4unX 1npu ¢t T w po3B’sa3KiB, a npu o > 1 —
JIBOTIAPAMETPUYHY CiM’I0 TAKMX PO3B’SI3KIB.

Kopucryouncs nepersopertsivu (3.12), KOKHOMY PO3B’sI3KY
(vg)i_; ¢ [t1,w[—> R3 cucremn judepennianbuux pisusanb (3.13), axuit ups-
MYE€ JI0 HyJisl, BijiioBigae po3s’si30k ¥ : [t1, w[— R pudepeniianbHoro piBHsH-
us (1.1), sxmit npu t T w Mae acumurorudsi 300paxkents (3.3)-(3.5). Kopucry-
I0YNCH [UMH 300payKeHHIME Ta, yMOBOIO (3.2), HeBarXKKO JIOBECTH, 10 KOKHUI
Takuii po3s’s130k € P, (0) — po3s’saskom nudepenmnianbaoro pisasams (1.1).

Teopemy mOBHICTIO HOBEIEHO.

BayBaxkenust [Ipu nepesipuyi sukonanms ymos (3.2) moorcauso esasica-
MU, WO 6 CUAY NEPWOT 3 YUT YM08, IpYyaa Ma MPems YMosu eKGI6aAAECHMHT

610N06I0HO YMOBAM

w

lim p(t)73(t) i [ (8|7 = 0, / 7o (1)p(7) lIn (7|7, = +00.
a
Hapenemo npukia 3aCTOCYBaHHS JOBEIEHOI TEOPEMU JJjisi PIBHSHB OlIbII
3araJbHOrO BHIY. 3BEPHEMO yBary Ha Te, IO TeopeMa 3.1 OXOILTIOE BUIIAI0K
o = 0, Tobro komm nudepentianbiue piBasuas (1.1) e minefinum nudepenri-
AJIbHUM piBHHHHHIVIeM BUTJIAY

/!

y" = agp(t)y. (3.16)
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st piBustang (3.16) i3 Teopemu 3.1 3 ypaxyBaHHsM 3ayBayK€HHsI Ma€ MiCIie

HACTYIIHUI HACJIJIOK.

Hacainok 1. IIpunycmumo, wo ichye (ckinuena abo pisha +00) epanuis
(3.1). dan ichysanns y dugepenyianvrozo pienanns (3.16) P, (0)-poss’askie
He0OTIOH0 1 JOCMATMHBLO BUKOHAHHA YMOB

w

7T2
im0y [ nPptr) ar = oo
[ o (T)p(T) dr a
A
%iTm 73 (t)p(t) = 0. (3.17)

IIpu yvomy, koorcnut 3 maxux P, (0)-pose’askic donyckae nacmynii acum-

nmomuuri 300pascenma npu t T w :

y@®) _ .
gy~ O+l (3.18)
Iny'(t)] = ag / 7 (7)[2p(7) dT[1 + o(1)] (3.19)
y'(t) _
7 = corOm O +o(1)]. (3.20)

Biavw moeo, axwo ymosu (3.17) euxonani, modi dugepenuiarvre pieHam-
na (3.16) mae deonapamempuuny cim’o po3e’aAsKi6, AKA MAE ACUMNIMOMUYHI
sobpaoicenns (3.18) — (3.20) npu t T w y sunadkar w = 400, 4 MAKOHC KOAU

w < +00.

BucHOBKU

Y poboTi BcTaHOBJIEHO HEOOXi HI Ta JIOCTATHI YMOBHU iCHYBaHHS Y JugepeH-
miaspHoro piBastaag (1.1) P, (0)— po3B’3KiB, a TAKOXK aCHMITOTHIHI 300pazke-
HHs 1pu ¢t T w JUIs BCIX TaKUX PO3B’3KIiB Ta iX HMOXIJHUX JIO JAPYTOro HOPSJIKY
BKJIIOYHO.

PesynbraTn, chopmynsosani y Hacrainky 3.1. y BUIagky w = 400 JIOMOB-
HIOIOTDb PE3yJIbTaTH JIJIsl JHHITHIX JudepeHIiaJbHUX PIBHIHD 3 aCUMIITOTHIHO

masimmu Koedirienramu, mo HaBegeHi B pobori [1] (musuck [1], Pozmin 1).
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AKTyaIbHICTD OMAJIBINNX JOCIPKEeHb BOAYAEMO V¥ BCTAHOBJIEHI YMOB iCHY-
BanHs Ta acuMnroruili P, (\g)— po3B’3KiB Jjisi DIBHSIHD 3 y3araabHEHUM BUTJIsI-

JIOM HEJIIHINHOCTI.
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Sharai N.V., Shinkarenko V.M.
ASYMPTOTIC REPRESENTATION OF SOME CLASSES OF SOLUTIONS THIRD-
ORDER DIFFERENTIAL EQUATION

Summary

The conditions for the existence of one class of solutions of a binomial non-
autonomous differential equation of the third order with a nonlinearity close
in some sense to a linear one are established. Using the a priori properties of
the so-called P, (Ao)—solutions, asymptotic at ¢t T w (w < +00) images were
obtained for such solutions connections and their derivatives of the first and
second order in the case A9 = 0. The propositions proved for the nonlinear
equation are transferred to linear differential equations of the third order with
asymptotically small coefficients. This made it possible, to some extent, to
supplement the known results regarding the asymptotic properties of solutions
of linear differential equations of the third order.

Key words: equations of the third order, asymptotic images, moderately variable

nonlinearity, existence of solutions .

REFERENCES

1. Kiguradze I., Chanturia T. (1993). Asymptotic properties of solutions of nonautonomous

ordinary differential equations. Kluwer Academic Publishers, Dortrecht, 331 p.
2. Gregus M. (1987). Third order linear differential equations. Boston: Reidel Publ.

3. Sharai N., Shinkarenko V. (2016). Asymptotic representations for the solutions of third
order nonlinear differential equations. J. Math. Sci. (N.Y.), Vol. 215, No. 3, P. 408-420.

4. Sharai N.V. (2010). Asimptoticheskoe povedenie reshenij obyknovennyh differencial’nyh
uravnenij tret’ego porjadka, blizkih k linejnym. [Asymptotic behavior of solutions of
ordinary differential equations of third order|. Vestn. Odessk. Nac. Un., Mat. i Meh.
Vol.15, No. 18, P. 88-101.

5. Sharai N., Shinkarenko V. (2018). Asymptotic behavior of solutions for one class of
third order nonlinear differential equations. Abstracts of the International Workshop on
the Qualitative Theory of Differential Equations. QUALITDE-2018, Tbilisi, Georgia,
December 1-8, P. 165—169.

6. Mousa Jaber Abu Elshour (2008). Asymptotic representations of the solutions of a class
of second order nonautonomous differential equations. Memoris on Differential Equations
and Mathematical Physics. Vol. 44, P. 59-68.

7. Evtukhov V. M. (1998). Asimptoticheskie predstavleniya resheniy neavtonomnykh

obyknovennykh differentsialnykh uravneniy [Asymptotic representations of solutions of



110 Hlapat H.B., Hlunkxapenxo B.M.

non-autonomous ordinary differential equations.] (D.Sc. Thesis) Differential equations.
Kyiv: institute of Mathematics of NASU.

8. Evtukhov V. M., Samoilenko A. M. (2010). Conditions for the existence of solutions of
real nonautonomous systems of quasilinear differential equations vanishing at a singular
point. Ukrainian Math. J. Vol. 62, No. 1, P. 56-86.



Hocaidorcenns 6 mamemamuyi @ mexaniyi. — 2022. — T. 27, eun. 1-2(39-40). — C. 111-181

VIIK 519.171:510.28

H. A. dkimoBa, M. €. Kaitnua

Opnecbkuit HarionapHuit yHiBepcuTer imewi 1. I. Meunukoa

MATPUYHE IIOJJAHHS OIIEPAIIIN HAJI TPA®AMU

Teopisa rpadis Mae muUpoKe PO3MOBCIOIKEHHS 3 IPAKTHYIHOI TOYKH 30Dpy. I'padu oTouyors
HAC y NOBCSIKJEHHOMY »KUTTI (HAIIPHKJIAJ, KapTH JOpIr Ta IUIAXIB), & TAKOXK BIAIrpaloThb
BaXKJIMBY POJIb B HAyKOBUX JOCJIKEHHAX (HAIPHUKJIAM, eJeKTpocxeMn). Jlis moGyTosoro
3aCcTOCyBaHHs, 6€3yMOBHO, HAW3PYUYHINIUM € reOMeTpUYHUi crocib nomanus rpadis. Ase
JJTsT KOMIT'I0TEepHOT 06po0KHM iH(OopMAIiil 1ie He € pallioHaJbHUM. B 1ux BUNaaKax BUKOPUCTO-
BYETBCSI MaTPUYHE IOJAaHHS I'padiB y BAIVIAAI MAaTPUILL CYyMiXKHOCTI 00 MaTpHIlL iHIINIEH-
THOCTI. ToMy BCe GiBITOTO 3HAUEHHsT HAOYBAIOTh JOCJIIIXKEHHSI, TIPUCBSIYEH] caMe IIiii TeMmi.
B pmaniit ctaTTi pO3r/iSIaeTbCs MOXKJIMBICTD BUKOHAHHS ONEpAaIliii Hal MATPUISIMU, SIKUMHI
nogano rpadu. 1li Mmeroanm maroTh cBOI 0COGIMBOCTI Ta OOMErKeHHs. BOHM TakoXK pO3TiIs-
HyTI B maHiit crarTi. s KoxKHOT omepaliiii 3anporoHOBaHni BapiaHT OOPOOKU K MaTPHILL
CYMIXKHOCTI, TaK 1 MATPHIl IHIIUJIEHTHOCT] /Ui OPi€EHTOBAHMX Ta HeOpieHTOBaHUX rpadis,
MOKa3aHo BiJiMiHHOCTI Takol 06pOOKM B 3as1exKHOCTI Bij Bumy rpady.

MSC: 03G05, 03G25, 03F52, 06E25, 15B34.

Karowosi caosa: opienmosanutll ma Heopienmosanutl 2pagd, Mampuys CYMIHCHRoCmi, Mampu-
UA IHyudenmrocmi, onepayii Had 2pagdamu, esemeHmapHi A02iuHT onepayii, 6yaesa Mampu-
YA, 6a2aMOZHAUHA NOTKA.

DOI: 10.1852412519-206X.2022.1-2(39-40).294314

BcecTrvn

CrOroJieHHsI CTAaBUTH TIepe]T HAyKO Bce OIIBINY KIJIBKICTh 3a/1ad, OB s3a-
HUX i3 KoM torepusaiiiero. Came orpebu KOMIT IOTEpHOI 00pobKH iHpOopMariil
OTPEOYIOTh JOC/IKEHHS MOXKJIUBOCTEHl MATPUIHOTrO TOJaHHs rpadis i, sk
HACJIIJIOK, MATPUYIHOrO MOJAHHSA YCiX MOXKJIMBUX IepeTBopeHb rpadis. Ouepa-
il zHayt rpadaMu — 1ie IepInil BAXKIUBUI KPOK HA IILISIXY TAKUX IEePETBOPEHD.
MarpudHe OIaHHST ITUX OIepalliii Mae cBOl 0COOJIMBOCTI B 3aJI€3KHOCTI Bl BUIY
KOY»KHOTO KOHKPETHOI'O rpady, TOMy IpOIELypa IX BUKOHAHHS HE € IIOBHICTIO
yHiBepcabHoto. PizHi Buau rpadis moTpedyioTh CBOIX 1HIUBIAYAIbHAX IIi1X0-
JIB 70 X PO3IVISIIAHHS. 3a MATPHUISIMUA CyMi’KHOCTI Ta IHIIMIEHTHOCTI MOXKHA
IIOBHICTIO OXapakTepu3yBaTu rpad Ta BiIHOBUTU HOro reoMeTPHUUHY peaiza-
mifo. st mpocTux HeopieHTOBaHNX rpadiB i MaTpuri € OyaeBumu. SKino rpad

He Ma€ KpaTHuX pebep, TO HOoro Marpuild CyMi>KHOCTI € OyJIeBOIO He3aJIe2KHO

Haditwna 11.06.2022 © Sximosa H.A., Kimma M.€. 2022
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Biz Toro, opienToBanuii meit rpad um mi. Marpurs iHIUIEHTHOCT] € OyI€BOIO
Jitie Jiyist HeopienTtoBaHoro rpady. Tomy st MATPUIHOTO BUKOHAHHS OllEpa-
it Hay rpadgamu Tpeba 3asydaTu He Jinile anapar OyjaeBux Marpuib [1], a i

arapar 0araTo3HaYHOI JIOTIKHU Ta alapaT 3BUIalHIX apuMOMEeTUIHAX OIEPAITiil.

ITIOIMEPEJHI PE3YJIBTATH. Oxgicio 3 BasKJIMBIIINAX aJIredOpaldaHux
MoJlesiell € amapar MaTpHUIlb, SKHWii MOyKe OyTH 3aCTOCOBAHUN B HaraTbox sK
TEOPETUYHUX, TaK 1 MPUKJIATHAX TATY3sIX MaTEMATUK.

OsnavyenHsa. Mampuuys Ha3u8aembvCa OYAe8010, AKWO ti CAEMEHMAMU €
A02iuHi ckanspu i3 noas K={0,1} [1].

TobTo enemernTamMu Oy/1eBOl MAaTpUIll € HyJi Ta omunuil. Hampukmam, Oyste-

BoOIO OyJie MaTpuilst 2]

h

Il
O = =
o = O
—_ o

fAximo maTpuii € OyJIeBUMU, TO 3 HUMHM MOXKHA& BUKOHYBATH sIK 3BUYAMHI aJre-
Opaluni omepariil HaJl MATPHUIIMI, TaK 1 omepariil JBO3HAYHOI JIOTIKH, OIMMCAH]
B [1]. fkmo marpuii He € GyjeBuMH, TO JijIsi BUKOHAHHS 3 HUMH JIOTIHUX
omneparliii 1u3’foHKIT Ta KOH IOHKITI Tpeba 3acTOCOBYBAaTH amapaT OaraTo3Ha-
9HOI JIoriku. B mpoMmy BuIaIKy omepalil Ju3’IOHKIINI Ta KOH IOHKINI MaTpHILH

BUKOHYIOTbCS 33 HACTYIHUMU MpaBuiaMu |3

zVy=max{z,y} (1)

x ANy =min{z, y} (2)

OCHOBHI PE3VJIBTATHU

Moxk/uBicTh MaTPUYHOTO BUKOHAHHSI OCHOBHHUX Ollepalliii Haj rpadamu
MOXKHA TI0Ka3aTu Ha IPUKJajax. Po3risinemMo nBa opientroBaHi rpadu, 300pa-

»KeHi Ha puc. 1.
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Puc. 1: OpienroBasni rpadmn.

st obox 1ux rpadiB MOKHA MTOOYIYyBATA MATPHUIL CYMiKHOCTI:

1110100 1100100
00000O0O0O 0010000
0001110 0000110

AG)=|0o 10001 0[,AG)=|0 200000
0000011 1000000
000000 1 0001011
000000 1 0000101

IIi marpuIi modbyaIoBaHO BUXOISYN 3 TOTO, IO HOMEP PsIAKa BiIIIOBigae 1mo-
JaTKOBII BEpIINHI, & HOMEP CTOBIIM — KiHIIEBil BepIIUHI KOXKHOTO pebpa. AJre
11i rpacdu MOXKyTh OyTH Bil CAMOr0 IMOYATKY 3a/IaHi IIUMHI MATPHUISIME. BuKoHa-
HHSI oTlepalliit HaJl TakKuMu rpadaMu He TOTpedye BiATBOPEHHS TX "eOMEeTPUIHO1
peaJizartii.

I'pad G1 He MicTuTh KpaTHHX pedep, TOMY HOro MaTpPHIlsS CYyMiKHOCTI €
6ynesoo. I'pad G2 micTuTh cyBopo mapaseabHi pebpa es(vy,v2) 1 eg(vy, v2).
Tomy iioro MaTpuIld CyMi2KHOCTI MICTHTH €JIEMEHT a42 = 2, TOOTO OyJIeBOIO
He €. AJle sSIKIO BpaxyBaTH, IO olepallisi A3 I0HKINI JJIs 6araTo3HaYHOl JIori-
KU BUKOHYETBHCs 3a mpaBmiioM (1), To jau3’toHKIIisl JIJIst [UX MATPUIL HaOyBae

BUIJISAY:
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1110100 1100100
000O0O0OGO 0O 001 0O0O0O
0001110 0000110
AG))VAG2)=10 1.0 0 0 1 0fVv|0O 2 0000 O0]=
000O0O0T171 1000000
00 0O0O0O01 0001011
000O0O0OTO0T1 000O0T1TO0OT1
1110100
001 0O0O0O0
0001110
=02 0001 0]=A4y
1000011
0001011
000O0T1O0°1

ko onepayito 06’ cdnanms BKazaHux rpadiB BUKOHATH I'PadivHO, TO OTPH-

MaeMo Trpady, 300parkeHunii Ha puc. 2.

Puc. 2: I'pad G1 U Ga.

Jlerko mobaumnTu, 1o MpoMy rpady BiAIOBiTaE MATPUIsT CyMiKHOCTI Ay.
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Axro BpaxyBaTu, 0 /it 6araTo3HaYHOI JIOTIKU Omepariis KOH IOHKIIi1 BU-
KOHYETBCs 3a IpaBmaoM (2), To KoH'OHKINA s Marpuis A (G1) i A(G2)

HabyBae BUIJIALY:

1110100 1100100

0000000 0010000

0001 T1T10 0000T1T10
AGI)ANAG)=]0 10001 0|A[0200000]|=

0000011 1000000

0000001 0001011

0000001 0000T1O0°]11

1100100

0000000

0000T1T10

—(o 10000 0]=4n

0000000

0000001

0000001

dAxio onepayito nepemuny BKazaHnx rpadiB BUKOHATH IpadidHo, TO OTpHU-

MaeMo rpad, 300pakeHuit Ha, puc. 3.

Puc. 3: I'pad G1 N Ga.

Jlerko mobaumnTu, 1o MpoMy rpady BiAIOBiTaE MaTpUIlst cyMiKHOCTI An.
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Bukonaemo tenep 3 marpurgvu A (G1) i A (Gg) onepaiito cymu 3a Mo-

BiZITOBiTHOT cyMU Ha 2:

1110100 1100100
00000O0O 0010000
0001110 0000T1T10
AG)®AG)=]01 000 1 0|l®|l0o20000o0[=
0000011 1000000
000000 1 0001011
00000O0O0 1 00007101
0010000
0010000
0001000
=101 0001 0]|=4g
1000011
0001010
00007100

Aximo BukoHATH T'padidHO onepayito kiasvuesoi cymu rpadis G1 i Go, To

oTrpumMmaemo rpad, 306pazkenuit Ha puc. 4.

Puc. 4: I'pad G1 @ Gs.
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s nporo rpady TakoxK JIETKO MOOAvUTH, IO HOMY BiJIIIOBiTae MaTpHUIlsd
cymikHOCTI Ag.

B nux rpadax koxkHoMmy pebpy HaJlaHuil IOPsiIKOBUI HOMep. B mpakTudHo-
My 3aCTOCYBaHHI IIi HOMEPHU MOXKYTh O3HAYATH SIKECh II€BHE 3MIiCTOBHE HAaBaH-
TakKeHHs1. AJjle TIpU MaTPUIHOMY BiTOOparKeHHI Ieil 3MICT MOXKe BTPAdaTUCS.
Matpurs Binobparkae HassBHICTH ab0 BijICyTHICTH pebpa, TOOTO HasBHICTH abo
BiZCyTHICTD 3B’s13Ky Mik 00’ekTamu. Tomy, sIKIO B ABOX rpadax MixK IBOMA
BEPIITIHAME OJTHE ii Te came pebpo Mae pi3He 3MICTOBHE HABAHTAYKEHHS (HAIIPH-
KJIaJ[, aBTOMOOLIbHA Ta I'PYHTOBA JIOPOTH), TO MATPUIs CYMIKHOCTI IIOKazKe
JINIIIE HASBHICTH a00 BIJICYTHICTH IBOTO 3B’SI3KY 0e3 MOsiCHEeHHsI HOoro xapa-
KTepy. AJle 3a3BUYail B MPaKTUYHUX 3aCTOCYHKaX iH(OpMAaIil Ipo HasSBHICTH
3B’s13Ky OyBa€ JIOCUTh, TOMY Jjisi OiHapHUX Oleparliii HaJ, OPIEHTOBAHUMU I'Da-
dbamu [4] 3acrocyBaHHs eJleMEHTAPHUX oOlepalliii 6araro3HaYHOI JIOTIKH Ha
MAaTPUISEME CyMiYXKHOCT] € e(DEKTUBHIM MATEMATHIHUM alapaToM.

3acTocyeMo Terep O3HAYECHHS KiJbIleBOI cymu Tpadin. 3rifiHO 0 HBOTO,
MHOXKUHA pebep KiJbieBol cymu rpadiB BUBHAYAETHCH i3 criBBigHOIIEHHS Fgy =
{(Eg,UEg,)\(Ec,NEg,)} [4]. Buxoasun 3 1ip0ro CIiBBiHOIICHHSI, BAKOHAEMO

apu@METHIHY OIepaliio BiaHiMamusa MaTpuii A Bix marpumi Ay:

AU—AQZ

SO O = O O O =
O O O N O O =
oS O O O O = =
O = O O = O O
_ O O O = O =
O R = =R = O O
= = = O O O O
|
S O O O O O =
S O O = O O =
oS O O O O o O
O O O O o o o
o O O O = O =
o O O O = O O
== 0O O O O O
Il

Il
S O = O O O O
o O O R O O O
S O O O O =
S = O O = O O
_ O O O O o O
O R R R O O O
O O H O O O O
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st maTpurs 36iraeThest 3 MaTpuIeio Ag s KijibieBol cymu rpadis G
i G, TOOTO MaTpuIilsi CyMi2KHOCTI rpada, OTPUMAHOTO B PE3yJIbTaTi KijbIle-
Bol cymn JBoX rpadisB, MoxKe OyTu obumcienoio i B Takuit cmocib. Ileit mpu-
KJIaJT HA0YHO MTOKA3Ye, M0 /I MATPUIHOIO BUKOHAHHS Olepariiit Haj rpada-
MU OJIHOYACHE 3aCTOCYBAaHHA 1 apudMeTUIHUX, 1 JIOTIUYHUX omepaliil € mpu-
nyctumuM. J[71s1 mporpaMHOl peastizaliii mepeTBOpeHb MaTPHUIlh IIe TAKOXK HeE €
nepertkoo0. OJHAK CJIiJ 3a3HAYUTH, 110 sIK apru@MeTHIHi, Tak i JIOrivHi orre-
paliil Ha/T MaTPUIAMU BUCYBAIOTh ITEBHI BUMOTHY JI0 PO3MIPHOCTI IUX MaTPHUILh:
onepariii apudMEeTUIHOrO NOJABAHHS 1 BiHIMAHHS, & TaKOXK JIOTiYHI omepa-
il u3’IOHKINI, KOH IOHKINI Ta CYMH 3a MOJYJEM 2 MOXKHa BUKOHYBATH JINIIIE
3 MaTPHIEIMA OJ[HAKOBOI po3miprocTi [1|. 3 mporo BuiumBae, 110 B onucanuii
c1ocib MOYKHA BUKOHYBATHU OIEPaIlil B MATPUIHOMY MOJAHH] Julie jisi rpadis,
y AKUX 36iraroThbCs MHOXKUHU BEPIIUH, IPUYOMY He JIUIIEe 33 KIIBKICTIO, a if 3a
3MICTOM.

Curig TakoxK 3a3HAYUTH, M0 KiIbIleBa cyma rpadiB He MOXKe MICTUTH 130-
JIbOBAHUX BEPIIUH. ZKIO IpU BUKOHAHHI ITi€] onleparllil Taki BEPIITUHA YTBOPIO-
FOThCSI, TO 1X Tpeba BUIAISTH 3 Tpada.

Budanenns sepwuny 3 rpady Tarme 3a cobOI0 BUIAJIEHHS BCIX iHIIHMIEH-

THUX /10 Hel pebep, TOOTO BUIAIEHHS BCiX 3B’s3KiB 1Oro 06’eKTy abo By3ja 3
iaImME 06’ekTamu abo By3aamu. Lle o3Hauae, 1110 Tpu BUTAJIEHHI BEPITUHA v; 3
MaTpHUIll CyMiXKHOCTI Tpeba BUIAJIUTHU -l PSIJIOK Ta i-it cToBIelb. B 3B’s13Ky 3
MM aJICOPUTM BUKOHAHHSI OIll€pallil BUIaJIeHHsT BEPIINHN v; 3 Tpada B MaTpU-
YHOMY IOJaHHI aHAJOTIYHUN ajropuTMy mobymoBu Minopy M;; mas marpurt
cyMmizkHocTi 1mporo rpady. Hexait, manpukian, 3 rpady (1 Tpeba BuIaInTH

BepiHy vy4. [loOymyemo st marpuri A (Gq) minop Myy [5]:

O O O O O =
O O O O O =
O O O O O =
o O O = O =
_ == O O O

SO O R Rk O O

Orxke, HOBOMY Tpady G,1 = G1\{v4} Byze BinnoBinaTu MaTpuilst CyMizKHO-

cTi
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111100
00 0O0O0TO 0
A(G/1>— 000110
000011
0 00O0O0T1
00 0O0O01

AuropuT™M BUIAJIEHHS 3 MATPUIL PSAJIKIB Ta CTOBIIIIB ByKE KOMII IOTEPU30Ba-
nuit. B ranomy Bunajiky mporpamHa peasiizailist Oy/ie nepeadadaTu BUKOHAHHS
JIBOX 3CYBIB: JJIs1 psijiKiB Ta croBmiiB. st rpacda 6e3 i30/1b0BaHUX BEPIIUH J10-
ILJTHHO TTPOBOJIUTH IIIO OIEPAIIO caMe 3 BUKOPUCTAHHAM MATPUII CYMizKHOCTI.

B marpurii cymizkHOCTI 03HAKOIO i30/IbOBAHOI BEPIIUHU € HASIBHICTH OJIHO-
WMEHHUX HYJIBOBUX PsJKa i cTOBIIE. B MaTpuill iHIMIeHTHOCTI 03HAKOIO i30-
JIbOBAHOI BEPIIIMHU € HASBHICTH HYJIHOBOrO PsifiKy. OTKe, SKIIO BepIuHA, sIKY
Tpeba BuIa T 3 rpady, € i30JIb0BAHOIO, TO B ILOMY €IMHOMY BUIIAJIKY 3Dy UHi-
IITe TIPOBOANTH ITIO OMEPAIlii0 3 BUKOPUCTAHHSIM MATPHIN iHIMAeHTHOCTI. [Tpn
BUJIAJIEHHI HYJILOBOI'O PSJIKY 3 MATPUIN IHIUIECHTHOCTI KOMHUN 3B’sA30K MixK
My BepimaaMu (06’ekTamu abo By3JiaMu) He HOPYIIyeThesi. Tomy He 1mo-
TPIOHO BiAC/IIIKOBYBaTH ITOSIBY CTOBIIIIB, SKi IICJIsT BUJIAJIEHHS IHOTO PSIIKY
OyIyTh MICTUTH JIUIIE OMHY OIWHUINO, IO HE € MPUIYCTUMUM JJIsi MATPHUIL
innuentHocTi [4]. BukopucranHs MaTpuIll iHIMIEHTHOCTI IPKU BUJAJIEHH] 130~
JILOBAHOT BEPIINHE CKOPOUYE BJIBIUl IIporpaMHy peasizaliiio (He Tpeba oJHOoua-
CHO BUJIAJISITH IIle i CTOBIIEIb, JI0 TOTO K 3CyB Oyjie Texk Jsmie ofuH). Hexait,

nanpukia, rpad G 3amannii cBoeio Marpureio cymixkuocti A (Gs):

0110 1
10101
AG)=[110 0 1
00000
11100

Marpuns A (G3) MICTUTH MOBHICTIO HYJIBOBI 4-if pAOK Ta 4-if CTOBIEID.
[le cBiggauTh PO 1307IbOBAHICTE BepIIuHU V4. Ll MarTpuils moBHICTIO cuMe-
tpuuna, ToMy rpad Gz € meopientoBammM. 1oro MOXKHA BBAXKATH IIOBHICTIO
3a/laHUM BEPXHBOTPUKYTHOW dacTtuHor Marpuini A (Gs). VY BignosimHocti 3

AJITOPUTMOM, OIMCAHUM B [4], 32 11i€10 MaTpuUIeo MOKHA T00Y/ [y BATH MATPHUITIO
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inmmnentHocti I (G3) rpada Gs 6e3 BiHOBIIEHHST fI0r0 reOMETPUYHOT peasiiza-
nii. Takum unHOM, HeopienToBaHOMY T'pady G BIANOBiIae MATPUIS IHIINICH-

THOCTI

~

—~

(&)

w0

SN—

Il
S O O = o=
S O = O =
—_ o O O =
o O = = O
_ o o = O
— O = O O

B marpumi inmunentnocti I (G3) i3omboBaniil Bepiimmi v BIAIOBI A€ HYIHO-
Buit 4-if psyok. [1lo6 BumanuTu 3 rpacda G3 10 i30/1b0BaHy BepIIUHY Tpeba
i3 marpuni I (G3) Bugamuru jmie 4-ii psijiok 6e3 MoJasbliioro J0JaTKOBOrO
BUJAJIEHHS] HU3KM CTOBIIIB. TakuM 9MHOM, IJjIsI Ipada Gé = G3\{v4} maemo

MAaTPUIO 1HIUIEHTHOCT1

I (G3> =

1
0
0
1

O O =
O = O =
O = = O
_ O =) O
== O O

3a morpedu 3a M€ MATPHUIEI0 MOXKHA BIJJHOBUTH T€OMETPUIHY PEaIi3alliio
/ . .
rpada G5 abo iforo marpumio cymizkuocti [4].

Onepauia sudasenns OHOTO pebpa niepedadae 3HUKHEHHs i3 rpady sKo-

rock ojiHOro pebpa (3B’s3Ky abo BijHOIIEHHsI) 31 30€peKeHHSIM BCIX BEpIIUH
(06’exTiB abo By3/iB) Ta pernTH 3B’a3KiB Mixk 00’ekramu [6]. Takum dunom,
B MaTPUIl CYMI?KHOCTI 3MiH 3a3HAIOTH JIAIIE Ti €JIeMEHTH, SKi BiIIIOBIIAIOTH
pebpam, Mo BUIAISIOTHC. Perrra eleMeHTiB MATpPHUIl CyMizKHOCTI 30epiraiorsb
cBOl 3HadeHHst. [lopsiioK MATPHUIll TAKOXK 3AJTHUIMAETHCSI THM CaMuUM, 00 HisKa
BepINMHA BHACIIIOK BHUIaeHHsS pebpa i3 rpada He sHuKae. [Ipu BumaieHHi
OPIEHTOBAHOTO pebpa 3MEHITYEThCS JIUIIE OJINH eJIeMEHT MATPUIN CyMiKHOCTI.
[Tpu BumaIeHHI HEOPIEHTOBAHOTO pebpa OJHAKOBAX 3MIH 3a3HAE MTapa CUMETPU-
YHUX eJIeMeHTiB MaTpuni cymizkaocrti. Hexait mix Bepmmnamu v; i v; Heobxi-
JTHO BUJIQJINTU TI€BHY KIJIBKICTh ll-_j pebep. Orxke, Jiis BUKOHAHHS IIET omiepartii
Tpeba BHKOHATH Ollepariiio apudmMeTndHoro BigniManusa marpuni A Big Ma-

TpuIi cyMmizkKHOCTI mouaTkoBoro rpady. B marpuni-sig'emuuky A enementi,
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IO BiZIITOBiaIOTh pedpam, fKi BUIAIAIOTbCs, OYIyTh HOPIBHIOBATU ll_] Pemra
€JIEMEHTH i€l MATPUI OYIyTb HYJIHOBUMH.

Posriisinemo, mampukitan, rpad Gp U Ga, SSKOMY BiIIIOBigae MaTpHIl CYy-
MixkuocTi Ay. B 1iit Marpuri € napa cUMeTPUYHUX €JIeMeHTIB asg=ags—=1. 111
€JIEMEHTHU BiJIOBIiMAIOTH ITapi MPOTUIEXKHO CIIPsIMOBAHUX pebep, SKy MOXKHA
3aMiHUTU OJHUM HeopieHTOBaHUM pebpom. Hexait 3 miporo rpady Tpeba Busa-
JINTH T1e HeopieHToBaHe pebpo. Hexait 1o Toro K 3 1nporo rpada Tpebda BUIAIN-
THU TaKOXK OJIHE 3 CYBOPO ITapaJjieIbHIX OPIEHTOBAHUX pedep Bill BEepIIUHU vy 10
BepiuHu V. lle o3nadae, mo B marpuni A_ BigminauMu Bin Hyss 6y1yTh Jin-
e esileMeHTH =11 lyg=lgs—1. O1Ke, mo6 06UMCINTH MATPUILO CYyMizKHOCTI

rpada

(G1UG2) = (G1UG2)\ {7 (va,v2)}\ {e (va,v6)}

(zammc e O3HavAE, IO JaHe pebpo € OPIEHTOBAHWM) MOXKHA OTPHMATH,

BUKOHABIIM HACTYITHE apu(PMETHIHE BiIHIMAHHS:

Au—Ae_:

o O = O O O =

S O O N O O =

S O O O O = =

S = O O = O O

= O O O = O =

o O O O o o o
Il

O R = =R = O O
= = = O O O O
|
S O O O O o O
S O O = O O O
o O O O O o O
o = O O O o o
S O O O O o O
S O O = O O O

= A((GLUG5)).

|
S O = O O O =
O O O = O O =
S O O O O =
o O O O = O O
_ O O O = O =
O = = O = O O
_ == O O O O

IIporpamMua peaJsrizariisi 1iel orepariil 3HaYHO MPOCTIiIa, HiXK 11 aaredpal-
qHe oOrpyHTyBaHHs. JIj1s1 1T BUKOHAHHSI JIOCTATHBO 3MEHIITUTH Ha BEJIMIUHN l;j

BIIMTOBIIHI €JIeMEHTH MATPUIlN CyMi>KHOCTI ITOYATKOBOTO I'pada.
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Onepauisa donosherts BU3HAYAETHCsT sl HeopieHToBaHUX Tpadin. Tomy,

SKIO Tpad € OpIEHTOBAHUM ab0 3MIIIAaHUM, CIOYATKYy Tpeba modyryBaTu Jjist
HBOTO acoriiioBanuit (abo cuiBBinHecenuii) rpad [4], a morim Bxke I 11HO-
0 HOBOI'O rpady BUKOHYBATH OIIEPAINIO JOIMOBHEHHsI. 3 MATPHUIN CyMi>KHOCTI
A(G) mouarkosoro rpada obunciaoemo HoBy Marpurio A*(G) 3a HacTynHUM
MIPaBUJIOM:

5 g°

al] J

; = min {1, max {a;;,a;}} . (3)

Orpumana maTpuris 6ye OyeBoro. Ajie BOHa MOXKe MICTUTH OJTUHUII] HA TO-
JIOBHIi1 miaronasi, To6To Bimobpaxkaru rpad 3 nerasmu. Crissignecenuii rpad,
SIKUN HE MOYKE MICTUTH TIeTJI, BUKOPUCTOBYETHCS B IIUX OOYMCJIEHHSIX JIUIIIE STK
POMiXKHUI pe3ysibrar. ToMy 1mo30yTHCs 1UX [eTe/ib MOYXKHA OJIUH Pa3 ByKe Ha
OCTAHHBLOMY KpOIli, a He Mopa3y Jjisd BCiX MPOMiXKHUX MaTpuilb. HacTymaum
KPOKOM JIJIsT OTPUMAaHHSI MATPHIN CYMIXKHOCTI foroBHeHHSI rpada G Tpeba Bu-
KOHATH JIOTiYHY omnepariio 3anepedents [1] marpuri A*(G), To6To o6uncinTu
marpurio A%(G).

s mpukJiay 3HaiiIeMO MATPUIIO CYMiKHOCTI JIOIIOBHEHHS OPi€HTOBaHO-

ro rpada Gs. [obyayemo mis mporo rpada marpurio A° (Ga):

1100100
1011000
0100110

A (G)=|0 1000 10
1010001
0011011
0000111

Tenep o6uncimmo 3anepedenns i€l Mmarpui, To6To Marpuiio As(G):

1100100 0011011
1011000 01 00111
01T 00T1TTPO 1 011001
As(Go)=|0 1T 00 01T O0O|=]10111°01
1010001 01 01110
001 10T1T1 1 100100
000O0TTT1 1111000
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Tenep Tpeba mo30yTHCs MeTeb B OTpUMAHOMY Tpadi, TOOTO OIUHUIL Ha
TOJIOBHIl iaronasi orpumanol marputi. s mporo Tpeba BukoHATH 11 KO-
H'IOHKITIIO i3 3allepeveHHAM OJUHUIHOI MaTpuIll. B pe3yabrari Oyae oTpuMaHo

MATPHINO CyMi2KHOCTI rpada-T0TOBHEHHSI:

0011011 0111111
0100111 1011111
1011001 1101111

As(Go)AE=11 01 1 1 0 1|Af1 1 1011 1|=
0101110 1111011
1100100 1111101
1111000 1111110
0011011
0000111
1001001
=[(1 01010 1|=A(G).
0101010
1100100
1111000

s mHeopientoBanux rpadis dopmyiia (3) HAaOyBa€ BUTJISIILY

aj; = aj; = min {1, a;;} . (4)

Jlnst meopienToBanux rpadiB 6e3 KparHux pedep MATPHUIO CYMiKHOCTI
rpada-I0MoBHEHHS MOXKHA OTPUMATH Bi/Ipa3y KOH IOHKIEIO 3allepedIeHHs Ma-
TpHUIi CyMizKHOCTI IT0OYaTKOBOrO rpada 3 Marpuieio k.

B Oyutesiit anrebpi KOH TOHKIIIS 3 OJMHUIICIO HE BILTUBAE Ha pe3yibTaT. Tomy
B IIporpaMHiil peaJizaliii Ha OCTAHHBLOMY KPOIl HOOYIOBH MaTPHIL A(é) MO-
2KHa IIPOCTO IMMPUCBOITH HYJTHOBE 3HAYEHHS YCIM eJIeMEeHTaM TOJIOBHOI JTIiaroHaJIl,
TOOTO BCIM ejleMeHTaM, [JIsi sIKUX 30iraloThCs HOMED CTOBIIIS 1 HOMED pPsijiKa
(i = j)-

Onepauia e6edenna pebpa € 3BOPOTHOIO JI0 oriepariil BugaieHHs pedpa. [Ipu

BBE/IEHHI OPI€HTOBAHOIO pedbpa mepeadadacThbesi 301IbIIEHHs OJHOTO €JIEMEHTY
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MaTpuili cymixkaocti. [Ipu BBeneHHI HeopieHTOBaHOTO pebpa OJHAKOBUX 3MiH
3a3Ha€ mapa CUMETPUIHIX eJIEMEHTIB MaTpuIli cyMizkHocTi. Hexait mixk Bepiu-
HaMH v; 1 v; HeoOXi/THO T0JIaTH TIeBHY KiIbKICTD l;]'- pebep. Ilpu nporpammiit pe-
aJizariil BiOyBaeTbCs 301IbITIEHHST BiIITOBIHUX €JIEMEHTIB MATPHUIIl CYMi2KHO-
cTi moYaTKOBOrO rpada Ha BKazaHy BeaumuuHy. Ajrebpaiuna peasrizariisi miel
omepalriil epesidadae apupMeTuIHy cyMmy JABOX Marpuilh. OJHUM 3 JTOJAHKIB €
MaTpHIs CyMizKHOCTI ITodaTkosoro rpadga. B apyromy momanky A enemenTw,
110 BiAIIOBi1al0Th HOBUM pebpaM, JOPiBHIOIOTH l;; Permrra eytemenTu apyroro
JOJIAHKY € HYJIbOBUMH.

Hexait, nanpukmnan, g0 rpady (G HeoOXiIHO BBECTH JiBa CYBOPO Iapa-
JIEJIbHUX OPIEHTOBAHUX pebpa BiJ BEPIIMHU Vg [0 BEPIIUHU U4 1 OJIHE HEO-
pienToBane pebpo Mik BepmimHamMu vz i vy. lle o3madae, 1Mo B JAHOMY BU-
MaIKy l;}l =21 l;} = l}g = 1. Toni marpuItto cymi>kHOCTi Tpada Gll, =
G142 {€ (v2,04)} + {e(v3,v7)} MOXKHA OTPUMATH, BUKOHABIIM HACTYIIHY

apudMETUIHY CyMYy:

1110100 00000O0O
00000O0O0O 0002000
0001110 0000GO0O0 1

AG)+AF=10 10001 0|+]000000O0[=
0000011 00000O0O0O
00000O0 1 00000O0O
00000O0GO01 0010000
1110100
0002000
0001111
=101 00 01 0]|=A(G)
0000011
0000GO0GO0 1
0010001

Ormepartiito sgedettsa sepuiuHy 6 Pedpo PO3TIITHEMO TAKOXK HA IIPUKJIAJI I'Pa-

da G. [i 3pyuninre BukonyBaTu 3 MaTpuIiero inueHTHocTi. 1o MmaTpuirio s

rpacda G1 MOXKHA OTPUMATH i3 fioro MaTpurli cymikHOCTI abo Oe3rocepe Hbo i3
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reomeTpudHOl peastizartii. s 3pydHOCTI B MaTpuIl iHmuaeHTHOCTI OyJsio 30e-
peXkeHo Ty HyMepaillio pebep, siky ogaHo Jjis 1boro rpada wa puc. 1. s

HAOTHOCTI 3aIIUIIEMO ITI0 MATPUIO Y BUIJISIAI TAOJIAIIL.

€1 | €2 | €3 | €5 | €eg | €9 | €109 | €11 | €12 | €14 | €16 | €17 | €18
v; | 1 1 1 +1

| v -1 1|1 1
I6G)= vy 11|41

s A A 1 1
ve -1 1| 1 -1

Hexaii TpeGa BBecTH BepimHy w B peGpo e2(v1,vs5) 1 Beprmmy w” B pebpo
e14(vg, v7). Obumsa i pebpa € opiearoanumMu. [Ipu BBeieHH] BepiuHu B pebpo
HAIPSMOK PYyXy HOBUMH peOpaMu Mae 30iraTucs 3 HaIpsSIMKOM, SKuil OyB y
craporo pebpa. Cxemy aJrOpuTMy HEpEeTBOPEHHS MATPUIL IHIUIEHTHOCTI JIJIst

BUKOHAHHS ITi€T oIlepallil 1Mo/laHo Ha puc. b.

7 m
es | eg | €9 | €10 | €11 €14 | €14 | €16 | €17 | €18

-1

-1

-1 -1

-1 | 1| A

Puc. 5: Cxema nepeTBopeHHsT MATPUIL iHIIUIEHTHOCTI IIPU BBEJIEHH] BEPIIMHU

B pebpo.

IIpu BBeneHHI BepIIMHU w’ pebpo ez (v1,v5) 3 rpada BumaLsgeTbCH. AHa-
JIOTI9HO TIPW BBEJIEHHI BEPITUHA w” BUJIAJISIETBCsT pebpo e14(vg, v7). Ha cxemi
BiamoBimHI 1mM pebpaM CTOBIII MATPHUII iHIMAEHTHOCTI 3adapboBaHO TOPHUM
KOJIbOPOM. 3amicTh pebpa ea(v1, v5) 3'saBisoTbes 2 HOBI pebpa (7Ba HOBI CTOB-
IIIIST 6,2 i 612/ B MarTpuiil). Pyx numu pebpamMu Mae moBTOPIOBATU HAIIPSIMOK PYXY

’ .
pedpoMm ep. Tomy modyaTkoBa BepmnHa pebpa e, Mae 30iraTncs 3 M0YaTKOBOIO
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BepIIUHOIO pebpa eo. 3 KIHIIEBOIO BEPIINHOIO pebpa eo Mae 30iraTucst KiHIEBa
BepiuHa pebpa eg. TaKiM <HHOM, HOBA BEpIINHA W € TPAH3UTHOIO IPH PYC
BiJI BepIIMHU v 0 BEPIIMHN V5. 100TO BOHA € KIHIEBOIO MjIsI HOBOI'O pebpa
6/2 i TOYATKOBOIO 7T HOBOTO pebpa eg. Psimok 11t HOBOT BepIIMHN B MaTPHILI
Ma€ 3’sIBUTUCS B MIPOMIYXKKY MiXK PsiJIKAMHU, IO BiJIIIOBIIAIOTH TPAHUIHUM BEp-
IIHHAM CcTaporo pebpa. 3pyuHiiie jojaBaTu WOTO BiIpasy Micjs MOYATKOBOI
BepiuHu, TOOTO B JAHOMY BHIIQJIKY IIicjs Bepiiunu vi. IIpu mpoMmy esemenTtun
«— 1» B croBIIIi elg i ememenT «1» B CTOBIII 6/2/ Oy/lyTh €IUHUMU €JIeMEHTaAMU
B PSJIKY T1i€1 BEPIIUHMU.

Amnasoriuno 3amictb pebpa e14(vg, V7) TAKOXK 3'SBIAIOTHCS JBa HOBI pebpa
(HOBi cToBIm €, i €], B MaTpuii). BepmmHa v € MOYATKOBOIO [JIsi CTAPOTO
pebpa e14 i HOBOTO pebpa 6/14. Bepmuna vy € KiHIEBOM0O Jisi cTaporo pebpa e14
i HoBOrO pebpa 6'1/4. Panok nns HOBOT TpaH3UTHOI BEPITUHI w’ Oyme micTuTn
JIaIIe JiBa HEHYJIbOBi eJIeMeHTH: «— 1» B CTOBIIIL e/14 i «1» B croBumi 6/1/4. e
HOBHI PSITOK OyJie pO3TAIOBAHNN MiXK PAIKAMU Vg 1 v7. PsIIKN HOBUX BEPIITHH
Ha cxeMi puc. b 3adapboBaHO 3€JIEHUM KOJIBOPOM, & CTOBIIII HOBUX pebep —
cipum. Takum 9MHOM, MaTPHIE IHIIUIAEHTHOCTI HOBOro rpada Oyme MaTh Ha-

CTYHHUIA BULJISLL:

T el 7 e
e | e 2 | €3 | €5 | €g | €9 | €19 | €11 | €12 | €14 14 | €16 | €17 | €18

w' 1| 1
vy, | 1 -1
V3 -1 11 1

161")=

Vs -1 -1 1 1
Ve -1 -1 1 -1
w'" -1 1
vy -1 | 1|

3a morpebu Bim 1€l MATPUI MOXKHA TEPEUTH 10 MATPHUIN CYMIKHOCTI
A(G/IH) abo reoMeTpuvHOl peastizaril rpada GIIH.

Y BumasKy, KOJii HOBA BEpIINHA BBOIUTHCS JI0 HEOPi€HTOBaHOro pebpa,
AJITOPUTM II€PETBOPEHHS MATPUIl IHIUIEHTHOCT] OyJie TakuM caMuM. Bimmin-
HiCTb OyJie HOJIATATH JIMIIE B TOMY, IO HOBI pebpa OyIyTh TaKOK HEOPIEHTO-
BaHUMHU. TOMY BCi HEHYJIbOBI €JIEMEHTH HOBUX CTOBIIB OY/yTb JIOJaTHUMH,
TOOTO HOPIBHIOBATU «+1».

Bukopucraemo marpuiio innuaentrocti I (Gh), mob gocaianTu aaroputm it
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[epeTBOPEHHS IIPU BUKOHAHHI 0Nepayii 3aMukatitsi (0momortchents) 6epuiuh.

st omepartiss MokJIuBa, JuIie juist cyMi>kHuX Bepinud. B rpadi G Takumu Bep-
[MIMHAMHY, HAIIPUKJIA, € BepIIUHA V] 1 v5 (1X 3B’d3y€ pebpo €3 ), a TAKOK BEPIIH-
HI V2 1 v4 (1X 3B’s13y€ pe6PO e5). OTOTOKHUMO KOXKHY 3 I[UX I1ap BePIINH. 3TiHO
3 O3HAUEHHsIM Ii€l onepariii [4], yci Bepimmtu, cymizkui xoua 6 3 ojiHi€0 3 0TOTO-
JKHIOBAHUX BEPIINWH, OYIyTh CYMi2KHI 3 HOBOIO Bepiinuoio. [le o3naqae, mo yci
pebpa, iHIMMIeHTH] X04a 6 3 OIHIEI 3 OTOTOKHIOBAHUX BEPIIMUH, 30€piraroThCst
B rpadi i OyayTh iHnummentHi HOBiit Bepmuni. Pebpo, 1110 3B’s3y€ OTOTOXKHIO-
BaHi BEPIIUHU, [IEPETBOPIOETHCS Ha TeTyI0. TakuM umHoM, B Marpuri I(Gh)
Mae 3'SIBUTHCS HOBUI PSJIOK, IO Bi/moBinae HoBi# Beprmuni. Moro enemenTn €
apUPMETUIHOIO CYMOIO BiIIOBIIHUX €JIEMEHTIB PsI/IKiB TUX BEPIIUH, JJIA STKUX
MPOBOIUTHCS OIEPallist 3aMUKaHHSA. Ps/IKM Tapyu OTOTOYXKHIOBAHUX BEPIIUH ITPU

ObOMY 3 l\lanI/ILLi BHUIAJIAIOTHCS. CXGMy ouX IMepeTBOPEHDb ITOKa3aHO Ha PUC. 6.

€, | €z [ €3 | €5 | g | €9 | €39 | €11 | €12 | €14 | €16 | €17 | €18
vis] 1 [+1| 1 -1 | +1 1 1 vt Vs
Vza| -1 =1 |1 |1 vy + 1y

Puc. 6: Cxema niepeTBopeHHsI MaTPUIl IHIUIECHTHOCT] IPY 3aMUKAHHI BEPIIIUH.

Pebpa eg 1 e5 neperBoprincs Ha et (Ha cxemi BiamosiauHi crosmi 3adap-
6oBaHo pokeBUM). Psiikm, 10 BiAIOBIIAIOTH BepIIMHAM, siKi OyII0 3aMKHEHO
(v1 3 v5 1 v2 3 vg) 3 MATPUIIL IHIUJIEHTHOCTI BUJIAISIOTHC (HA CXEMI T PsiIKU
sadapboBano YopHUM). B MaTpurii 3’sBas0TbCS HOBI PSIJIKH, 10 BiJIIOBIIAIOTH
HOBHM BepIIIHAM — pe3y/bTaTaM 3aMuKanfsa. Ha cxewmi 11l psjaku 3adapOboBaHO
3esieHNM. EitemenTn pagxy v1 5 JOPIiBHIOIOTH apudMeTHIHil cyMi BiAIOBIAHNX
eJIeMEeHTIB PsJIKIB v1 1 U5, a eJIeMeHTH PAJIKY v2 4 JIOPIBHIOIOTH apudMeTHIHiil
CcyMi BIiJIITOBIJIHUX €JI€MEHTIB PSJIKIB v 1 v4. TakuMm 9uHOM, MaTPUILS 1HITAICH-

: + N
THOCTI HOBOrO rpada GY Mae HACTYIHUI BATIAL;
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€1 | €2 | €3 | €5 | €g | €9 | €19 | €11 | €12 | €14 | €16 | €17 | €18
vis) 1 |1 1 -1 +1 1 1
+ Vo4l 1 +1 1|1
1G] )=~
( 1 ) vs -1 1] 1 1
Ve -1 -1 1 -1
vy -1 | 1

VY pa3si, gaximo rpad € HeOPiEHTOBAHNM, TO CXEMa, [IEPETBOPEHHS HOT0 MaTpU-
i IHITMIEHTHOCTI 3aJNIMAaEThCsT TAKOIO YK CAMOIO, ajle 3aMiCTh apu(MeTHIHOl
CyMU €JIEMEHTIB OTOTO2KHIOBAHUX BEPIINUH BUKOHYETHCS OIEPAIlisi CYMH 33 MO-
JyJeM 2 1ux ejgeMenTiB. fK i npu BUKOHAHHI TOIIepeIHiX omnepariiit, 3a moTpebu
BiJI OTPUMAaHOI MATPHUIIl IHIUAEHTHOCTI MOXKHA MEPeidTH JI0 MaTPHUIl CYMizKHO-
cTi ocaiKyBanoro rpada abo BiJHOBUTH HOr0 M€OMETPUYHY PeasIi3aliiio.

Onepauia cmazyeanma pebpa BiiOyBA€ThCS 38 TUM CAMUM aJITOPUTMOM, IO

i olepallisd 3aMUKAHHS BEPIIUH, ajie 3 MOJAJIbINNM BUJAJIEHHAM 3 rpada oTpu-
MaHUX IeTeIb. TaKuM UMHOM, IIPU CTATyBaHHI pedpa CIoYaTKy BilOyBaeTbCs
OTOTOYKHEHHSI BEPIIWH, [0 € TPAHUIHUME JIJTs I[bOr0 pebpa. OTxe, KO JJIst
rpacda (1 cTOITh 3aja4a CTATHYTH pedpa ez i e5, TO MOYKHA TAKO2K CKOPUCTATHU-
cs1 cxeMoto Ha puc. 6. CouaTKy 3a M€ CXeMOI0 3aMUKAIOTHCS TTAPU BEPIITHH V]
i vs (e rparMuHMME JIs1 pebpa €3), a TAKOXK Vg 1 vy (€ TpaHUIHUMHU JJIs pebpa
e5). B pesyibrari 11p0ro 3aMuKaHHsi yTBOPIOIOTHCs JIBI meTyii (poKeBi CTOBIII
Ha cxeMi), siKi Tpeba BumasuTh 3 rpada. K HAcHIIOK, 13 MaTpUIl 1HIW/IEH-
THOCTI Tpeba BUIAIUTHA CTOBIIN es i es. IleTsi, 1Mo He MarOTh BiIHOIIEHHS 110
2KOJTHOI 3 OTOTOXKHIOBAHUX BEPIIUH, B rpadi 3aauinaorbed. ToMy B MaTpuIl 1t
CTOBIII] TAKOXK 3aJIUINAIOTLCs Oe3 3MiH (croBmI €11 1 e17). B pesysbrari Oye

. . +
er.
OTpuMaHa MaTPpUIld 1HIIUICHTHOCTI HOBOI'O Fpacba Gl :

€1 | €3 | €g | €9 | €10 | €11 | €12 | €14 | €16 | €17 | €13
vyis| 1 1 -1 | 1 1 1
ety | V24| -1 1|1
1(61) = vy -1 11 1
vg -1 -1 1 -1
v, -1 | 1| 1
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BucHOBKU

Hesiki onepaliii 3pyvHillle BUKOHYBATU 3 MaTPUIIAMU CYMiKHOCTI, & JesiKi
— 3 MaTpungMu iHnugenTaocTi. Opni # Ti caMi aJaropuTMu MaroTh BiJIMIHHO-
cTi B 3aJIe2KHOCTI Bif Toro, opieHToBani um BiibHiI rpadu OepyTh ydacTb y
POBIVISTHYTAX olepallisix. B 3ajexkHocTi Bif BuIiB rpadiB Takoxk € oOMeKeH-
Hsl Ha BimobparkeHHsT 3MicToBHOI iH(MOpMAaIil MaTpuIgMu 1ux rpadis. Ae B
MPAKTUIHAX 3aCTOCYHKAX T OOMEYKEHHsI, STK MPaBUIO, HecyTTeBl. OTKe, st
KOXKHOI omepariii Haji rpadaMu Ta KOXKHOrO BUIy TrpadiB MOXKHA 3aIlPOIOHY-
Baru KoMOiHaIi0 ajrebpalyHux onepariiii (apudmMernyHux Ta JOTiYHUX ), M0
JIO3BOJISTIOTH OTPUMATH MATPUIIO HOBOTO rpada, abo YiTKUi JIErKO Mporpamo-
BaHUN aJITOPUTM IIEPETBOPEHHs MaTpUIlh nodaTkosBux rpadis. 2Kogna 3 pos-
IJISTHYTHX Ollepaliiit HaJr rpadaMu He € HeMOXKJ/TMBOIO B MATPUIHOMY BUKOHAHHI.

3alpoIoHOBaHI aJrOPUTMU MOXKYTh 3HAYHO CIPOCTUTU KOMII'FOTEPHY 0OpPOOKY

rpadis.
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Yakimova N.A., Klishyn M.E.
MATRIX REPRESENTATION OF OPERATIONS ON GRAPHS

Summary

This article considers the possibility of matrix execution of both unary and
binary operations on graphs. Graphs, as an abstract mathematical construc-
tion, have a very wide range of practical applications. First of all, it is al-
gorithmization and computer processing of information, electrical engineering,
etc. Therefore, it is important to have a mathematical apparatus that allows
you to transform the graphical presentation of information about objects into
algebraic models for their further research using purely mathematical meth-
ods. If necessary, it is always possible to return from such an algebraic model
to a graphical representation of the object (for example, to a graphical rep-
resentation of a circuit diagram in electronics). For each of the considered
operations on graphs, either a combination of algebraic operations or an easily
programmable matrix processing algorithm is proposed, which can be used to
represent any graph. Attention is also paid to the differences in such processing
depending on the type of graphs involved in the considered operations. Some
operations are more convenient to perform with adjacency matrices, and some
- with incidence matrices. This article also considers these features of matrix
execution of operations on graphs. All the proposed algorithms are illustrated
with specific detailed examples. Thus, it is shown that for all operations on
graphically presented objects, their matrix interpretation is possible. This re-
sult greatly facilitates the possibility of software implementation of work with
such graphic objects.

Key words: directed and undirected graph, adjacency matriz, incidence matriz,
operations on graphs, elementary logical operations, Boolean matriz, multival-

ued logic.
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ON NUMBERS OF THE TYPE n = (u? + dv?)w IN ARITHMETIC
PROGRESSION

Let us R(n) denotes the number of representations of positive integers n by form

n = (u> +v?)w, u,v € Z, w € N. The function R(n) is an analogue of the divisor function
ds(n). Summarize the Heath-Brown results on distribution of value of the divisor function
ds(n) on an arithmetical progression n = a(modq), (a,q) = 1, with increasing the arith-
metical ratio together with z, an asymptotic formula for summatory function for R(n) was
being construct, which is a non-trivial for ¢ — co. The proof of this result use the truncated
functional equation on the line Res = 1 + A, |A| < 3 of the Hecke Zeta function with
transport of an imaginary quadratic field Q(v/—d).

MSC: 99A99, 88B88, T7CT7, 66D66.

Key words: imaginary quadratic field, Hecke zeta-function, Dirichlet series, functional equa-
tion, summatory function.

DOI: 10.1852412519-206X.2022.1-2(89-40).294316

INTRODUCTION

Definition. Let denotes by R(n) the number representations a positive integer
n in the form n = (u? + dv*)w, u,v € Z, w € N, d is a free square positive
integer. The function R(n) you can consider as an analogue the arithmetic
function d3(n) (a number of representations of n as a product of three natural

numbers: dz(n) = > 1 ).

n=ninans

We denote
K(d) = {u+z\/&v1u,v c Z}.

For a € K(d) we put N(a) = u? + dv?, Sy(a) = Au = ARe(a). Our aim

deduce an a asymptotic formula for summatory functions

F(z) =) R(n);

n<e

n=a(modq)
n<x

Received 01.06.2022 (© Belozerov G. S., Vorobiova A. V. 2022
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NoTATION. We will use the following notations:

o G := {a + bV/di la,b € Z,i* = —1} is the ring of integer elements of the
field Q(v/—d);

G, is the ring of residues of G module ~;
« G ={weG,, (wy) =1}
e s C, s=0+ Res, t=1Ims;

e I'(2) is the Euler gamma function;

by f < g (or f = O(g)) for x € X, where X is an arbitrary set on

which f and g defined, we mean that exists a constant C' > 0 such that
|f(z)] < cg(x) for all z € X.

Let us denote shifting the Hecke function

Z S 51752 Z egmzarg (w+461) _eQﬂiRe(zSQw)’
weG
Res > 1, 61,02 € Q(vV/—d), dis a free-square, d > 0; (the pair (d1,02) we call
a shift of w).
In the domain Res > 1 the series for Z,,(s; 1, d2) is defined by an absolutely

convergent Dirichlet series.

1. AUXILIARY ARGUMENTS

Lemma 1. The shifting Hecke zeta-function of the field Q(v/—d) satisfies the

functional equation

m°T <g|27n| + S> Zm(5;51,52) =
— p—(1-s) <g|2 | 41— ) Zm(l — s _52’51)6—27FZ‘R8(52(51)'

Moreover, Z,(s;d1,62) is an entire function if m # 0. If m = 0 the for 62
not integer element from Q(v/—d) the Z,,(s;01,02) is also entire function. For
m = 0 and d2 is an integer element of Q(v/—d) the Hecke zeta-function is

holomorphic except at s = 1, where it has a simple pole with residue .
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Proof. For §; = 6o = 0 and m = mg, where g is a number of units in
the ring G we get the well-known Hecke zeta-function Z,,(s,G) of the first
kind with the exponent m (see Hecke [3]). In [1] this lemma has be stated in
case d = 1. But for the completeness of treatment we restore a proof of our
statement.

We start from the relation

oo
[(s) - jw+ 0|7 = /ea:p(—x w4 6122 da.
0

For Res > 1 and m € Z we have

02
g9 . _ —z|w+d1)%,.s—1
F<2]m\+s) Zm(s,él,ég)—/ Z e x5~ .

0 UJEG
w#—0d1

Let us denote 0; = d;1 + i\/géjg, j=1,2.

Then grountruthing shows that the functions

2
f(v1,v2) = exp <—$ (811 4+ v1)? + d(012 + 02)2]>

~ T 71_2
f(or,v2) = 2P <_x (611 + v1)? + d(d12 + 02)2]>

satisfy the conditions of Poisson summation formula. Hence, putting

G)m(x, (51, 52) =
=D wea exp(—z(w + 51)%) - (w + 61)9exp (QWRe(gw))

and applying the Poisson formula, we find

7.(.2

Oo(z,d1,02) = g@o <$,52, —51> exp (—27m'Re(51$)) i

Consider the operator
d 0 0
— = — +iVd—.
= 2 Ve,
Then the following equalities hold for the m > 0

m

(~20)" Oz, 51, ~02) = O (61, 62)
1
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and
T N\ 4 77'2 . —
;(—QM) TOm <x’61’ —52> exp (—2%1(6162)) =
m 2
(ng (WGO < ;02 ,—51> exp (—27m'Re(51(52))> .

So, for any m € Z the following functional equation

T\ gm+1 w2 . —
O (x,01,02) = (E) Om <x,52,61> exp (7271'1Re(5152)) (1)

hold.
Now, applying reasoning used for the proof of functional equation for Rie-
mann zeta—function (see [4]) by the functional equation for a theta—function

O, we infer
glm| : = (1-28) g (o 5y
r 5 + 8| Zm(s;01,02) =7 exp ( 27mRe(51(52)) I,,(01,92),

where
In(01,02) =

00 _ 1

= [ 3 exp(—z|w+ 81 *)(w + 61)9" - exp(2miRe(Saw)) "2+ 29" gy =
’ wl;éinsl

[+ [ = Tm1 + T2

0

™

In integral I,,, we apply the functional equation (1) for ©,,(x,d1,d2) and

make substitution x = 72y~!. We have

r <1g|m| + 8> Zm(5561,02) = 72 lexp (—2772'Re(51572)) X

/ Z exp( x!w+51\ Y(w + 62)9"exp(—2miRe(5w))w *8+2\9m\dx+

T weG
w#—bd2
i / S° eap(—alw + 81[2)(w + 61)™ eap(~2mi Re(Fpw) e+ 2y
T wel
w#—01
™ . — i
+ e(m, d2) —3 e(m, 61)exp(—2miRe(d102)) - — (2)
where
1 ifm=0andacdG,
e(m,0) =

0 otherwise.
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The relation (2) was obtained for Res > 1. However, the right part of
this equality is an analytic function in all-complex s-plaines except maybe the

points s = 0 and s = 1, which can be the poles.

Finally multiplying (2) be exp(2miRe(810))7 2571 and making the substi-

tution s — 1—15s, d;1 — d9, d2 — 1, we obtain that the right part doesn’t vary,

and hence proved the following functional equation for m > 0

7T <g|m\ + S) Zm(8;01,02) =
= =t (%|m| +1- 5) Z (1 — 5309, 61)exp(—2miRe(6162)).

For m = —m/, m' > 0, we put 6; = —0}, d2 = —05, and then we obtain
(8 52,51) (8 —(52, 51) and Z (1 — S, 51, —52) (1 — S5 —51,52)

Thus, for any m € Z

7 °T ( |2 ul + S) Zm(s;02,01) =
= 7~ (=) ( |2 m| +1- > Z (1 — 53—01, 62)exp(—2miRe(6162)) =

=g (=91 (g|2m| +1-— s) Z_m(1 — 5501, —62)exp(—2miRe(6102)). O

Consequence 1. For §; ¢ G (but 69 € Q(v/—d)), then Zy(0;1,02) =0

Consequence 2. In the strip € < Res < 14 ¢ we have

(5 — 1) Zm(5;01,09) < ([t| + 3)(t* + m?)krgh2,
1—20)(1—
where k1 = ( 01)5_ 2{-:0 + 6), ko = — 10_:_2&;, € > 0 an arbitrary little num-

ber, holds.

This follows of once if we employ by the Phragmén—Lindel6f principle and
the estimates for Z,,(s;d1,d2) on the band edge —e < Res < 1+ ¢.

For ¢ € IN let us denote x a multiplicative character of the group Gy :

l l
X(@) := x(N(«a)). We have for §; = ql 0oy = qQ li,lo € Zy:

. l2

Iy egmiargw 2miRe( 2w

Zm, <3§X7 q> = Z WXQ (N(w))e (q >7
wel
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Iy lg) 1 ( 12>
Zm Sy —y — - Zm SIX, — .
( q q @(Q)Z Xy

X

In [3] we have the following truncated functional equation.

Lemma 2. Let q € N, m € Z, d > 0 be a free-square rational integer, R 728 an
ideal class of the field Q(v/—d); s € C, s=o+it, 7 € C, argr = actg?,
o+ 9
2
4 ifd=1;
g=192 ifd=3;

1 in other cases;

1 1
ag® (2 + (§Im| + o)) dg? (2 + (§lm| +0)°)?
v 27| 7| rY= 27|72
2(M +5 2(M +5
X:<1+(+)logac>; Y:<y—|—(+)>.
glm| glm|

Then for t> + gm? > const the following truncated functional equation for

l2>
Zm | $5Xgy— | =
< g

< (1
egmiargw 2mRe<*2w> g 277N (w)
= Y —— [ x¢(N(w)e a xI'* [ s+ =|m|, ——=——— +
wER N(w)s a 2 \/(716]
N(w)<x
1
2

L(s+glml)  ,eg Nw)i=

dq2
i (w)
N(w)<x
27N (w)

* g -M -M
)T (1= s+ Ipm|, 772NN ) Lo (x—M L y-M),
(S e )) ( )

—e (I‘ (4m|+1 - s) 5 X2 (N (w )e—gmiargwe*%me(é@ "

where M > 0 is an arbitrary number.

. g 200N (w) > ( g 2N (w) ) g -1
I"({z4+=m|,————7 | =T (z+=m|, ———7- ) - T (z24+Z|m .
(2 §iml. 2220 2, ) (s Gl

201N
Moreover I'* (z + g\m|, Wﬂ) in all indicated parameters have the
2 \/ﬁq
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estimation

< ea:p( *! |+ )
2|m|+Rew 2 2 %
P s ) e )
N (i (Yot +o2) ) )

I 1
Similarly truncated equation is true for Z,, < 1 , 2) , where l1,12 € Gy.
q g

We shall need

Lemma 3. The zeta—function Gurwits £(s,u) determined by the relation for
Res >1

o0

£(s,u)zz(n+1u)s, (0<u<l)

n=0
is an analytic for all s € C (except s = 1), where it has a prime pole with

residue 1. Moreover &(s,u) satisfies the following Gurwits relation

o'(1 —5) | . ms <= cos2nma TS e sin 2nma
E(S’u)_W{Sln2;W+Cos2nlnl—s .

Lemma 4. Let s = 0 +1it, |o| <2, 7 € C, argr = <I + \t\*1> sgn(Ims).
There exists a constant to > 1 such that uniformly at |t| > to, T, we have the

truncated functional equation

F (s; (n + u)7§ﬁ> +anF (1 —s(n+ u)75ﬁ>

(n+u)®

77)) Z F <1 — s;m—%ﬁ) o—2minu

ul—s

+

_l’_

1

1) b F <—s;n72 ﬁ)

5 l) Z nl-s +
2 In|<ylogy
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+0 (™ 4y,

where
sgn(n) if n #0; .
Uy = gnn) ifn 7 b = —isign(n)emmv
1 if n = 0;

)

1 1
= [t2(V2|r])7Y, y=t|12|7|(V2)"t, M >0 - arbitrary constant.

Moreover, uniformly in all parameters
Rew -1

Z|? Z 1 1 A
Fw,Z)=140 | exp _1ZF . Q x |14+ ,|t|2,|71|
|7f| |t|§ 2 |t|§

where | =1 if [n +u| < x and |n| <y, and | = 0 in other cases.

Lemma 5. Consider a Dirichlet polynomial

Y a
P(s;l,q,N) := —Z
n—ln
For any real values Ty and T1 we have
To+T A N N
T
P(s;l,q, N)]Pdt <« T+ — - — anl?
[ 1PGiam) G X

To nzl(rdeq)

(It is some generalization of Montgomery Theorem for an integrals at the
Dirichlet polynomials).
MAIN RESULTS

Let us C denotes the following conditions

5 Iy +ilgV/d

) l17l2€ZQ7 qe]Na q>]-7
(13 + 13 - d)ly = a(modq)
a,lo € Zy, (a,q) = 1.

Then the generating series for R(mgq + a) have the form

F(s;a,q):th)ZZo <s;2,0>§<3, l;) Res > 1, (3)

(©)
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l
where & <5, 0) is Gurwits zeta-function.
q
Thus the Perron formula for an arithmetic progression gives

C+iT
s

Z R(n) = 2%” (F(s;a,q) - Z R::)) : %ds—l—

n=a(modq) cir neB
n<e

where B := {a,a(l £ gN(w)|w = 1, £i}.
l
The Gurwits function & (s, 0> is an analytic on all completely s-plane
q

except at the point s = 1 with residue 1. At a point s = 1 there is expansion

§<s,l;>:Si1+co<l5>+c1<l;>(s—1)+..., (5)

Iy
where cg < > E+ ( ] ) , E it Euler constant.
q 2

in series

Moreover, Z,,(s; 01, d2) is an analytic function on all plane of complex num-

bers except of the case m = 0, dy € G, when Z,,(s; 01, d2) have first polarized:

Zo(s:6,0) = S_Ll+a0(5)+a1(5)-(s_1)+... , (6)
where
ag(8) = E+ L'(1,xa) + bo(8) + Y N1 6+ B), 6 #0, (7)
peB

E is the Euler constant, B = {0, +1, +i};

X4 is the Dirichlet L-function with the non-principal character module 4;

1
|bp(d)| < an absolute constant, by(d) =4+ O <N2(5)> . (see [3], [6])
Applying the Phragmén—Lindel6f principal and the estimations & (s, b>
q

0
and Z <s; ,0) on the boundary of the strip —¢ < Res < 1 + € may be
q

calculated for I'ms =t, |t| > to > 3

1+e—6
1 3 1+2¢ ote
F(s;a,q) < <q2+s\t\ 2+E) (¢ 1e) 1z (8)
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(with constant in symbol ” <« ” is an absolute constant).
S

Let us calculate res {F(s; a,q) - :c} . We have use the expanding (5) and
s= S
(6):

N mxp(a, q) z
res {F(s,a,q)s} =5 log? +E—-1)+

= a(z)

oo EG;
N(ap)=a(modq)

+$
q2

where p(a, ) is the number of solutions of the congruence u? +v? = a(modq),
Qg

(a,q) =1, and ag (aO> from (7) for 6 = —.
q q

Hence (7) gives

2L a®) =200 rr )+ o) +
q
aoEGq
N(ap)=a(modq)

Q

x —1 %]
tr L T g)
aoeGq peB
N(ap)=a(modq)

Next,
=00y YN (5+O‘°> :0(””310@;) (11)
q ap€Gy BeEB q q2
N(ap)=a(modq)
pla,q) = c(a,q)qH <1 - X4]§p)> , 0<c(a,q) <2
plg
(see [2]).
So,
res {F(s;a,q)x}:WOogz—i-E—l) +0 %logx (12)
s=1 s q q 0

Now we are in a position to prove the main theorem.

Theorem. Let us a,q € N, (a,q) = 1. Then the asymptotic formula
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Y R(n) = cla, q)%H (1 . X‘ip)) <log;2 YE- 1) +

n=a(modq) plg
n<x
3
x5
+0 —llog?’x ,
qbs
holds.
Proof. Consider the rectangle with the vertexes in points
T, c+iT l—i- T 1 T
c—iT, e+il, 5 +1iT, 5 —1i
(T > 1 and its precise meaning be determined).
We have
LT R(n)\ R(n)\ =
n)\ x n)\ x
o / (F“;‘“q)‘z m>sdszm{<”35“’q>‘zm> s}+
c—iT neb
c—iT %-ﬁ-iT %—l—iT
1 1 1 R(n)\ z*
= o o Fls: _ Z ds =
o2 / omi omi / ( CLUEDS s ) s
) 17, neB
isz isz §7ZT
R(n) \ «*
_L«E?{(F(s,a,q)— Zns) s }—f—[l—fz—]g (13)
neB
is say.

In the integrals I; and I3 we apply an estimate under the integral function

by (8). So we have

1 2
¢ x2T3
L, L € —+ T (14)
Tq S
q2
Next
To T —T
Iz < / +/+ / = Jo+ J1 + Jo. (15)
Ty To -T

We put Ty = ¢°, € > 0 an arbitrary constant.
The integral J; and Js estimate in the same manner.
We shall estimate Jj.
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It is well known that

T 2
1 1

/ f ( + itvu> 1.

To ’ uz™

The truncated functional equation for Z,,(s,d1,0) forth m = 0. We can

1
write <for g, ac€ Gy, s= 3 +it) :
q

dt < Tlog? (qT). (16)

-

Zo(s;61,0) := Z(5;01,0) = N(9)°¢ > N(w) 27"+
w=a(modq)
N(w)gXl

—2it 1"1_' —omiRe( &Y 1.
+ 7; ‘ X (? Zt) . Z e 2miR ( q >N—5+lt(w)}+
N§+lt(q) F(§ +Zt) N(w)<vi
IOgX1Y1> —M+2
O —=——]+0(]t
< N(q) (1 )

(X1 = ,Y1 =y in designation of Lemma 2) =

=Y +> 40 <1°§V)((;;/1> +O ([t (17)

its say.

Now using (9), the Cauchy inequality and the relation (16) we obtain

%+iT
R S
/ F(s;a,q)—ZTgsmids <
17, neB
Q—zT
T
1 1 dt
< [T T e ) - 5] 4
To u
T J T 2d %
2 2 t 1 1 t 1
< [(=] +)ZQ\>t‘/5(2+”’“)‘u;+ﬁ 7] et
0 To

+0 <E3g(qT)> +0 (ng log? T> (18)

Hence, putting T' = we from (13), (14), (16), (18) obtain the statement

) ‘H
G| Gt

theorem.
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CONCLUSION

Having used Z,,(s;01,0) rather than Zy(s;01,0) may be achieved the
asymptotic formula of distribution of values of the function R(n) in arithmetic

progression and in narrow sectors.

Beaosvopos I'. C., Bopobiiosa A. B.
Yucaa Buay n = (u? + dv?)w B APUOMETHYHII [TPOTPECIT

Pesrome

Hexait R(n) o3nadae KiabKicTh 300paskeHb HATypaabHOro n y Burasm n = (u? + v?)w,

u,v € Z, w € N. ®ynkuiss R(n) € anamorom dyskuii ainbHukiB d3(n). YsarajsHooo4n
pesynbrar Xiz-Bpayna npo posnoain snadenb dyukuii ds(n) Ha apudmerndsiit nporpecii
n = a(modq), (a,q) = 1, 31 3pocraiouoo pasoM 3 x pi3HHNEO mporpecii g, nobyroBa-
Ha acuMmnrorudHa dopMmyna Juisi cymMaropHol GyHKUil mius R(n), sika HerpuBiajabHA JIst
q < x%log_3m. IIpu moBermenHi MBOrO pe3yNBTATY BUKOPUCTOBYETHCH CKOPOUEHE (DYHKITIO-
HaJIbHE PiBHSHHSA J3eTa-pyHKIT [eKKe 3 ysIBHOTO KBaJIPATUYHOIO I10JIsT Q(\/Td) 3 3CyBOM
Ha npsaMmiit Res = 3 + A, [A] < .

Karouosi caosa: yasue keadpamuywne nose, dzema-pynkuyia Lexxa, pad ipizae, dynruyio-

HAADHE PIBHAHNA, CYMAMOPHA PYHKULA.
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THE DYNAMICAL PROBLEM ON ACTING DISTRIBUTED LOAD
ON THE ELASTIC LAYER

The wave field of an elastic half-layer is constructed, when a dynamic normal load distributed
over a rectangular area acts on upper face at the initial moment of time. The lower face of
the half-layer is rigidly fixed to the foundation, and the side border is in the conditions of a
smooth contact. The method of decomposing the system of motion equations into a system
of equations and an independently solvable equation is used, this approach was proposed by
Popov G. Ya. Laplace and Fourier integral transformations are applied directly to the motion
equations and boundary conditions, which reduces the problem to a vector one-dimensional
boundary value problem, which is solved by the matrix differential calculus method. The
output displacements are obtained using inverse integral transformations. The case of steady
oscillations was considered and the amplitude of vertical displacement occurring in the layer
was analyzed depending on the shape of the distributed load section, the material of the
layer medium and the values of the natural frequency of the layer oscillations.
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INTRODUCTION

Dynamic problems of the elasticity theory are solved for during construction
to obtain the displacements in elastic bodies. Displacements lead to damage
or deformation of the structure. Therefore, in mathematical physics, many
authors solve the problems of the elasticity theory. Popov G. Ya. developed
the method of presenting the Lame equations through two jointly and one
separately solved equations in his work [7]. The exact solution for the mixed
problem of the elasticity theory was found in [8]. Also, Popov G. Ya., in
collaboration with Vaysfeld N. D [10]., found a solution to the Lamb problem
using this method. In [15], a solution was found for semi-homogeneous and
non-homogeneous problems of the elasticity theory for a semi-infinite layer in a

static formulation. Dynamical problem for an elastic quarter space was found

Received 01.06.2023 (© Fesenko A. A. Bondarenko K. S. 2022
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by Fesenko A. A., Bondarenko K. S. in [3|. Dynamical stresses in elastic half-
space were analysed in [16] by Winfried Schepers. Plane contact problem on
the pressure of a stamp with a rectangular base on a rough elastic halfspace
was considered in [12]. Also, solution methods of dynamic problems have been
described at book [11]. Some problems of the elasticity theory for an elastic
layer were solved in [1; 5; 6]. Also, a solution was found for the dynamical
problem for the infinite elastic layer with a cylindrical cavity by Fesenko A. A.
in [2].

The aim of this work is to obtain the exact formulas for displacements that

appear in a elastic layer when a dynamic compressive load acts on upper faces.

MAIN RESULTS

1. Statement of the problem. Consider the elastic layer x > 0, —oco <
y < 00, 0 < z < h. The dynamic normal load is acting on the boundary of
the layer z = h along the rectangular zone 0 < x < A, —B < y < B. The
smooth contact conditions are set at the side boundary « = 0. The boundary
z = 0 is rigidly fixed. It is necessary to find displacements of the points of the
layer U(z,y, z,t), V(x,y,z,t), W(x,y,z,t) with zero initial conditions. The

statement, leads to the following boundary conditions
sz(m, y, h, t) =0, sz(m, y, h, t) =0

U(z,y,0,t) = V(2,y,0,t) = W(z,y,0,t) =0 (1)
ov 07 ’Zat ow 0, ,Z,t
U0,y,21t) = (ai - (aj Lo

The motion equations in vector form have the form 7]

2 (6@ 00 8@) p ((‘92U o*V 82W) @)

A _f (=TT _ L
OV + = \ae 9, 0. ) ~c o a2 o

Where A "— Laplace operator, k = 3 — 4u, p "— Poisson’s ratio, © = % +
% + %—f "— volume expansion, p "— material density, G "— shear modulus.

To obtain a solution to the given problem, it is necessary to obtain a solu-
tion for the dynamic force concentrated at an arbitrary point on the boundary
z=h

p(x,y) = —6(x —a)d(y —b)
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where § — Dirac function, and then distribute it over the required area.

Let’s introduce new functions [7]

0 0
Z(l"y7 Z) = 7U(J")y7 Z) + 7V($,y,2’)

Ox oy
~ 0 0
Z($7y7 Z) = %V(‘Taya Z) - @U(xvyaz)

Then the system of motion equations (2) and boundary conditions (1) taking
into account the new functions will be rewritten in the form:

2 0 oW\  (k—1) p O*W
AW+/€—182(Z+ 8z>_(n+1)G ot? (3)

2 owyN p 0°Z
AZ+7H_1ny (Z‘Faz) _EW
-~ 0*Z
AZ = o2 (4)
VaeyW(z,y,h,t) + aazZ(ac,y, h,t)=0
-1
(3—5)Z(x,y,h,t)+(1+n)§ZW(m,y,h,t)——HG5(x—a)5(y—b)P(t)
Z(w,y,0,t) = Z(,y,0,t) = W(x,y,0,t) = 0 (5)
0 ~
—7Z h,t) =
az ($7y7 ) ) O
2Z(o t) = QW(O t)=2(0 t)=0
8'%' ?y7z7 - ax 7y7z7 - 7y7z7 -
9?2 fod

The initial boundary value problem takes the form (3)-(5) under the initial

conditions

Wz ]| =0 z 27, =0

After finding the functions W, Z, Z to find the displacements U and V the

Poisson equation should be solved

0 9 5 ) 0 =
Vo = 5,7 = 5.2 YV = 5.7+ 5.7 (6)

2. Reduction the problem to a vector one-dimensional problem.
The cos - Fourier transform with respect to the variable x, the Fourier trans-

form with respect to the variable y and the Laplace transform of the variable ¢
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with parameters a, 8 and p, respectively are successively applied to the (3)-(4).

el YOI

where N? = o2 + 2.

(z,y,2,t)

e cos ax e 7Pt dy du dt
Z(z,y,z,t)

The function Zagp(z) satisfies the homogeneous problem

20 5p(2) = (N2 + p*) Zagp(2) = 0, 0 < 2 < h, Zg,(h) =0, Zagy(0) =0 (7)
and therefore Z(m,y, z,t) = 0.

3. A case of steady-state oscillations. To consider a steady-state
oscillations suppose that load applied across the area 0 < z < A; —B <y <
B over the plane X0Y changes according to the harmonic law P(t) = ™!
and p(z,y) = P, where P — constant intensity of the load, w — is a natural
frequency of vibrations. In this case, substituting into the system of equations
and boundary conditions p = iw according to the [4].

Let’s introduce the values

k2:w7pk2:(’%_1)w72p
= @™ k+1 G

(8)

where ki, ko — the wave numbers.

The system of equations (3) and boundary conditions (5) take the form

"o, 2 ok —1
Waﬁ(z, kl,kz) + 1 O(ﬁ(z k17k2) N o + 1

+k2Wa5(Z; kl, ]{32) =0
2 2 2
gﬁ(z;kl,kg)—fN WIB(Z k‘l,kz) N o
+k1 ag(z; kl, kig) = 0

Wap(z; k1, k2)+

—N*Wog(h; ki, ko) + Z5(hi k1, k) =0

Kk—1 .
. cosaae®® . p

(3 = 1) Zag(hi kr, ko) + (5 + D)W (hika k) = == (10)

Za,@(o; kla kZ) = Wa,@(o; kh k72) =0
N? = o? 4 6%
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To reduce problems (9) (10) to a vector one-dimensional one, an unknown

transform vector of displacements is introduced

Was(2: ki, @))

V(2 k1, ko) =
Zap(z; k1, k2)

as well as matrices

10 (| s=l k32 0
I= 7 — K41 P = K41 . T = 2
(0 1) ? (73Nf 0) (0 ﬂ) (0 K

So, the system (9) and boundary conditions (10) takes the form

in(z; ]431,]{72) =0,0<z<h
Uo[¥(0; k1, k2)] = ©g (11)
U, [¥(h; k1, k2)] = ©1

where the differential operator Lo has the form
Lo (2 by, ko) =I5 (2; k1, ko) + QY (23 k1, ko) — N°P¥ (23 k1, ko) + T¥ (23 k1, ko)

Let’s enter matrices and vectors

A_(—N2 0 >,B—< 0 1)
0 (3—k) (1+k) 0

P(k—1)

G )

0 = (0,007, ® = (0, - cos aae’®®

where symbol T means transported vector. Edge functionals are
Uy [S;] = IS;(Ov kla k2)

U, [¥] = A§(h; k1, k2) + By (h; k1, ko)

The solution of the vector equation (11) is built on the basis of the solution of
the matrix equation Ls [Y(2)] = 0. Substitution Y (z) = €V*I is made to form
the characteristic matrix M(s) = Is?> + Qs — N2P + T. The inverse matrix

has the form

1 2

1 1 §* — N2EEL 4+ ) -
M™(s) = —; 25 A2 2 2r—1 2
[Tizi(s = si) iV 57— N°0F + R
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s1=1/N2—k3, sg=—/N2—k3, s3=1/N2—k3 sy, =—/N?2—Fk?

Here s; (i = 1,4) are the roots of the characteristic equation det[M(s)] = 0.

The solution of the matrix equation is constructed according to the formula

9] X
Y(2) = — ¢ M (s)d
(2) 57 7{ e (s)ds
C
where C' is a closed loop covering all zeros of the determinant of the matrix
M(s). The residues at the poles s; and s3 give an increasing solution that has

the form

(k+1)N2 (r+1)
Y (Z'k k)—— 1 eAlz T (kDA -1 _ 1 JRAVE (f~t—1)A2 1
+\e M, h2) = 2k2 (=+DN? A 2%2 (k1) 2 _ N2
(k—1)

1 N 5,

The residuals at the poles so and s4 give a solution that descends.
(k+1)N?2

1 —1 1 A, 1
Y (2 ki ko) = — e—Alz (r—1)Aq _ e—Agz (r—1)
( s 1y 2) 2k’% (r+1)N2 A Qk% _(st1) pr2 N2

(k—1) (k—1) Ag

where Ay = /N2 — k2, Ay = /N2 — k2

The solution of the vector equation (11) is constructed in the form

}7(2’) = ‘I’o@o + ‘1’191

where ¥;, ¢ = 0,1 - the fundamental basis matrices of the solutions, ®;, i =
0,1 - the right-hand parts of the boundary conditions.

The fundamental basis matrices is constructed through the fundamental
system of solutions of the homogeneous differential equation (11), using the
formulas ¥; = Y_(2)C?+ Y (2)C}, i =0, 1. C?’l, - are matrices of unknown
constants [9]. The matrices of unknown constants can be found from the

relations by satisfying the boundary conditions U;[¥] = §;;14,j = 0,1
Ci = (Ui[Y+(2)] = Ui [Y_(2)] - (Up[Y—(2)]) ™" - Uo[Y_(2)])

CY = —(Uo[Y_(2))) " Uo[Y+(2)] - C}

2
1 [ —tern® ) n, g
U Py - _ (k—1)A1q + (k—1)
o[Y+(2)] Zk% (( (N(ti)gz AL *E:ﬂ;NQ X;




The dynamical problem on acting load 151

2
1 (k+1)N 1 ('i"’}) A2 1
Uo[Yf(Z)] — _ (k—1)Aq + (k—1)
2 k1) N2 (k+1) 2 N2

2k % —Ar RCE AR

1 [ EEN2 (N2 LA ) edih — oA, eB2h
U[Y+(2)] =55 | ! <<A12 R hl> ) N 2
Zki (k+1) (—2N2eSh + (2N? — k) eB2h)
(2N? — &7) eBih g N2Zeheh
(k—1) (—2A16A1h + a4 (2N? - k) 6A2h>
UL[Y_(2)] 1 %NQ (2A267A2h _ (% + A1> efAlh)
I A = ——
1 2k \ (5 + 1) (—2N2e~M1h 4 (2N2 — k2) e~ D2h)
(2N2 — k%) e—A1h _ 9 N2e—A2h
(k—1) (2A1€_A1h - E (2N2 — k2) ¢~ oh >
(2)]71Uo[Y 4 (2)] = —I we get that C{ =C¥.

Taking into account that Ug[Y_
Since ®¢ = (0,0) then ¥q is not of interest. Matrix ¥, has a form

1 ”'H (AQ sinh Agz — N2 inh Alz)
U= A

2]% cosh Agz — cosh Az
542 N2 (cosh Az - cosh Agz) !
Aqsinh Az — JX—Q sinh Asz !

After simplification, expressions for the transformants were found

A
Wag(z;kl,kg):—cos% 2[(A Assinh Agz— N? smhAlz)
X (2N2 cosh Agh—(2N?—k?) cosh Arh)+

+N? (cosh Agz—cosh Ay z) x
N2
M —[A1A (cosh Az —cosh Agz) X

Zop(zi k1, ko) =— e
X (2N2 cosh Agh — (2N? — k7) cosh At h) +

+ (AlAQ sinh A1z — N?sinh Agz) X
x ((2N? — k7) sinh Ajh—2A1 Ay sinh Agh)|

A = AN?A1Ay(2N? — k3) — (8N* — AN?k? 4 k)AL Ay cosh Ak cosh Agk+
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3k +1 bk — 3
2 4

k
k41 R K+ 1

+ N2(8N* — 4N?k3 )sinh Ak sinh Agk

Based on the formulas (6), (7), the transformants of the remaining displace-

ment were found

o i3
Wzaﬂ(z;khl@)y Vap(2; k1, k) = N2 Zap(z;5 k1, ko)

Thus, an exact solution of the vector problem (9) (10) in the space of trans-

Uap(z; k1, ko) =

formants was obtained.
4. Construction of original solutions.

Let’s introduce functions dependent on N

Fyw (N, z; k1, ko) = [(A]_AQ sinh Ayz — N2 sinh Alz) X
X (2N2 cosh Agh — (2N?% — k) cosh Arh) + N? (cosh Agz — cosh Ay z) x
x ((2N? — ki) sinh Ah — 2A1 Ay sinh Ash) ]

Fz(N,z; ki, ka) = [A1Ag (cosh Az — cosh Agz) x
X (2N2 cosh Ash — (2N2 — k:f) cosh Alh) + (AlAz sinh A;z — N2 sinh Agz) X
x ((2N? — ki) sinh Ajh — 2A1 Ag sinh Ayh) ]

After applying inverse integral transformations to the solution of (12), the

original displacements were obtained

Wz, y, 2 ki, k2) = e / /iFW(N,z)cosaae_lﬁ(y_b) cosax df da

—oo 0

Vi(z,y, 2 k1, k) = 772 oy // —Fz(N,z)cosaae —B=Y) cos ax dB da

—oo 0

Uz, y, z; k1, k2) = G7r2 n // —Fz(N,2) cosaae PY cos ax dB da

—oo 0
Using the parity of the function related to the variable o under the integral

and applying Euler’s formula, the displacements are rewritten in the form

W(‘T Y, z; kl) k2

/ / — FW N, 2) *%a(a*w)*iﬁ(y*b)dgda

—00 —O0

4G7T2
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N2 _
V(x,y,z;kl,kg) 4G7r2 8y / / N Z) ta(a—x)—iB(y—b) dﬂda

—00 —O0

U(.I',y, 25k, k2) = —m% / / XFZ(N, z)efm(a*v’ﬂ)*lﬁ(y*b)dﬁ dov

— 00 —O0

In order to get rid of the double integral by the parameters of the Fourier
transforms, the relation connecting the Fourier and Hankel transforms was
used [13]

[e.9]

A .
/ /F< a2+52+xz) —zax—lﬁydadB:/SF( /82+X12)X
—00 —00 0
x Jo(sv/2? + y?)ds

where Jy(s) is the Bessel function, x; = k1, x2 = k2. After simplification, the

displacement formula takes the form

Wiey,zihishe) = o [ D92 [/ al + (= 0P+

+Jo(s\/(z +a)? + (y — b)?) | ds

V(':U Y, z; kla kQ

Q\“U

e [P s [V e+
0

+Jo(s\/(z +a)? + (y — b)?) | ds

P o [ Fyls
Ui k) = s [T (s /= o + (= 0P+
0

+Jo(s\/ (x4 )2+ (y — b)?)| ds

Fy (s, z) = 09 [((5152 sinh 832 — s% sinh 51,2) X
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x (2s* cosh doh — (2s* — ki) cosh d1h) +
+ 2 (cosh 2z — cosh d12) ((252 — k%) sinh d1h — 26102 sinh 52h)]

Fz(s,2) = N?[6165 (cosh &,z — cosh §22) x
x (2s? cosh doh — (25® — k7) cosh 01h) +
+ (5152 sinh 512 — 82 sinh 522) ((252 - k%) sinh 51h — 2(51(52 sinh (Sgh)]

Ay = 4526105(25% — k?) — (8s* — 45°k? + k16182 cosh 61 h cosh dah+
93Kk +1 1 ok — 3
1 1

k+1 k+1

+ 52 (834 — 45%k

where 6 = \/s2 — kf, 6o = \/s% — k3

Using the parity of the Bessel function Jy(s), we will continue the integra-

) sinh 61~ sinh d2h

tion in an odd way to the interval (—oo, 0), we will find the displacement from

the load distributed over a rectangular area

A B oo
P Fu (s,
WAB(w,y,z;kl,kQ)—_TrG/// WA(SS 9
0 —B —o0
x [JO(S\/(w—a)2+(y—b)2 4 Jols/ @+ ) + (g —D)2| dsdadb

P 0 i
VAB(2,y, 2, k1, k) = TxGoy / /
0B

X [Jo(s\/(m —a)2+ (y—b)2) + Jo(s\/(z +a)? + (y — b)?| dsdadb

A
P
UAB (z,y, 2 k1, ko) = —8/
TG
0

X [Jo(s\/(x —a)2 + (y — b)?) + Jo(s\/(x + a)2 + (y — b)2| dsda db

Using the results of the works [14], [3] and integral representation of the Bessel
function, on the transformation of the integral, write the displacements in the

forms
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4P OOFW(S,z) "
TGN Ag
0

N cosszy/1— T,f sinsA4/1 — T]? COS SYTy sin s BTy,

k=1 STpa /1 — 7',3

4P T Fy(s,z) "

TGN Ag
0

N cosszy/1— 7',3 sinsAy/1 — 7',3 sin sy7y sin s BT

/ 2
k=1 S lka

4P OOFZ(S, 2) "
TGN Ag

N sin sax7y sin sA7y, cos sy, /1 — T,? sin s By,
> — d
k=1 sy/1— 7',3

2k—1

where 7, = cos (W”) — zeros of the Chebyshev polynomial of the 1st kind.

WA (2, y, 2 k1, ko) =

ds (13)

VAB(2,y, 2, k1, k) =

ds

UAB(x,y, 2 k1, ko) =

S

5. Results of numerical calculations. The graphs represented below
are distribution for vertical displacement on the upper face W48 (., y, h; ky, ko)
from (13) for the values of Poisson’s ratio u = % and p = % for frequencies,
using formulas (8) w = 0.3; 1; 3, p = 8.5, G =40, h = 1. Three forms of the

load distribution section along the face z = h are considered
1. B = A/2 the load is distributed across the square;

2. B = A - the load is distributed along a rectangle stretched along the Oy
axis;
3. B = A/4 - the load is distributed over a rectangle stretched along the

Oz axis.

Comparing the values of vertical displacements for different values of Poisson’s

ratio, it can be seen that the behavior of the graph is similar, but for values
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0.000 0.000
—0.002
—0.004
-0.006
—0.008
-0.010

-0.012

Flng:A/2,w:03,,U,:1/3 io. 2. w:17N:1/3

0.000
—0.002

—0.004

-0.006
—0.006
-0.008

~0.008 -0.010

—0.010 -0012

—0.014
—0.012

Fig. 3. B=A, w=0.3, u=1/3 Fig. 4. B=A, w=3, pu=1/3

0.000
0.000
-0.002

-0.002 -0.004

_0.004 -0.006

-0.008
-0.006
-0.010

—0.008 -0012

_0.010 —-0.014

-0.018

Fig. 5. B=A/4, w=103, n=1/3 Fig. 6. B=A, w=0.3, p=1/4

w1 = 1/4 the amplitude of oscillations is larger (Fig. 3, Fig. 6)). Comparing the
graphs of vertical displacements for the same frequency w = 0.3 and Poisson’s
ratio p = 1/3 under different sections of the load distribution (Fig. 1, Fig.
3, Fig. 5), it can be seen that the maximum absolute values achieved with
the shape of the section B = A, which corresponds to a rectangle elongated

along the y-axis. In the case when the load is distributed over a rectangle
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elongated along the x-axis, the displacement has a minimum amplitude and
its maximum displacement is about —0.01 units (Fig. 5). In the case when the
load is distributed over the rectangle B = A, with an increase in the vibration
frequency (Fig. 2, Fig. 3, Fig. 4), the amplitude of displacement grows.
Positive displacements are observed, which means the lifting of the face of the

elastic layer. The maximum absolute values achieved with w = 3 (Fig. 4).

CONCLUSION

The dynamical problem’s solution of the elasticity for the elastic layer was
derived, when the lower face of the layer is rigidly fixed to the foundation, the
side border is in the smooth contact, and upper face is under the influence of the
normal dynamic compressive load, applied at the initial moment of time and
distributed across a rectangular section. Application of the integral transform
method directly to the movement equations reduced the initial problem to
the one-dimensional vector problem. The last one was solved exactly using
the matrix differential calculus. The proposed approach makes it possible to
obtain an exact solution of the problem in the transform’s space.

In the future, it is possible to consider different cases of boundary conditions
and evaluate the influence of the defect inside the layer on displacements and

stresses.

Decenro I. O. Bondaperxo K. C.
JIMHAMIYHA 3AJIAYA TIPO /IO PO3IO/IIJIEHOTO HABAHTAXKEHHS HA TPYXKHUIT IIAP

Pesrome

IlobymoBamO XBUIBOBE TOJIE IPYZKHOTO MIBIIAPY, KOJIU HA OJHIN rpaHi y MOYATKOBUI MOMEHT
gacy Ji€ AUHaMidHe HOpMaJibHe HABAaHTAYKEHHsI, PO3MOJiJIeHE 3a IPsIMOKYTHOIO JiJISTHKOIO.
Hurxua rpanuns nismapy »KOPCTKO 3a4eIlVIEHa 3 OCHOBOIO, & TOPEIb 3HAXOAUTHCS B YMOBAX
IJIAJIKOTO KOHTAKTy. BUKOPHUCTOBYETHCS METOJ PO3BaJly CUCTEMH PIBHSAHb PYXy Ha CHCTEMY
pIBHSIHBb Ta He3aJIe’KHO PO3B’sA3yBaHe PIBHsIHHSA, Teil miaxin Oys 3ampornonoBanne [lomoBum
T".41. BacrocoByiorbea inTerpasnbhi nepersopenns Jlamnaca ta @yp’e Ge3nocepeiHbo 10 PiB-
HSIHb PYXy Ta KpaifloBUX yMOB, IO 3BOJUTH 3a/la4dy JI0 BEKTOPHOI OHOBUMIPHOI KpailoBOI
3a/1a4i, sIKy pO3B’S3aHO METOJIO0M MAaTPUYHOro JaudepeHiiiitnoro ynciends. Buxinai mepemi-
IIEHHsT OTPUMAaHO 3aCTOCYBAHHsIM OOEPHEHWX IHTerpajibHUX MepeTBOpeHb. PO3risiHyTO BU-
MaI0OK YCTAJEeHUX KOJMBAaHb Ta MPOAHAI30BAHO aMILIITYAY BEPTUKAJIBLHUX MMEPEMIIIEHb, IO
BUHUKAIOTH y IIapi B 3aJI€KHOCTI Bifl GOPMHU TIJISTHKNA PO3MOIIIEHOTO HABAHTAKEHHS, MaTe-

piaJsty cepeioBuINa IIapy Ta 3HAYEHb BJIACHOI YACTOTHU KOJIMBAHB IIADY.
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Karouosi caosa: mounuli po3s’asok, JUHAMIMHE HABGHMANCEHHA, NMPYHCHUL Wap, THMe-

2PAADHE NEPEMBOPEHHA.
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NECESSARY EXISTENCE CONDITIONS OF
P,(Yy,Y1,)-SOLUTIONS OF SECOND - ORDER DIFFERENTIAL
EQUATION WITH RAPIDLY VARYING NONLINIARITY

We consider a differential equation of the second order of the general form y"’ = f(¢,y,y'),
where [ : [a,w[xAy, X Ay, — R~ a continuous function, —co0 < a < w < 400, Ay,— one-
side neighborhood of Y;, Y; € {0,+0c0} (i € {0,1}). Under certain conditions for the func-
tion f, this equation can be represented close to the two-term differential equation, namely
y" = aop(t)p1(y')(1+0(1)) at t T w, where ;1 is a rapidly varying functionat ¢y — Y;. Found
the necessary conditions for the existence of solutions for which ltlTrB y () =Y; (i € {0,1}),
v’ (&))*
v(t)y" (1)

presented in works by Evtukhov V.M., Belozerova M.O. when studying the two-term equa-

limgqe, = Ao, so called P, (Yo, Y1, Ao)-solutions. This type of solution was previously
tion 3" = aop(t)po(y)e1(y’), where ag € {—1,1}, p : [a, w[—>]0, +00[-continuous function,
@i : Ay, —]0, +00[ (i = 0, 1) —continuous regularly variables for z — Y; (¢ = 0, 1) functions
of orders o; (i = 0,1), and 09 + 01 # 1. Further, in the studies of V.M. Evtukhov, A.G.
Chernikova for equation y” = agp(t)po(y) necessary and sufficient conditions are established
existence, as well as asymptotic at ¢ T w representations P, (Yo, Y1, Ao)-solutions in the case
when g is a rapidly varying function at y — Yb.
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Key words: two-term differential equation, P, (Yo, Y1, Xo)-solutions, asymptotic representa-
tions of solutions, rapidly varying function, one-, two-parameter family of solutions.
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INTRODUCTION

Consider the differential equation

y' = f(t ), (1)

where f : [a,w[x Ay, x Ay; — R is continuous function, —oco < a < w < 400,
Ay, (i € {0,1}) is a one-side neighborhood of Y; and Y; (i € {0,1}) is either 0

Received 01.06.2022 © Kusik L. I. 2022
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or +oo. We assume that the numbers p; (i = 0,1) given by the formula

1 if eigher Y; =400, or Y;=0
and Ay, is right neighborhood of the point 0,

—1 if eigher Y; = —00, or Y;=0
and Ay, is left neighborhood of the point 0,

pi =

satisfy the relations
pop1 >0 for Yg=4oco and popr <0 for Yp=0. (2)

Conditions (2) are necessary for the existence of solutions of Eq. (1) defined

in a left neighborhood of w and satisfying the conditions
yD(t) e Ay,  for t € [to,w], ltiTmy(i)(t) =Y, (i=0,1). (3)

One of the classes of Eq. (1) solutions with properties (3) that admits some
asymptotic representations is the class of P, (Yp, Y1, A\g)- solutions.
Definition 1. A solution y of Eq. (1) on interval [to,w[C [a,w] is called
P, (Yo, Y1, \o)- solution, where —oo < \g < +o0, if, in addition to (3), it
satisfies the condition o
y(t
o y[<t>(y')']<t> B

Depending on A these solutions have different asymptotic properties. In [1]

0-

such ratios

()Y (1) A ()Y (1) 1
f R\ {1} lim el — A0 1 _
or )\O < \ { } tITI(EI y(t)/ AO —_1° tl’rri)l y/',(t) AO 1
for Ap=1 lim mu(t)y () _ +oo, lim 7r”(t,)y ) _ +oo,
" e ot
: W)y (T . mul(t)y (T
for M=+ lim = =1, lim =0,
’ o Y(t) ttw Y (1)
where
t f =
Ww(t) = ! w +OO’
t—w if w<4oo,

are established.

Now consider a case A\g € R\ {1}. We impose a condition on the function
f so that it becomes a two-term of a special form.

Definition 2. We say that a function f satisfies condition (FN1)y, for
Ao € R\ {0,1} if there exist a number ag € {—1,1}, a continuous function
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p: [a,w[—>]0, +o0[ and twice continuously differentiable function p1 : Ay, —
10, +o0[, satisfying the conditions

‘ . w o (w
S(w) £0,  lm pi(w) =1 € {0,400}, lm LU _y )
el v (i (w)

Y; Yy

such that, for arbitrary continuously differentiable functions z; : [a,w[—

Ay, (i =0,1), satisfying the conditions

limz(t)=Y;, (i=0,1),

tTw
CmAb N w1
1151T13J1 Z[)(t) a )\0 — 17 ltlTILIul Z1 (t) N )\0 — 17
one has representation
[t 20(t), 21(1) = cop(t)er(z1(8))[1 +o(1)] as tTw (5)

Moreover, under condition (F'N),, sign of second derivative of any
P, (Yo, Y1, \g)-solution of Eq. (1) in a left neighborhood of w coincides with

the value . Then taking into account (2) , we have

app1 >0 for Yp =400 and apu; <0 for Y =0. (6)

MAIN REsSULTS
1. Auxiliary statements

We choose a number b € Ay, such that the inequality
b<1 for Y1=0, b>1(b<—1) for Y =+00 (Y1 =—-00)
is respected and put
Ay, (b) = [b,Y1] if Ay, is a left neighborhood of Y7,

Ay, (b) =]Y1,b] if Ay, is aright neighborhood of Y.

o
b if {m(é’) = *o00,

rod
B : Ay, (b) — R, @1(w):/ °  B=
B

5 Yi
#1(s) Y, if [ sof(ss) = const,
b
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w

¢ a if  [p(r)dr = zoo,
hi) = [prdn A= °
4 w if [ p(r)dr = const,

a

vt = O (ol (t), ps=sign pi(w) for w € Ay,.

Note that the function ®; retains its sign on Ay,, tends either to 0 or to oo
as w — Y7, and increases on Ay, due to ®)(w) > 0. Therefore, it has an
inverse function ®; ' : Az, — Ay, , where, due to the second of conditions (4)
and the increase <I>1_1

Zy = lim @;(w) € {0, +o0}, (7)

w—Yq
weAYl

Z1| if Ay, is a left neighborhood of Y;
Azl_{ [21,Z1] 1 y, Is a left neighborhood o 1, = ®1(h).

| 121,21 if Ay, s a right neighborhood of Y1,

Definition 3. Let f : Ay, — R\ {0} be a twice continuously differentiable
function. We will say that f € T'(Y1, Z1) if it satisfies the following conditions

. or 0,
flw)#0,  lim f(w)=21, Zy=|
UlJUEAyll etgther =+ oo,
4
lim f (fU)f(gv) _1
o (fw)

First of all, we note that, by virtue of definition 3, any function from I'(Y7, Z1)-
class is rapidly varying as w — Y.

In [2] using the properties of functions from the class I' introduced and
studied in detail in the monograph Bingham N.H., Goldie C.M., Teugels J.L. [3]
(Chapter 3, item 3.10), the following auxiliary assertions about the properties

of functions from the class I'(Y7, Z1) were established.

Lemma 1. If f € T'(Y1,Z1) then there exists a continuous function g :
Ay, — R\ {0}, called complementary to f, such that

lim M:e“ for any u€eR,

e f(w)

wGAyl
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moreover, the complementary function is uniquely determined up to functions

equivalent as w — Y1, for which, for example, one of the following functions

[fwa)a Jrow 0y
Fw) 7 fw) T f(w) b

w
[ f(z)dx
1%
where
21 if hH}} f(w) = o0,
W= oy
Yiodf  lim f(w) =0,
o
can be chosen.
Lemma 2.
1. If f € I'(Y1, Z1) with complementary function g then lirg % =0.
w—Yq
weAYI

2. If f e T'(Y1, Z1) with complementary function gthen for any continuous

function u : Ay, — R that satisfies the conditions

lim wu(w)=up € R, wh_}n& fw+u(w)g(w)] = 2,

w—Yq
wEAYl weAyl

there is a limit relation

lim
w—Y7 f 'u))
wGAyl

Lemma 3. If f € T'(Y1,Z1) strictly monotone with complementary
function gthen its inverse function f=1 : Ay — Ay, is slowly varying at

z — Z1 and satisfies the limit relation

-1 _ 1
lim / ()\2)71 ) =In\ forany A>0,
BT )
€Az,
moreover for any given A > 1 limit relation is satisfied uniformly in A €

[ LA } )
/\ )
Note also, it follows from the Representation Theorem for I" ([3],Chap—

ter 3, item 3.10, position d) that for a function f € I'(Y7, Z;) there exists a
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continuously differentiable function f; € I'(Y7, Z1) such that

lir% f(u)) =1 and lir% whi(w) =100
uean fi(w) vean hiw)

2. Main results

Theorem 1. Let Ao € R\ {0,1} and let the function f satisfies condition
(FN1)y,. Then, for the existence of P,,(Yp, Y1, No)- solutions of the differential
equation (1), it is necessary that the conditions (2), (6),

MOMl)\O(AO — 1)7Tw(t) > 0, a0u311(t) <0 fOT’ te [a,w[ (8)
(7)) ltle Il (t) = Zl, (9)
L (O)m(t) - m(Oper(Y() _ a

W T BTG o1 10
are hold.

Moreover, each solution of this kind admits the asymptotic representations
ast T w

— My[l] 1 1 "4y = v 1 11

y(t) = o) O)mu(t)(1+0(1)), (1) =YL +0(1)].  (11)

Proof of Theorem 1. Let \g € R\ {0,1} and y : [to,w|— Ay, be
an arbitrary P, (Yp, Y1, Ao)— solution of Eq. (1.1). Then there is a number
t1 € [to,w][ such that y®) () # 0 (k = 0,1,2), signy® (t) = ps, (k = 0,1) for
t € [t1,w[. Moreover, from the equality

v\, vy

; =1-""

y () (v'(t))

and conditions (3), the definition of the P, (Yo, Y1, A\o)— solution immediately

implies that

t)y'(t A )y (t 1
ttw y(t) )\0 —1 tTw y/(t) /\0 —1
From this, in particular, it follows that the first of the sign representations (8)
holds. Due to (12) and the condition (FN1),, which the function f satisfies

from (1) we have

y'(t) = aop(t)er(y (1)) [1 +0(1)] as ttw (13)
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or ")
Yy
———— =qp(t)[l +0(1)] as ttw. (14)
e1(y/ (1))
Integration of (14) on the interval from t; to ¢ leads to the limiting equality

t t
/Wzgo/p(f)ch [14+0(1)] as tTw

/ e1(y'(7)) /

or by virtue of the definition of the limits of integration A and B

1(y/ (1)) = aoLi (D1 +0(1)] s t1w. (15)

It follows from condition (4) that the function ¢; together with its deriva-
tive of the first order are rapidly varying as vy — Y7, because

/! / N/,
ij"/l e1(y)

Eyl

lim P _
v—v 1(y)

!
Yy EAYl

/ / ! /
Also from (4) as vy — Y7 the equivalence nl) | e) follows. In
@ e1(y) iy

addition, taking to account the L’Hopital rule in the form of Stolz, we can

assert that

1
o , S N2
lim 1§y ) = lim (101/(/y )/ =— lim /SSOI/@ ) 7’ (17)
v v ©1(y )2 v 1Y) 1Y)
TEUGy) T () T
hence
O (y) ~ ——-1L as Yy — Y1,
W~y e v
(18)

D1y (y) <0 for ¢ € Ay,.
A consequence of conditions (18), (15) is the second of the inequalities (8).

Condition (17) implies as y' — Y3 fulfillment of the equivalences

1 —SO,l(y/)(pl(y/)
O _ely) | aly) )W) ei) ~1. (19)
i(y)  d(y)  ely) (Bh())? ﬁ
1

Hence taking into account the lemma 2.14 (see [2], Chap. II, Sec. 2.3.,

P. 54) it follows that the function ®; belongs to the class I'(Y1, Z;) with a
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complementary function g, for which one can choose one of the equivalent

)  «i) ely)

/() ) P
Further from (14), (15), (18) by virtue of (9) and (16) the first of the conditions
(10) follows.

Because the function ®1 belongs to the class I'(Y7, Z;) and complementary

functions

as 1y — V1.

to it can be chosen as g(y') = _ay) From the definition of Z1, us, the

o1y

second of sign conditions (8) ®; ! (apli(t)) € Ay, as t € [tg,w[ and (9) follow.

Therefore, based on the lemma 3 we have the limit equality

i 21 (@oi(®)[L +o(1)]) — &1~ (aoli(t)) _
thw o1 (1 (e ]i(1)))
o1 (®7" (a0l1(1)))
~ im O (2L +o()])) — @7 (2) _ 0
) -] |

which we can rewrite in the form

@7 (ol ()[1 +o(1)]) = 1" (anha(t)) +

Thus, the second of (11) is established, since

v (Y () ' r
lim ! < ) = lim yarvy) gpl(%/) =
e (Vi) o el

Invoking the first of (11) from (12), we obtain the first of the relations (11).

Now we write (13) in the form
o1 (Y)

& (Y1)

Then, as a complementary to the function ¢; € I'(Y1, Z1), we choose g(y') =
21U') " Then, taking into account that liTm vl = vy, Yi(#) € Ay, at
tTw

Y (t) = aogp(t)p1 y (t) + [14+0(1)] as t7Tw. (20)

@1 (')
t € [to,w], we obtain

1 (Y1 (1))
; %<WW”+éwmmfm>_ ’

o o1 (Y[ﬂ (t)> o e1(y
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which in turn leads to

p1 (Y (2))
Py (YT(2))

Therefore, relation (20) takes the form

o [ YW (@) + o1) | = ¢ (Ym(t)) 1+o(1)] as t1w.

y"(t) = aop(t)pr (Y[l] (t)) [1+0(1)] as ttw.

From the last representation, taking into account the second of the limit equal-
ities (12), we obtain he second of conditions (10).

The theorem is proved.

CONCLUSION

In this paper, we consider the differential equation of the second order,
which is asymptotically close as ¢ T w to a two-term equation with rapidly vary-
ing with respect to the derivative component. Received necessary conditions
for the existence of P, (Yp, Y1, A\g)— solutions, as well as asymptotic representa-
tions for such solutions and their derivatives. To obtain sufficient conditions for
existence solutions of this class, it is required to involve the results of the work
[4]. It is also possible to refine the asymptotics of B, (Yp, Y1, Ag)—solutions in

terms of functions ¢, YO x,.

Kycix JI. L
HEOBX1JHI YMOBU ICHYBAHHS P, (Yo, Y1, Ao)- PO3B’S3KIB IM®EPEHIIAJIBHOIO PIBHSIH-
Hsl JPYTOTO TOPSJKY 3 IIBUAKO 3MIHHOIO HEJITHIMHICTIO

Pesrome

Posrisiaemo mudepentiaibie piBHAHHSA JPYTOro MOpsAIKy 3araiabhoro suay y' = f(t,y,y'),
e [ [a,w[xAy, x Ay, — R~ nenepepsHa dyskuis, —00 < a < w < 400, Ay,— onHO-
cropontiit okin Y, Y; € {0,+o0} (¢ € {0,1}). Ilpu meBHux ymoBax Ha yHKIi0O f 1€
piBHsIHHS MOKe Gy TH MoJlane GIM3bKUM JI0 JBodIeHHOro, a came ¥ = aop(t)1(y')(1+0(1))

mpu t 1 w, Je p1 - WBUAKO 3MiHHa npu 3y — Yi dbysknig. 3Hafizeno HeobXimHi yMmoBu
o)
y(t)y (1)

P, (Yo, Y1, Ao)-po3p’s3kiB. Takoro Tuiy po3s’si3ku pamimre 6yJsio BeieHO B poboTax €BTyXo-

icHyBaHHST pO3B’S3KiB, It HKI/IXPTH] y () = Yi (i € {0,1}), limepe = Ao, T. 3.
Ba B.M., Benoseposoi M.O. npu Bupuenni nsounennoro pisusius y” = aop(t)po(y)e1(y'),
e ag € {—1,1},p : [a,w[—>]0, +-co[-Henepepsra dyHKIs, ¢; : Ay, —]0,4o00[ (i = 0,1)
—HenepepBHi npaBuIbHO 3MinHl pu z — Y; (i = 0,1) dbyukuil nopsaakis o; (¢ = 0,1), npu-

qomy oo + 01 # 1. Hani, y mocuimkennsx €sryxosa B.M., Yepnikosol A.I'. juist piBHsHHS
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y" = aop(t)po(y) BeTarOBIEHO HEOOXiMHI, MOCTATHI YMOBY iCHYBAHHS, 8 TAKOXK ACHMIITOTH-
ani npu ¢ T w 306paxkenns P, (Yo, Y1, Ao)- PO3B’A3KIB y BUNAJKY, KOJIH (¢ - MIBUIKO 3MiHHA
upu y — Yo ynKmis.

Karowosi caosa: deounenne dupepenyiarvre pienanna, P, (Yo, Y1, Xo)-po3s’asox, acumnmo-
MUYHT 300PaAHCEHHA PO3E°A3KIE, WEUIKO SMIHHG PYHKYIA, 00HO-, 080MAPAMEMPUIHA CIM A

P038°A3KI6.
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